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Preface

Being a researcher in the field of economics requires broad cognition of the
history of economics, including understanding the development of particular
economic institutions and knowledge of historical facts and phenomena. In
addition, especially recently, it requires advanced knowledge in the princi-
ples of measurement, the gathering, processing and analysis of electronic
data, transparent description of facts and phenomena, explanation of data
generating processes (DGP), methods of collating facts and making predic-
tions, as well as methods of assessing the quality of the decisions of economic
agents.

In order to satisfy these requirements, an empirical economist should aim
at being able to build, by himself, empirical forecasting and/or practical
decision making tools that are useful for large companies, banks, central
banks or government, either at local or central level.

I share the view that in order to formulate a good economic theory or
models that describe a given real economy well, an economist, or econome-
trician, should have long experience in economic modelling and be open to
new ideas of economic theorizing and modelling. The advantages of practical
experience in dealing with accounting principles are seen in the treatment
of equilibria, e.g. in the texts of L. Walras and J. M. Keynes.

Having made the above remarks, it should also be added, that it is impor-
tant to have access to current knowledge in the fields of logic, mathematics,
computer science and statistics. Such knowledge and its repeated use help
to develop habits with the goal of writing texts concerning economics at an
academic standard close to the standards of the so called natural sciences
(e.g. physics, chemistry, engineering).

The use of logic in economics can be easily seen in the texts, of e.g.
J. J. Mill, W. Jevons, J. M. Keynes and B. Stigum. The language and
rules of mathematical reasoning are commonly used by mathematically or
quantitatively oriented economists, such as A. Cournot, M. Allais, L. Wal-
ras, A. Marshall, I. Fisher, P. Samuelson, R. Solow, R. Frisch, O. Lange,
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M. Kalecki, D. Kreps, W. Eichorn, R. Allen, K. Arrow, G. Debreu, J. Nash,
B. Stigum and K. Wicksell.

The practical use of econometrics and statistics is easily seen in the pub-
lications of, among others, J. Tinbergen, J. Cramer, O. Krelle, L. Klein,
D. Hendry, W. Welfe, A. Baron, W. Maciejewski, W. Charemza, V. Dlouhy,
R. Fair, J. Gruber, B. Hickman, J. Kornai, M. Nerlove, Z. Pawłowski,
R. Wuandt, I. Sujan, K. Wallis, W. Milo, E. Pentecost and C. Papazoglou.

There is also a group of economists and econometricians that are theo-
reticians, i.e. they have solid foundations of knowledge in logic, mathemat-
ics, economics, and possibly in sociology and social psychology. Having this
knowledge and great intuition, they can propose innovative theories and for-
mal models of these theories and sometimes draw very unusual conclusions
that are practically verifiable and important. Their propositions are often
very influential, both theoretically and practically.

From the point of view of theorizing, modelling, forecasting and decision
making, it is very important to recognize and understand the essence of
fundamental concepts used in economics.

This monography presents and discusses the following categories of con-
cepts:

• truth and causes (Chapter 1),

• randomness (Chapter 2),

• isomorphism, homomorphism, models, modelling (Chapter 3),

• models, modelling (Chapter 4),

• expectations (Chapter 5, 6, 7),

• instruments of monetary policy, the effects of their use (Chapter 8),

• potentia, calculus of potentias (Chapter 9),

• theory, theorizing (Chapter 10).

The presentation and discussion of these concepts include their historical
roots, differences in their interpretation at various periods of time, their role
in the development of science, and economics in particular, their usefulness
in solving theoretical and practical problems in research and everyday life,
perspectives for concrete applications, as well as technical thresholds and
barriers to their theoretical and practical use. In addition, the idea of types
of knowledge is discussed.
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The first three chapters concern the general cognitive foundation of eco-
nomic research, which is important for further reading and reflection. Chap-
ters 4 and 5 should also be useful for researchers not involved in the field
of economics. Chapters 6–9 strictly relate to economics, both in form and
content. They present the author’s thoughts on the essential purpose of
economics and the usefulness of the categories discussed earlier.

The structure of the book is based on the relationship between con-
cepts rather than on particular fields, although this is often not editorially
pointed out. The main subjects of the text are the principles of modelling
and theorizing and their usefulness to economists, treated broadly from the
perspective of the methodology of science. Due to space constraints, some
highly important scientific ideas are not addressed here, such as equilibrium,
force (also as an economic concept), methods of measurement, mereologi-
cal principles, games and entropy. However, they obviously deserve deep
discussion within the framework of economics.

In the course of writing this book, I was lucky to have the technical sup-
port of Anna Krysińska, Dr. Paulina Malaczewska, Dr. Maciej Malaczewski,
Dr. Dominika Machowska, Dr. Anna Michalak and Dr. Mariusz Górajski
(in preparing the electronic version of the text), as well as Dr. Magdalena
Ulrichs for carrying out econometric computations that illustrate the use-
fulness of statistical measures of potential GDP. I am very grateful to all of
them. I express very special thanks to Prof. David Ramsey for reviewing
and editorial contribution, which helped to improve essentially the clarity
of the text. Special mention deserves Prof. Marek Gruszczyński, the Uni-
versity of Łódź Press reviewer, to whom I am obliged for many suggestions
and critical remarks that helped to improve the reception of this book.





Chapter 1

Truth and causes

Summary

This chapter contains a synthetic treatment of the historical evolution of
the concepts of truth and cause, as well as some recent conclusions about
semantic content in the notions of truthness and causality. It should be
stressed that these concepts were used by French and UK economists from
the XVII c. and later by, among others, German, USA, Austrian, Spanish,
Latin, Polish, Hungarian, Swedish and Italian economists. They used these
notions according to their common intuitive meaning. In the English lan-
guage literature, the first examples of a more formal use of these concepts
was probably initiated in econometrics by H. Wold (1960), R. L. Bassman
(1965, 1988) and C. W. J. Granger (1969, 1980). Later, the topics of causal-
ity were broadly discussed by, among others, K. D. Hoover (1990, 2001),
S. F. LeRoy (1995), D. Hendry (1995), C. Sims (1972), A. A. Zellner (1979),
J. Woodward (1995). The text presented below refers to some of the au-
thor’s own texts written in Polish, e.g. W. Milo (2013, 2014), as well as
to a very rich literature, mainly in the English and Polish languages. The
results of our discussions will be illustrated by considering chosen texts of
A. Smith, and remarks are made on the empirical verification of causality
and truthness.

Keywords: truth, cause, truthness, causality, criteria for truthness,
criteria for causality, causality and correlation.
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1.1. Introduction

Truth and cause were and remain categories of notions. They have been
the subject of hot debates from antiquity to the present. Such discussions
have been carried out by representatives of all fields of science, arts, profes-
sions, age groups, nations and races, both theoreticians and practitioners.
In economics, the positive role of these categories was particularly under-
lined by T. Koopmans and H. Simon from the Cowles Comission, as well
as, R. Frisch, J. Tinbergen, O. Lange, M. Kalecki, J. M. Keynes, M. Allais,
C. Granger, H. Wold, R. Bassman, R. Strotz, and later, e.g. B. Stigum
and K. Hoover. Our presentation of 38 notions of truth and more than 30
notions of cause is mainly based on Corpus Aristotelicum written by An-
dronikos from Rhodos (I c. B.C.), and known to us e.g. from its Polish
translation in 9 Volumes with ancient and modern commentaries taken from
the appropriate translations into the main European languages. If there are
errors in these interpretations, the author takes responsibility for them. It
is hard to say today whether our modern understanding of the 7 ancient
Greek words for “truth” and 67 words for “untruth”, as writes J. Woleński,
is exactly the same understanding as ancient Greeks used in day to day life.
Similar remarks may be formulated for the words “cause” and “uncause”. A
growing tendency can be observed, beginning in the XIX c., among both
scientists and non-scientists to accept the view that we cannot recognize the
precise causes of real life facts, events, phenomena and processes and the
truth about them is hidden, latent. Thus the only thing we can do is to es-
timate the probabilities of their occurrence. This stance has been accepted
even by physicists, chemists, engineers, physicians and economists.

Nowadays, in all types of sciences, as well as the life of societies, the
language of stochastics is in common use as a way to speak about our igno-
rance regarding why something happens. The question of how has become
more often asked than question of why, because of the ideological impact
of the Enlightenment and Positivism, together with the rapid progress in
inventing new tools of measurement, production and experimentation. The
XX c. technological revolution, resulting in the massive use of personal com-
puters and smartphones, as well as easy access to user-friendly programming
packages carrying out logical and mathematical computations and present-
ing multidimensional graphics, has created natural grounds for making em-
pirical research accessible and enjoyable – research connected with simple
questions of how empirical processes behave and what are the chances of
their patterns of evolution repeating in the future.
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Throughout the history of modern economics, XVIII–XXI c., the ques-
tion of why has always had an important status. Economists and financists
are keen to infer the causes of economic facts, events, phenomena and pro-
cesses. In this respect, they have used deterministic analysis and, also very
often since the 80-ties of the XX c., empirical analyses based on the results
of econometric modelling.

Section 2 presents chosen formulations of the notion of truth from the
classical and modern eras. In Section 3, we consider formulations of the no-
tion of cause made by the philosphers of ancient Greece and by more modern
thinkers. Section 4 considers practical problems involving the inference of
the essential causes of economic phenomena using models based on economic
theory.

It is hoped that this brief presentation of the unusually rich history of the
development of the notions of truth and cause will be useful to economists
who have the need to expand their theories or models by including an anal-
ysis involving these concepts.

1.2. Notions of truth

It is known that the roots of notions of truth can easily be found in the
everyday use of national (or, in earlier times, tribal) languages. Greek uses
the word “αληυεια”, in Hebrew we have “met” and “munah”, in Latin it is
“verum” or “verite”, in German “Wahrheit” and in Polish “prawda”. In all of
these languages, there are nouns and adjectives that commonly enrich the
meaning of the word “truth”. In common thinking, the notion of truth still
exists as a reference point, despite the fact that post – modernists treat the
word in a hostile way.

In order to discuss the concept of truth, it would be instructive to first
answer where we should search for and find the truth. There are plenty of
fields, places and objects in which it can be found. These are, as follows:

1. The realms of Nature, Science, Arts, Culture, Civilization, Worlds,
Universe;

2. Pronouncements, propositions, judgements, sentences, lemmas, theo-
rems;

3. Theories and models of objects, phenomena, processes;

4. Perception, recognition, observation, measurements, awareness, seeing,
consciousness, discoveries;
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5. Beliefs, opinions, convictions, views, expectations, habits, stereotypes;

6. Feelings, emotions, sensations, impressions, imagination, thrills, will,
wants;

7. Descriptions, explanations, analyses, predictions, discussions, corrob-
orations, justifications, proofs, arguments, evidence;

8. Facts, events, phenomena, processes, states of the World, Universe;

9. Acts, actions of the senses, Reason, Mind, human and animal brains,
as well as the actions of Nature’s elements and particles;

10. Languages (natural, scientific, artificial);

11. Properties, features, attributes of things, objects, processes;

12. Causes, effects, reasons and consequences, relations, functions, map-
pings, correspondences, homomorphisms, isomorphisms, A ⇒ B im-
plications, premises, conclusions;

13. Aims of thinking, acting, and their results;

14. Cognition, knowledge, requirements for: cognition, knowledge, rea-
soning, analysis, experiments, modelling, theorizing, effective actions,
existence of life;

15. Consistency and concordance of thought with reality;

16. Logical value of judgements, sentences;

17. Obviousness, certainty, utility of ideas, notions, principles of thinking,
essence of being;

18. Factual understanding of things by observers.

The most general and all-entailing is category (1). It contains both
physical objects and their names, as well as, virtual-fictional artifacts.

The most highly psychological are categories (6), (4), (5), which provide
both positive and negative stimuli for all the possible activities of economic,
political-social agents, as well as scientists.

The categories of notions labelled [2, 3, 7, 8, 10, 11, 12, 13, 14, 15, 16,
17, 18] are especially important for scientists. According to category (9),
the truth should be sought by all men, in particular by scientists, artists,
and entrepreneurs.
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In a certain sense, truth bearers, givers and shelterers or, on the other
hand, truth veilers, destroyers, spoilers, humbuggers and misrepresenters are
objects belonging to the above categories.

1.2.1. Truth definitions

The following definitions of truth, DT1 – DT26, were adapted from the
literature cited at the end of this chapter:

DT1. TRUTH is the well justified, necessary and desired final result of
a process of observation.

DT2. SCIENTIFIC TRUTH is a set of reported, observational, fac-
tual, indicative sentences and statements about reality concerning nature,
society, economics, politics, culture, science, the world, universe, abstract
world of ideas and any conclusions logically drawn from them in the form
of theses, theorems, axioms, theories and models concerning the quanti-
tative/qualitative relationships between facts, events, phenomena and pro-
cesses that take place either in the real world or in the abstract world of
notions.

DT3. LOGICAL TRUTH is the logical value of propositions, sentences,
statements, axioms, lemmas, theorems, scientific laws, theories, models or
sentences resulting from the laws of logic based on substituting sentences by
expressions of natural or scientific language or truthful logical implications
of the type α⇒ β, α – premiss, β – conclusion.

DT4. ETYMOLOGICAL TRUTH is the meaning, appropriate to the
original historical language, of whole pronouncements, propositions, sen-
tences and statements, or parts of theorems and theories.

DT5. RELATIONSHIP TRUTH is the relation betweenX and Y , where
X ≡ thing(s), fact(s), event(s), phenomenon(s) or process(es), and Y ≡
pronouncement(s), proposition(s), sentence(s), axiom(s), theorem(s), law(s),
theory(ies) or model(s). A relation can be one of the following: a correspon-
dence, function, mapping, operation, homomorphism or isomorphim.

DT6. LIFE or PRAGMATIC TRUTH is (are) pronouncement(s), propo-
sition(s) or opinion(s) in the form of “life wisdom” that is (are) accepted by
the majority of people in a place, region, country or group of countries.
These forms of truth are commonly used as the bases for decisions, be-
haviour, imagination, beliefs, expectations, customs and lifestyle, as well as
“unwritten contract(s)” or recorded contracts and accords.
Note 1.1. DT6 should be prominent in empirical quantitative economics,
econometrics, social psychology, behavioural psychology and sociology. Some
examples of truths of this type are as follows:



18

• “There are situations when the truth should not be uncovered”, Pittakos
(640–569 b.c.). Politicians willingly use this advice;

• “The truth lies in the middle”, Solon (640–559 b.c.);

• “The language of truth is simple”, Eurypides (480–406 b.c.), Aischilos
(535–455 b.c.);

• “Useful truth derived from the senses is preferable”, Protagoras (480–410
b.c.);

• “Truthful knowledge comes from Reason, untruthful knowledge from the
senses”, Democritus (470–361 b.c.);

• “You cannot recognize truth, while not recognizing cause”, Aristotle (384–
322 b.c.);

• “Most people judge others emotionally through feelings of love, expecta-
tions, hatred or fear. Only a few judge according to truth or rightness”,
“To live is to think”, “The force of habits is great”, Cicero (106–43 b.c.);

• “A greedy man always wants more”, “The masks of truth are misleading”,
Horatius (65–8 b.c.);

• “Verum – index sui et falsi”, B. Spinoza (1632–1677);

• “Undiscovered evil grows”, “Work wins everything”, Vergilius (70–19 b.c.);

• “Competition awakens the feeling of indigence and deficiency amongst
losers”, Wang Chong (27–97 c.);

• “If language is incompatible with the truth about things, matters do not
lead to success”, Kung-fu-cy (551–479 b.c.);

• “Famousness annihilates reverence”, Zoroaster (VII/VI b.c.);

• “The man who recognizes the truth may write it on the table of his heart”,
Hebrew Bible.

DT7. RATIONAL ACTIONS, COGNIZANT WITH THE TRUTH OF
PRINCIPLES as the effect of discovering the laws governing the existence
of things, where principles are abstracted forms of these laws.

DT8. TRUTH IS A REGULATOR, STEERER OF REASONING, IN-
FERENCE, TECHNICAL ACTIONS due to Reason’s need to recognize the
priority of prima principia laws which decide about the existence, shape,
position and ordering of things in Nature.

DT9. THE CONSISTENCY OF TRUTH is the consistency of the ob-
jective state of things in Nature with the inference of cognizant beings in
the form of unspoken or spoken thoughts, convictions, dianoic judgements,
theorems and theories.
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DT10. CAUSAL TRUTH is the corroboration of a causal relationship
(logical implication) between real facts, events, phenomena, processes of
Nature or between abstract notions of them.

DT11. TRUTH ≡ πράγµα ≡ αληυεια ≡ τo öν ≡ τo öς is a thing,
being, fact, event, system of events, deed or action which can be denied only
in thought.

DT12. TRUTH is a property of non-contradictory thinking and judge-
ment by an individual about oneself at a specific time.

DT13. TRUTH is that which seems clear to everybody according to
their senses (Protagoras).

DT14. FACTUAL TRUTH is the factual understanding of things (Ana-
xagoras).

DT15. CORROBORATIVE TRUTH is the result of verifying the prop-
erties of things, which contains the minimal number of incorrect perceptions
about the facts connected with these things, despite possibly describing the
greatest number of properties attached to these things.

DT16. TRUTH is the effect of correct reasoning according to logical
rules connecting thoughts about an object with the object itself or relating
a subject to predicates about that subject.

DT17. TRUTH is the purpose of thinking, acting and selecting the
means necessary to realize a given aim.

DT18. TRUTH is the phenomenal nature of a thing determined by its
shape, size, mass, structure, colour, motion or degree of content.

DT19. TRUTH is the effect of using correct perceptions and premisses
based on empirical knowledge to infer causes.

DT20. TRUTH is the composition of persistent quantitative and quali-
tative properties of things, natural phenomena, relationships between things,
phenomena, or the properties of notions and their essential dependencies, in-
cluding their compatibility.

DT21. TRUTH is the obviousness of the existence of physically non-
substantive ideas regarding things, objects of mathematical and logical knowl-
edge, as well as causes, to thoughtful beings.

DT22. TRUTH is certainty, persistency, rightfulness of judgments, rules
of reasoning.

DT23. TRUTH is the durability, constancy of an object’s existence.
DT24. TRUTH is factuality, testability, certainty, credibility, obvious-

ness, simplicity, exactness of knowledge.
DT25. TRUTH is what an honest, sincere, noble, faithful man says or

does.
DT26. TRUTH is the revelation of God and his prophets.
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Definitions DT1–DT24 have, among other things, the following features
(where V – G denotes Verum – Givers, and V – B denotes Verum – Bearers,
and the symbol V denotes truth):

• They are adaptations of texts from ancient philosophical and religious
literature (e.g. Corpus Aristotelicum, Hebrew Bible), as well as mod-
ifications of these ideas proposed by thinkers and scientists in later
periods.

• Thanks to growing awareness of the great ancient civilizations of India
and China among their modern representatives, it can be seen that
similar thoughts originated there with a slightly different distribution
of accents.

• In the class V – G we can distinguish the following “truth givers”:
God(s); masters; teachers; gurus; prophets; shamans; philosophers;
scientists; observers. The definitions DT24, DT25, DT26 are directly
or indirectly connected with them.

• In the class V – B we can make distinctions between and connec-
tions with appropriate sets of definitions: properties of Nature (DT1,
DT11, DT23, DT25), properties of thoughts (DT1, DT11, DT23), re-
sults of perceptions, observations, testing, corroborations (DT1, DT2,
DT10, DT13, DT15, DT19), natural and scientific languages, theories,
models (DT3, DT24), relations of things and processes to sentences
(DT5, DT9, DT12, DT22), common beliefs, opinions (DT4, DT6,
DT9), laws and principles of thinking, acting and reasoning (DT7,
DT8, DT10, DT12, DT14, DT16, DT21, DT22), aims of thinking and
acting (DT17), the essence of the properties of Nature, and essence
of notions (DT10, DT15, DT18, DT19, DT20, DT21, DT22, DT23,
DT24).

• Economists should be interested, possibly to varying degrees, in all of
the definitions from class V – B.

It is worthwhile to underline that the above definitions of truth do not
exhaust the list of existing or pertinent ones. We may describe, e.g. the
following various types of truth:

– necessary, sufficient V,

– hidden, unhidden V (covered, uncovered, transparent V),
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– conditional, unconditional V; discovered, undiscovered V,

– doxastic, epistemic V; understandable, non – understandable V,

– trivial, sceptical, untrivial, dogmatic V,

– inductive, deductive, reductive, abductive V,

– valid, non – valid V; empirical, theoretical V,

– contextual, non – contextual V,

– exact, approximate V; actual, realistic, non – actual V,

– general, particular V; relative, non – relative V,

– semantical, syntactical V; factual, artefactual V,

– useful, instructive, currently unuseful V,

– current, eternal, old, novel V,

– time, space V; Reason, Mind, Senses V,

– perceptions, observations, description, explanation, analysis V,

– contingent – positive, contingent – negative V.

There are many notional and practical connections between these defi-
nitions and later chapters of this book. In particular, many of the ideas in
Chapters 2–7 relate to definitions DT1–DT3 and DT7–DT24.

From the Middle Ages, great, albeit somewhat brief, popularity was
gained by the almost propagational statement “VERITAS EST ADAEQUA-
TIO REI ET INTELLECTUS” proposed by the neo – platonic author I. Is-
raeli in the VI c., i.e. TRUTH is what Intellect poses on equal terms with
being. As an individual, one can make a pronouncement, proposition, sen-
tence about being, a fact, event, phenomenon, process or material object.
Thus his Intellect is a truth maker, and an object is a truth bearer. Gra-
matically, truth is a noun (substantive). In everyday life, science and the
arts, it is also very often used as an adjective as a form of saying that some-
thing is truthful. This indicates that the thing considered is certain, obvious,
confirmed, corroborated and/or acknowledged by experts, authorities in the
field to which the thing belongs. In general, this thing is the object of percep-
tion, observation, description, explanation, analysis, prediction, as well as
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decision making and realization. Another form of expressing thoughts con-
nected with truth is the substantive (noun) form “truthfulness”. This form
expresses a property or properties of the thing or things being analyzed,
i.e. attribute(s) of object(s) of perception(s), description(s), explanation(s),
prediction(s) or decision(s). A question arises as to whether a property or
properties should be treated as being currently observed by a concretely
existing person for a concretely existing object of Nature in a fixed place
and moment of time or as a property per se manifesting the essence of the
thing being discussed. It is used, therefore, with regard to the truthfulness
of pronouncement(s), proposition(s), statement(s), sentence(s), lemma(s),
theorem(s), model(s) and object(s) of Nature, while being formulated by a
given person(s) at a given time and in a given situation.

The notion of truthfulness (Verum) was used very often in the Hebrew
Bible, Talmud, philosophical discussions by philosophers in ancient Greece,
and later, by among others, French, German and UK-philosophers, such as
Descartes, Leibniz, Hume, I. Kant, B. Bolzano, G. Frege, B. Russell, and
authors later developing these ideas in the XX c.

For example, Descartes distinguishes between, on one hand, the meaning
of open and clear truthfulness compared to covered and unclear truthfulness,
and, on the other hand, the truthfulness of things cognized by senses or by
Reason. For him, the truthfulness of a proposition or statement lies in their
certainty, clearness, explicitness and distinctness. He intrinsically assigns to
ideas, understood as thoughts or images of things, the feature of truthfulness.
But in other cases, ideas can be truthful or false. He assumes, that the will
and feelings are always true.

For Descartes the criteria of truthfulness are e.g.:

• maximal clarity of perception (by the Intellect), cognition, understand-
ing, explanation, proof;

• maximal probability of the conjecture’s truth;

• maximal belief compared to alternatives, minimal doubts compared to
alternatives;

• maximal obviousness of the considered thing, topic or chosen rule, the
possibility of checking Verum;

• minimal error of closeness to the truth for the chosen rule of verifica-
tion.
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He did not make any comparisons between these criteria within the dis-
tinguished kinds of truthfulness of, e.g. perception, cognition, recognition,
understanding, thinking, description, explanation, proof, conjecturing, ana-
lyzing, predicting.

There are some indirect links to some of his opinions on the quality
of rational reasoning to assert the truthfulness of physical objects, as well
as geometric and algebraic objects, i.e. abstract objects of mathematical
thought.

Some interesting comments on truth and truthfulness may also be found
in his book “Tractatus de Intellectus Eniemdatione”. He discusses the truth-
fulness of knowledge, good, evil, happiness, things, ideas and the essence of
human nature. Truthfulness is, for him, the effect of cognizance of knowl-
edge, non-constant according to temporal and random experience, the con-
tent of notions of res, reasoning either from the most direct cause to effect
or from general to particular, proportionality-driven structural features, as
well as correct deduction, differentiation, consistency and the use of the best
possible methods to corroborate conjectures.

Baruch’s criteria for truthfulness are not so explicit as Descartes’ rules.
They relate mainly to objects (i.e. concepts of things, their forms and the
laws governing them, acts, facts, notions, closest or non-external acciden-
tal causes), or methods for confirming the truthfulness of ideas concerning
the things that are being investigated. Among the conceptually expressed
criteria for the truthfulness of ideas, he proposed the following: an idea’s
simplicity, clarity, non-fuzziness, cause-effect relation, onticality, particular-
ity of concepts, understandability of sentences or events, i.e. the clearness of
words and definitions of objects. Based on these criteria, he proposed that
in practice a cause-effect type of reasoning should be preferred and, when
necessary, clearly connected abstract notions should be applied.

It is important to underline the possible direct or indirect influence of
B. Bolzano’s “Grundlegung de Logik” on G. Frege, B. Russell, J. Łukasiewicz,
K. Twardowski, R. Suszko, A. Tarski and scientists in the Vienna Circle.
Particular fields of science are treated by Bolzano as collections of truths
that have already been uncovered or are aimed to be uncovered. Logical re-
lations and the attributes of truths are sought in sentences per se and their
components, i.e. ideas per se. For the latter elements, he distinguished such
relations as compatibility (incompatibility), inclusion (all objects of a given
idea belong to another specified idea), equivalence (two-way inclusion), sub-
sumption (one-way inclusion), contradiction, opposition (non-compatibility
that is not a contradiction), overlapping (compatibility without inclusion).
His concept of validating the power of sentence (universally or partially) was
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especially innovative, as were his definitions of truthfulness relations between
sentences that cover the semantic content of words. Bolzano describes text
which is “Gültigkeit” or “Allgemainegültigkeit”, meaning generally, logically
acceptable in a modern sense. According to Bolzano, truthfulness has the
following meanings in common usage:

• the “attribute of a sentence(s)” thanks to which a sentence expresses
something as it is; this meaning is abstract and objective in Bolzano’s
understanding;

• concrete and objective existence of the “sentence itself”;

• subjective “correct preposition” containing truth in a concrete, objec-
tive sense;

• as a representation of a collection of many truths in a concrete objective
or subjective sense;

• realness, authenticity of the considered objects, of judgement, percep-
tion and explanation (not an appropriate use according to Bolzano).

He distinguishes the concept of “truth in itself” as being different from
the concepts of “cognized truth”, “certainty”, “reality”, “real objects”, “cogniz-
ability” or “possibility of thinking out”. When he critically discusses different
concepts of truth, he sees the positive features of the concept of formal truth-
fulness, understood as sentences being non-contradictory, together with their
inferability and compatibility. Thus rules that satisfy the cardinal Bolzanian
requirements may be treated as criteria for checking truthfulness in the Bol-
zonian sense. These criteria may be treated as precursors of, e.g., G. Frege’s
and A. Tarski’s criteria.

As a mathematician, logician and philosopher of language, G. Frege was
influenced by G. Leibniz, I. Kant, F. Gauss, F. A. Trendelenburg and, in
particular, R. Lotze (see, e.g. H. Sluga, D. Bell, A. Gut). According to
Sluga, Frege uses Lotze’s ideas of objectivity, which state that propositions
(Urteil) are more important than concepts. Hence, the principle of context
belongs more to the theory of propositions than the theory of meaning. This
promotes the role of a priori cognition due to the limitations of empiricism,
the potential of applying the mathematical concept of function and its argu-
ments to logical interpretations using suitable symbols (note: G. Boole, de
Morgan introduced algebraic conventions and rules to logic, while Lotze and
Frege introduced the main object of mathematical analysis, i.e. functions),
and the idea that mathematical concepts are close in form and content to
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logical concepts, so mathematics can be treated as a branch of logic. The
last idea resembles the similar ideas of B. Russell and A. Whitehead, which
developed later. Frege’s very important contribution to truth theory is the
statement that the truthfulness of a sentence depends on the semantic prop-
erties of the parts of the sentence considered, i.e. the role of the formal
proper names used to represent the objects, and the role of the predicate
part of a sentence. The composition of these two characteristics of a sentence
determines its meaning and context of meaning.

Distinguishing theory of the senses from theory of meaning (reference)
and treating the concept of senses as being connected with the logical concept
of truth leads Frege to the idea that the laws of logic are semantic laws about
truthfulness. Thus, the Fregian criteria for truthfulness may be formulated
as logical criteria for truth or truthfulness and checkable semantic certainty.

Bolzano’s and Frege’s ideas were later developed by members of the
Vienna Circle, as well as their correspondents, e.g. A. Tarski and C. Popper.

Tarski’s texts are mathematically and logically very precise. His defi-
nitions of truth use, either indirectly or directly, a definition of the order
(degree) of a language. Apart from common languages, he defines meta lan-
guages of integer order (and infinite order). One of his preferred definitions
of truth is “p is a true sentence if it is a thesis of science, i.e. it is translat-
able into the meta language of a given scientific discipline”. Another of his
definitions states that “p is true if it is formally provable in a scientific meta
language and is semantically fulfillable”. Tarski’s criteria of truthfulness are
therefore criteria belonging to formal logic, i.e. they are rules and laws of
mathematical logic.

Popper uses Tarski’s arguments, while trying to describe a theory of
truth in terms of correspondence with facts. This view has been criticized
by many logicians and philosophers (for a presentation of suitable discus-
sions see K. Niebrój (2010)). However, Tarski avoids such terms as facts,
correspondence and reality when defining truthfulness.

Popper tends to avoid definitions, or the meaning of words, yet he accepts
Tarski’s definition of truth. However, Tarski does not define the notion of
the content of truth, neither truthfulness as a feature of a sentence, but the
set of true sentences within a meta-language. Correspondence with facts,
non-linguistic facts, and the conditions of this correspondence are crucial in
Popper’s approach and can be treated as the basis for defining Popperian
type criteria for truthfulness.

This means that Popperian criteria are rules for confirming that the de-
scription of an investigated object, term or property corresponds to concrete
facts according to the available evidence, so that a correspondence relation
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is in effect. In this respect, Popper takes an opposite view to Frege, who
strongly criticized any theory of truth based on correspondence. Taking into
account A. Grobler (2006), Nowaczyk (1998, 2004) and Woleński (2005), it
should be said that Tarski presented truth in terms of a given language
and given interpretation with the assumption that each sentence signifies
something, i.e. a sentence has one meaning and that any mapping of words
(terms) from a given language into words (terms) of a given meta language
preserves their meanings. Tarski’s definition of truth does not define the
content of this concept, but only an extension of it and, as Szymura (1995)
says, this definition is not appropriate with respect to the truthfulness of
scientific theories. Though Descartes and Locke enriched the notion of truth
with the concept of correspondence, G. Moore, B. Russell and Wittgenstein
gave it a stronger coherence. For Russell, the correspondence of propositions
to reality consists in the consistency of beliefs with some considered com-
plex of real objects, and for Wittgenstein, correspondence means mapping
a proposition’s structure with respect to the structure of the object that is
of concern in the proposition. In the author’s opinion, definitions of truth
using this meaning of correspondence should be a subject of deep discussion
by economists.

Despite the fact that economics based on factual correspondences would
have a structure that is so complex that it excludes the construction of struc-
tural models isomorphic to them, the author believes that constructing an
approximate counterpart of such ideal models is valuable, both theoretically
and practically.

Logical empiricists are convinced that in order to determine the truth-
fulness of sentences using empirical confirmation, it is not sufficient just to
use additional logical criteria. As Neurath and Hempel state, the truthful-
ness of scientific sentences, due to their generality, means more than the
truthfulness function of individual sentences and the coherence of their con-
tents. For example, van Frassen states that there is no need to talk about
the truth or truthfulness of a scientific theory. It suffices to check whether
it is acceptable (empirically appropriate) on the grounds of chosen criteria
for the predictability, explicability, describability of real world phenomena.
Davidson and Putnam, in turn, accepted the thesis that theory is not de-
termined by empirical data, so according to them, criteria for the rational
acceptability or approximative truth of a theory are sufficient, which leads
us to suitable scientific procedures or methods accepted by a large group of
scientific experts.

In this respect, Popper’s concept of verisimilitude has been also intu-
itively broadly discussed and used in analyzing the properties of theories
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or scientific knowledge. Truthfulness is replaced here by either the valid-
ness, acceptability, testability, confirmability or justifiability of sentences
and theories (see, e.g., Newton, Smith (1981), Putnam (1981), Davidson
(1967, 2001), Szubka (2003) and B. Tuchańska (2012)).

According to G. Hegel, K. Marx and F. Nietzche truth emerges as the re-
sult of the social-historical context of interactions between truth as a human
value and the socially-historically rooted and felt imperatives of human be-
havior to which the following belong: the need to act, cognition of the world,
obtaining power and capital. It follows from such views (see Allen (1994))
that there are no good arguments for accepting a particular truth.

Modern philosophy, being under the strong impact of the theoretical
and technical achievements of the XX c., is trying to absorb the criteria for
truthfulness applied in the natural sciences (especially physics), mathemat-
ics and logic. This means, that the final empirical criteria for confirming the
truthfulness of scientific statements are the results of empirical observations,
i.e. empirical measurements derived from direct observations or suitably con-
trolled experiments. In the case of economic agents, there is no possibility of
satisfying the assumptions of controlled natural experiments, so economists
are placed in a situation of having to use so called model-based computer
simulations, and hope that the numerical results from these simulations are
close to quantitative observations concerning relevant economic variables.
Well-known economic theories and their approximations now mostly use a
special meta-language, which is a mixture of a common national language,
the scientific languages of mathematics, logic and economics, and possibly
even languages from such fields as physics, biology, sociology, psychology
and history. Due to the uncertainty of measurements, economists are now
(since the 80’s of the XX c.) commonly using the language of stochastics
and probability to express their thoughts about economic phenomena (there
is more discussion on this in later chapters).

1.2.2. Determinants of quality of truthfulness criteria

The validity of using particular science related criteria for truthfulness may
be discussable due to:

• arbitrary or vague arguments that are aimed to defend the choice of a
given criterion;

• using categorical statements that are not always true by definition,
based on threshold quantities which help to confirm hypothesis(es);
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• non-unique definition of categorical statements regarding the condi-
tions for accepting or rejecting the hypotheses to be tested (logically,
epistemicly, empirically, experimentally);

• categorical statements are usually contingent on essential features of
the objects studied (e.g. physical objects, pronouncements, proposi-
tions, sentences, models, theories, descriptions, explanations, proofs,
analyses, predictions, plans), and in some cases they are not truth-
ful sentences (see e.g. the discussions made by J. Koethe, S. Kripke,
J. Canfield);

• most economists, sociologists, psychologists use their own mixed-type
of language with statement-generating terms, such as “it is necessary
that”, ‘it is sufficient that”, “it is possible that” and their negations.
Hence, the laws of logic provide conditions for the truthfulness of spec-
ified propositions, sentences or theories, where the automatic checking
of their truthfulness is understood as computing the validity of a model
or correctness of a theory via sequential checking that the assumed con-
ditions are fulfilled (a computational version of the modal laws of logic
are discussed, e.g. by D. Chapman, M. Fox and D. Long);

• truthness of knowledge propositions and sentences depends only on
the, assumed to be true, context-relative propositions and sentences
that fulfill all the necessary and sufficient requirements of a suitable
method of corroborating the truthness of the sentences considered;
thus truthness is contextual within the framework of existing knowl-
edge and influenced by the selection criteria adopted;

• economists, psychologists, sociologists and historians use, consciously
or unconsciously, the ancient mathematical method of proof by con-
tradiction (i.e. assuming that a statement is false and showing that
this leads to a contradiction), when they accept quasi-factive approx-
imate reports of empirical measurements which have the form of false
propositions. As M. Shaffer (2015) argues, there are specific condi-
tions under which such false propositions can constitute evidence for
the truthfulness of other propositions or sentences;

• increased stress has recently been placed, following Chrysippus, on the
great importance of the meanings of words belonging to natural lan-
guages (or their modified definitions in first or second order scientific
languages) (see, e.g., the remarks of B. E. McDonald (2000)); however
three criteria for forming a good scientific theory, within the chosen
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mixed-type language, are too general to be instructive as to how to
do it in practice, despite their very good mathematical and logical
foundations;

• the methods of graphical representation and analogy, e.g. the stick-
and-ball model of a molecule or graphical-symbolic models of a firm’s
structure, are imperfect meaning bearers, not only for conceptualiz-
ing real objects, but also as grounds for essential discussions regarding
important, practically valid, empirical processes. However, due to the
complex and necessarily precise actions of gathering, classifying, stor-
ing, and analyzing collections of research data, results are not always
comprehensive, coherent or reliable;

• the internal logical consistency of a set of sentences (e.g. a theory
T) does not imply the truthfulness of T (see J. Woleński, 2010). For
economists, this insufficient criterion should be treated as only one of
the criteria to be applied with respect to T. Hence, verifying consis-
tency should not simply check internal logical consistency;

• it is difficult to compare possible choices for quantifying truth values
from the standpoint of probabilism, credence theory, belief functions
and fuzzy set theory, or their impact on the choice of quantified criteria
of truthfulness from the point of view of truth makers, truth users,
truth bearers, truth evaluators, truth tellers and truth explainers;

• conceptual changes in the meaning of concepts, new articulations of
scientific hypotheses (not only in economics), accumulation of new em-
pirical evidence that enable the formulation of new hypotheses about
data generating processes representing fictional or real world mecha-
nisms, the existence of many rules of inference and many good indica-
tors of the truthfulness of a research hypothesis may lead to situations
called a “horn of plenty” (see e.g. G. Betz (2015), A. Goldman (1999),
J. Pollock (2001)), and problems with the logical consequences of prac-
tical distinctions between the notion of “evidence for a scientific propo-
sition” and the concept of “evidence for a real state of affairs”, where
the first is not factive, but the second is factive (see e.g. A. Heathcote);

• it is possible that the definitions of quantitative indicators of the truth-
fulness of economic models and theories based on the structural char-
acteristics of their validity taken from an unsigned (or signed) semantic
decomposition tree (i.e. semantic truth tableaux) and their transfor-
mations into a programming package for logical computations would
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help researchers in the future to check and improve their models and
theories in reference to their truthfulness;

• formulations of practical and valid indicators of the truthfulness of
the results of research, or of empirical models and theories, depend
heavily on scientific understanding that should be factive (e.g. take
into account facts regarding a concrete economy), where understanding
is assumed to be a skill of a scientist or decision maker, but not his
knowledge about the facts derived from a model or a theory assumed to
be true or approximetely true; this does not exclude the possibility of
a practitioner using fictional models or theories of real phenomena as a
(theoretically well founded) reference point when making comparisons
between different empirical measurements of real phenomena (see e.g.
H. de Regt or Chapters 4–7 of this book);

• it is discussable as to whether the truthfulness of a proposition is inde-
pendent of the convictions, cognitive habits, ways of understanding the
content of the proposition, ambiguity of language or anything existing
exogenously with respect to an observer who makes his utterences and
expresses his propositions, sentences, theorems, models and theories;

• is it valid, as K. Twardowski says, that relative truths and truthful-
nesses have their defenders only thanks to placing equivalence on the
contents of the notions of differing propositions and pronouncements,
not ascribing them precise, strict content, and not accepting the prin-
ciples of contradiction and the excluded middle?;

• there are, among others, two important views for economists: one
states that what makes an assertion or proposition or sentence truthful
is not its properties, but how closely it reflects the real world and the
second, that there is no such thing as the truthfulness of propositions
or sentences independent of economists’ theories, notional systems and
language. Criteria for asserting truthfulness based on these views will
be different;

• there are no systematic studies of the impact of the epistemic con-
sequences of a determinator’s, modifier’s, trivializer’s use of the ad-
jectives “truthful”, “false”, and their corresponding nouns for making
comparisons between the epistemic qualities of different scientific mod-
els and theories;

• a question arises as to whether it may happen in the future that hu-
man beings as a whole, and scientists as a particular group, reject the
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practical use of logic based on the value representing truth as the driv-
ing value and replace it by the value representing falsehood (logically
and theoretically this is possible), and whether such a change would
promote the development or degradation of economics and societies;

The above list of uncertainties regarding the consequences of so much
ambiguity in the meaning of the truth and truthfulness is not complete.
The following are among the many criteria for assessing the truthfulness of
propositions and sentences, which may be especially suitable for economists:

– the ontic correctness and robustness of empirical economic models of
concrete economies;

– semantic and syntactic cautiousness and respect for using the proper
meaning of economic concepts and concepts from other fields of science;

– clear use of the rules of logic and mathematics in formulating the form
of economic models, theories confirmed by competent reviewers;

– constant verification of economic sentences using new economic facts,
new factual perceptions about economic events, phenomena, processes
and new behavior patterns among economic agents, as well as checking
these sentences scientific validity and empirical truthfulness;

– clear and effective use of new methods of perceiving, observation, ex-
perimentation, description, explanation, verification, in order to in-
crease the reliability of checking, discovering, confirming the truthful-
ness of sentences, theories of the functioning of economic units and
entities or theories of economic processes.

Summing up our reflections about the conditions and criteria for assess-
ing truthfulness in the context of the 21 definitions of truth given above, it
should be said that:

– the use of all the definitions (except perhaps DT13) requires the ap-
plication of logical criteria for truthfulness;

– the use of definitions DT1, DT2, DT5, DT17, DT20, DT21 requires the
application of mathematical and statistical criteria for truthfulness;

– the use of definitions DT4, DT7, DT16, DT18–DT21 requires applica-
tion of truthfulness criteria from analytical, ontological or traditional
epistemological philosophy;
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– the use of definitions DT2, DT5, DT6, DT10, DT17–DT20 requires
application of truthfulness criteria that are popular within particular
fields of sciences.

It is worthwhile to recall a very popular (from the Middle Ages to the
present day) brief summary of the acknowledged content of the notion of
truth given by I. Israeli (VI c.) in the following form: “Veritas est adaequatio
rei et intellectus”, i.e. truth is the correspondence between intellect and a
thing (a subject of observation, analysis and cognizance).

To close this section, we propose taking into consideration the first two
chapters of A. Smith’s (1776) original version of “Inquiry into the Nature
and Causes of the Wealth of Nations”. He used the common meaning (at his
time) of many economic, historical, legal, philosophical and ethical concepts,
including the notion of truth and cause. His thoughts and propositions,
are indirectly connected with DT2, DT5, DT6, DT9, DT13, DT15, DT17
and DT19. Although there are a great number of suitably given economic
and historic facts in the cited chapters and others, I must underline that
Smith’s analysis of the factors of growth retains its validity as an empirical
model, despite e.g. the great difficulties in measuring the Polish economy of
the 90’s of the XX c. (see the results of modeling Polish growth in W. Milo
(2002), Chapter 3).

More historical remarks on the evolution of the concepts of truth and
truthfulness, as well as their applications, can be found in the literature
given at the end of this chapter.

1.3. Notions of cause

The category of “cause” is, in many ways, connected with the category of
“truth”. The following two sentences of warning are probably the most con-
tentious and meaningful with regard to this relationship. They are:

*1. You cannot cognize truth without cognizing cause;

*2. You will cognize truth if you cognize cause.

The first sentence is well known from the α – minor book of Aristotle.
The second, also well known phrase, is a simple transform of (*1). Both
categories, depending on one’s approach may concern either physical objects,
their states, events, processes, phenomena and facts connected with these
objects, or abstract objects like pronouncements, propositions, sentences,



33

models, theories, ideas and concepts that can describe real physical objects
or fictious, virtual objects.

It should be stressed that the problem of causality was posed in ancient
times by many thinkers, especially by Greek philosophers. Unfortunately,
apart from the texts of Plato and Aristotle, which were rewritten numerous
times, and much later, of Sextus Empiricus, as well as the Hebrew Bible
and Talmud, there are no relatively full ancient texts treating the topic of
causality more or less broadly. It is easy to find that, both in antiquity
and later periods, most discussants openly or indirectly accepted the role
and usefulness of the concepts and rules of causality, at least in a moderate
form. There were, however, some sceptics (who had their precursors like
Protagoras, Gorgias and their followers up until the XX c.) who possessed
the view that finding truth and cause is either very difficult or impossible,
and some of them propagated the view that these concepts are useless in
practice.

An active return to the problem of causality took place in the XVII c.,
due to the renaissance of the sciences, especially the natural sciences. It suf-
fices to read the writings of R. Descartes, J. Locke, G. Leibniz, I. Newton,
B. Spinosa, D. Hume, I. Kant, B. Bolzano, G.Frege, B. Russel, E. Husserl,
K. Twardowski, J. Łukasiewicz, A. Tarski, L. Wittgenstein, S. Leśniewski,
P. Frank, R. Carnap, C. Hempel, W. Spohn, B. Skyrms, D. Bohm, M. Bunge,
P. Suppes, H. Simon, H. Blalock, N. Cartwright, M. Tooley, H. Reichen-
back, T. Czeżowski, G. von Wright, Z. Zawirski, W. Krajewski, J. Woleński,
G. Svechnikoff, and many others not mentioned due to space limitations
and language barriers. Some of these authors owe much of their renown
to the books (written in German) of W. Windelband, A. Lang, C. Göring,
C. Hartenstein and C.V. Peter, which give broad historical descriptions and
explanations of the development of the concepts of causality up until the
end of the XIX c.

Before we start to discuss the essence of the concepts “cause” and “casu-
ality”, it would be instructive to introduce some simple definitions of terms
that are often used in all the sciences, terms such as: state of a thing (res),
state of a system, event, process, fact, phenomenon, situation.

D1. A state of a thing (object, system) at a given moment, place, situ-
ation, is a feature (qualitative or quantitative) attributed (ascribed) to the
thing (object, system) being considered, analysed, modeled, discussed by one
(or multiple) observer(s), investigator(s), modeler(s), theoretican(s), where
this feature is valid at a given moment of time ta and place pl(ta).
Remark 1.1. The things (objects, systems) referred to in this and other
chapters of the book may signify either physical (non-living or living) ob-
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jects, or abstract (fictional, virtual, artificial) objects like e.g. mathematical
or logical objects. These feature(s) may be perceivable, perceptible and ob-
servable (by the five senses of living beings) traits, imaginable by the human
mind or result from processing by the human brain of either noticeable ex-
ternal or internal part(s) of physical thing(s) or the appropriate partial or
general properties of the semantic content of words, concepts, ideas, propo-
sitions, sentences, models, theories, poems, novels or sculptures, which are
abstract objects or creations of thought. These features, attributes, proper-
ties of things may take qualitative or quantitative forms (according to the
tools, abilities and needs of observers, scientists, artists, engineers, physi-
cians, economists, businessmen) and be perspectives of observations, aims
at description, explanations, analyses, predictions or decisions. Things and
features may be accounted for either in isolation or in relation to other
things. Features (properties) may be simple or complex, internal or exter-
nal, short-term or long-term, partial or holistic.
Remark 1.2. In physics, the macroscopic state of a physical body is described
by a set of the values of the chosen parameters of a state which describe
that body (e.g. these parameters could be volume, pressure, temperature
and internal energy of the body measured at given time ta, in a given place
and situation).
The content of the concept of event may be characterized as follows.

D2.1 An event E0 is a part of phenomenon, process, phenomena, pro-
cesses connected with the observed, analysed object(s), thing(s), system(s).

D2.2 An event E0 is something that is or was correspondent with or
concomitant, correlative to definite dates, places, positions (in space or sit-
uations)

D2.3 An event E0 is an element of the set or space of events (elementary,
complex, random, non-random).

D2.4 An event E0 is a state sj or a set of states S ≡ {sj , j ∈ J} that
qualitatively or quantitatively describe features of observed and analysed ob-
ject(s) {Obi}, thing(s), system(s) to be characterized at a particular (virtual
or actual) moment or period ta, and at a definite places pl(ta) or position
pos(ta) in space. It should be noted that in D2.4, f.e.

sji : Obi, ta,ji, pl(ta,ji, Obji(ta,ji)), pos(ta,ji, Obji(ta,ji))→ R,

where R is the set of real numbers.
Remark 1.3. Denoting the considered feature (which may be variable or in-
variant in time) by f , we may also define its values to be determined by the
triad (t, pl(t), Obi(t), {Obj(t), j ∈ J}), depending on whether we assume
that the impact of neighboring objects is significant. The f depends on
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observable features, denoted by {Xj(t)}, and unobservable features, repre-
sented by Ξ(t), t ∈ T ≡ (ta − τ, ta + τ).

Thus, the definition of the event E0 requires more formal components
strictly related to the state si(t) of the object Obi, that is to say the follow-
ing components: spatial location of the objects {Obj(t), j ∈ J, t ∈ T} de-
noted by {plj(t)}, essential and observable features characterizing {Obj(t)}
denoted by {Xj(t)}, features that are not included in the current consid-
erations (in a theoretical analysis of a model) represented by the symbols
Ξi(t), the formal shape fi of the relation between the variable describing
the studied feature Yi(t) of Obi(t) determining (or codetermining) the si(t).
It is, therefore, worthwhile to remember that Yi(t) ≡ fi(t, {Xj(t)},Ξi(t)),
where yi(t) ≡ realization of(Yi(t)) is only one coordinate of the state si(t)
of the system, and fi is, e.g. one of the proposed functions, maps, oper-
ations, correspondences relating the arguments of fi to the states of the
object(s). The values of the state, yi(t) ≡ si(t), may be model-generated,
as above via fi, or originate in empirical measurements. In the latter
case, when defining the event E0,i(si(t)) ≡ E0,i(t), it suffices to write, e.g.
E0,i(t) ≡ (yi(t) ∈ R or yi(t) ∈ (yi − εi(t), (yi + εi(t))), where εi(t) describes
some translation of a state, or yi(t) > 3σ̂(yi), and yi denotes the arithmetic
mean of yi(t), t = 1, . . . , n, and σ̂(yi) is the sample standard deviation of
{yi(t)}. A model-driven event E0,i may be defined in a similar way after
replacing E0,i(t) by Ê0,i(t) ≡ ŷi(t) ≡ f̂i(t, {Xj(t)}, Ξ̂(t)), whereˆdenotes an
estimator of the corresponding parameter based on empirical measurements.

D3. By a process connected with the object Obi(t), t ∈ T being studied
or discussed, we understand a sequence of such events {E0,i(t), t ∈ T} that
each two successive events, e.g. (E0,1(t1), E0,2(t2), t1 < t2), t1, t2 ∈ T , share
at least one common bearer feature of Obi, i.e. at least one common part
of the studied object Obi, that has the power of preserving or changing the
form or the internal structure of the object.
Remark 1.4. Definition D3, in its essence, gives a condition for a process to
arise and exist during the period T . It is strictly connected to definitions
D1 and D2.

D4. By a phenomenon linked to the object Obi(t, t ∈ T ), we understand
an existing (specific or general) feature(s) that is (or may be) attributed
(ascribed) to Obi(t), t ∈ T in period T , place pl(t) and well determined
situation(s). A phenomenon make take the form of event(s), process(es).
Remark 1.5. The object Obi or objects (Obi, Obj , j ∈ J) are bearers of a
phenomenon via the feature(s) fi, fj , j ∈ J ascribed to the object(s).

D5. By a fact (in Greek: öτι), we understand the determined state
si of the object Obi, or event(s), process(es), phenomenon (phenomena)
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connected with the object Obi, {Obj} within the period T , at position pli,
or {plj , j ∈ J}, and in the considered research situation.
Remark 1.6. In the case of the subject of economics, by a thing (object,
system) we may understand, e.g.: an economy (economies), household(s),
firm(s), corporation(s), company(ies), bank(s), insurance company(ies), in-
vestment funds, stock exchanges, central bank(s), trust(s), local and cen-
tral goverment(s), monopoly(ies), oligopoly(ies), consumer(s), investor(s),
saver(s), union(s) of countries, economic sectors and branches, professional
groups, the human population, energy resources, land, crops, production
of goods, GDP, GNP, investment, consumption, balance of trade, balance
of payments, wages, profits, amortization, incomes, gross (or net) invento-
ries, demand for goods, supply of goods, employment, unemployment, prices,
capital (physical, financial, human, social, intellectual, cultural), productiv-
ity of labor (or capital), innovation(s), competition, enterprennership.
Remark 1.7. Denoting the state of household hi by si ≡ s(hi) at the moment
of time ta and place pli(ta,i), we may write si(ta, pli(ta,i)) ≡ si(ta) as follows:

si(ta) ≡ (sizehi(ta), ~khi(ta), y
disp
hi

(ta), y
disp
hi

(ta)− ydisphi
(ta), debthi(ta)),

where: size denotes the number of people in hi; ~khi(ta) denotes a real-
valued row vector with the components (coordinates) kphhi , k

f
hi
, khhi , k

s
hi
, kinthi

,
kculthi

denoting, appropriately, the numerical monetary value of the house-
hold’s physical, financial, human, social, intelectual and cultural capital;
ydisphi

denotes the current disposable income of hi, y
disp
hi

denotes the average
disposable income in the set of all {hi}, debthi denotes the value of the
debts incurred by hi. In order to make comparisons with other households,
{hj , j 6= i, j ∈ J}, possible, it suffices to normalize each component of the
defined si(ta), either by using the appropriate means for the entire period
T for each ta ∈ T , or using the mean calculated for all the households {hi}
at a given time ta. The first set of means will vary according to household,
the second set through time.

Instead of the mean, when suitable, it is possible and empirically valid to
use the modal value of y, which is conceptually similar to Lebesgue’s point
of a function f , which fulfills certain assumptions formulated by Lebesgue.

Before presenting our reconstructions of the definitions of “cause”, it will
be informative to briefly sketch the usefulness of the concepts defined by D1–
D5 within the framework of the origin of the problem of causality. For the
chain Ob→ f(Ob)→ E(f(Ob))→ {E(f(Ob))}, where Ob, f , E respectively
denote: object, feature of object, event involving object, process involving
object, in order to make it more causal-oriented, it is necessary to define at
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time t ∈ T , the spatial location pl(Ob) of the object Ob, range of: t, pl(Ob),
f , E, {E}.

Moreover, the above comments also concern facts and phenomena.
Formulations of features should be the results of answering the ques-

tions as to why, how, in what way Ob, f(Ob), E(f(Ob)) and {E(f(Ob))}
or changes in them are such as they are, and whether facts, phenomena
and the elements of the discussed chain have one αρχή or not (that is from
what did Ob originated and in what way did it happen). An answer to the
question “from what?” needs specification of the matter (substance) of Ob,
and an answer to the question of “in what way?” requires specification of
the (physical or abstract) properties of Ob. The first is connected with the
specification of natural causes, and the latter with hypothetical causes that
are conjectured, sagacious and take the form of, e.g. the properties of forces,
or processes as an effect of the action of forces. This means that natural
causes are considered and selected within a materialistic understanding of
causality, and hypothetical causes are discussed within a phenomenalistic
apprehension of causality, according to which, not substances, individuals
or things, but phenomenological processes are the causes. Based on such
views concerning causes, and effects treated as subsequent causes, we may
distinguish two main approaches to the relation between cause and effect.
The first approach, called realistic, usually corresponds to a materialistic
understanding of causality. It assumes that there exists a real, objective
relationship between cause and effect resulting from the action of real, ob-
jective forces of Nature emanating from Natural objects or forces.

The second approach, in its radical formulation, assumes that a causal
relation is not a real, substantial, objective relation (or connection) between
real substantial things (objects, systems), real processes or phenomena, but
a relation between our mental representations of things in the form of ideas
(concepts, notions) of things (objects). This approach is, therefore, called
idealistic. There are views that the ancient opposition between Heraclit and
Parmenides is still alive now. According to some, Heraclit saw a unifying
and ordered principle for changes in the real world in the existence of spe-
cific laws of randomization (εiµαρµένη), order (δiκη) and Reason (λóγoς).
This principle enables formulating general laws for things arising and dis-
appearing, the processes of Nature and the causes of facts, phenomena,
events, processes of Nature and especially things. According to Parmenide,
the inference of causes of effects manifested in changes should be carried
out by reasoning based on concepts and ideas, rather than on empirical ob-
servations by the senses where someone is searching for variations in the
states of things, causes and effects. Further modifications of these two sci-
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entific paradigms were formulated by Empedokles, Anaxagoras, Leukippos
and Democrite. According to them, matter is composed of very small mate-
rial elements called, in the case of the two last thinkers, atoms that by ever
changing motions of connecting and disconnecting create new things, sys-
tems and objects. Their spatial position and motion parameters are possible
and factual causes of observed effects, and there is no room for the random
spatial displacements of atoms. This means that the laws determining the
positions of atoms and changes in the form and internal structure of things
are deterministic. For Democrite, the aim of cognition is to search for the
material causes of observed phenomena. Both he and Plato saw the source
of humans’ “illusions” about causes in the form they use to represent reality.
Concepts of causality were systemized by Aristotle. He distinguishes four
kinds of causes: material, formal, purposeful and effectual. Chrissipe makes
a distinction between internal general (connected with the essence of a thing)
causes and external causes (acting within the environment of a thing). The
ancient sceptic approach to causality was summarized by Sextus Empiricus.
This approach includes negating a materialistic understanding of cause and
accepting the thesis that relations between things are only mental, surmised
and hypothetical.

Hereafter, we will use the symbol Rc ≡ C to signify a causal relation
connecting cause x and effect y. This means that the expression ’xCy’
should be read as ’x causes y’. According to a modern understanding of
Aristotle’s thought, ∀(x, y) : (xCy → ¬yCx), thus his causal relation is
asymetric. In reference to the time dimension, he states that cause x and
effect y are non-simultaneous if cause x is “in potency” with respect to the
effect y, although they occur simultaneously if the cause x is “in actuality”
with respect to the effect y.

In Newton’s view, a causal relation is determined by the causes of ’true
and relative motions’ of bodies, where the appropriate causes are ’the forces
imposed upon bodies to generate motion’. Newton, Lagrange, Laplace,
Hamilton and Maxwell formulated relations according to which the cause
x(ta) was interpreted as the initial state of a thing (body) measured at time
ta and the effect y(ta + τ) was interpreted as a later state of the body,
called y, so a causal relation takes the following form ’x(ta)→ y(ta + τ)’ or
’x(ta)Cy(ta + τ)’.

Hume’s view is similar to Newton’s with some change in the interpreta-
tion of symbols. Thus, for Hume, x denotes an event, and y another event,
and C is a necessary causal connection. However, this connection is diffi-
cult to discover, due to humans’ customs and habits, and the limitations of
induction.
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Kant accepts Hume’s necessity of causation, but expresses doubts about
the objectivity of perceiving objects and phenomena in the real world and the
objectivity of conceptualization in the form of ordered predicates embodying
the permanence of the events x, y. Hence, he concludes that the causality
relation C is a priori based on human experience.

An interesting critique of Kant’s approach was carried out by H. von
Helmholtz, who worked successfully in physics, physiology and geometry.
He was convinced that humans’ spatial intuition, due to physiological limi-
tations on the abilities of organs, is not given a priori, but forms a posteriori
according to experience. However, he accepts Kant’s requirements for or-
dering conceptual and sensual perceptions about the state of a thing, while
seeking the causes of natural phenomena or processes. Laplace’s concept
that all physical phenomena are, in the end, reducible to the instantaneous,
continuous motions of particles in space, seems to be attractive to economists
if by a particle we understand, e.g., a firm, household, bank, person, corpo-
ration, consumer, or investor, when their states are determined strictly by
their direct environment, which can be represented in an accurate manner.

All these thinkers or scientists acknowledged a generally understood prin-
ciple of causality, which expresses the conviction that in our physical world
there exists constant order. This exists independently of cognizant observers
– investigators. However, for researchers, this means that there exists the
possibility of researching into and discovering manifestations of the causes
of the states of real objects, events, processes, facts and phenomena, as
well as confirming that nihil sine causa or that similar causes or circum-
stances correspond to similar effects or realizations of processes. Thus, in
Nature, there are no isolated phenomena, events or processes. However, the
transitiveness of the similarity property of causes and effects is, in general,
observed for non-living macroscopic objects (Maxwell’s rule), but is not a
general property of living organisms.

From this principle of causality, when dealing with causal relationships
or laws, one should strictly distinguish whether the effects or causes are
things (objects, systems, bodies), their states, events, processes or connected
phenomena. It should be said that there are scientists and non-scientists who
fundamentally disagree with the concept of causality (for example, E. Mach
and his followers). However, as has been shown by B. Gawecki, even in
physics, if one ignores reversible physical phenomena and uses M. Planck’s
criterion for differential equations describing non-reversible phenomena, then
the concepts of cause and effect cannot be replaced by the concept of an
ordinary mathematical function as E. Mach would like.
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An economist (similar to a natural scientist) should not concentrate on a
single fact, but should mainly consider regularly repeating facts, events, phe-
nomena and processes, or analyse general features of economic phenomena
that induce repetition where economic facts and phenomena occur in direct
succession. Empirically and practically, it is possible to agree with J. S.
Mill, since it is possible to assume direct succession if we use instant units
of time (parts of seconds). Assuming simultaneous occurrences of economic
facts, events and phenomena, longer units of time may be used (hours, days,
weeks, months, years).These distinctions depend on the types of economic
facts or phenomena. Thus, Mach and Russell’s views are mathematically un-
derstandable within the continuity of arguments framework, but in practice
are discussable and weak, not only in the sense of A. Meinong, C. Ducasse,
Z. Zawirski and B. Gawecki, but also according to the views of C. Sigwart
and M. Wartenbery stressing the importance of the feature of action within
causal relations.

It should be underlined that there have been constant references by
philosophers, natural sciences representers, physicians, logicians, mathe-
maticians, engineers, sociologists, astronomers, artists, businessmen and
politicians to these concepts and ideas of cause, effect and causality.

There are many definitions of cause. Below, the author gives his inter-
pretations of some of them (see W. Milo (2011)). These definitions have the
following form:

DC.1 The cause of a given effect on a thing (object, body, system), its
state, an event, process, fact, phenomenon, or conclusion (conse-
quence) of reasoning (based on given premise) is another thing(s),
states of thing(s), event(s), process(es), fact(s), phenomenon (phe-
nomena) or conclusion(s) in the form of premises, lemmas, theorems
or valid sentences which evoke the effect.

DC.2 By the material (substantive) cause of a given thing (res) Rj , we
understand the material, substantial part of Rj from which Rj orig-
inated and still exists, where, e.g. Rj denotes a sculpture, and the
material part is bronze.

DC.3 By the formal cause of an effect on the form of a given thing (res)
Rj , we understand the corresponding form(s), pattern(s), or essence,
definition(s), axioms, theorems, conceptial-essential preforms. If the
effect takes the form of conclusion(s) or consequence(s), then the
cause is a premise(s).
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DC.4 By the effectual cause of the thing Rj , a fact, state of Rj , event,
phenomenon, process, conclusion(s), consequence(s), sequence(s) and
theorem(s), we understand the corresponding thing(s), fact(s), states
of thing(s), event(s), phenomenon (phenomena), process(es), pre-
mise(s), axiom(s) or theorem(s) that evoke the effect.

DC.5 By the final (purposeful) cause of the formation or existence of
thing(s), fact(s), event(s), phenomenon (phenomena), process(es),
states of thing(s), conclusion(s), consequence(s), succession(s), the-
orem(s) or model(s), we understand other things (objects), fact(s),
states of thing(s), event(s), process(es), or premise(s), axiom(s), the-
orem(s), model(s) and theory(ies) argued by scientists or humans in
general to evoke the purposeful goals of Nature’s actions, e.g. related
to thing(s), transformation(s) and, in particular, living beings, or as
religious people say the aims of God.

DC.6 The cause of the existence of the thing Rj is Nature. The essence
ess(Rk) of the thing Rk, where Rj 6= Rk, satisfies the condition that
ess(Rk) is common to ess(Rj).

DC.7 By the motional cause of the thing Rj or {Rj}, we understand the
forces of pulling, pushing, stressing, disconnecting, stretching, mo-
tion, projecting, resistance, attraction and repulsion, that govern the
interaction between objects of a material, both non-living and living
nature on Earth, as well as notions of objects in the Universe as a
whole.

DC.8 By the cause of an effect(s), given in the form of an event(s) or
phenomenon (phenomena), we understand another event(s) or phe-
nomenon (phenomena), where all the defined events, phenomena
take place in well established periods of time, locations, neighbor-
ing events, phenomena and situational contexts.

DC.9 By the necessary, non-accidential cause of an effect taking the form
of thing(s), event(s) or phenomenon (phenomena), we understand
another thing(s), event(s), phenomenon (phenomena), which evokes
the effect, where the cause and effect are well determined in time,
space and contextual situations.

DC.10 By the accidental (random, incidental, chanceful, casual) cause of
an effect taking the form of thing(s), event(s), phenomenon (phe-
nomena), process(es) and fact(s), we understood another thing(s),
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event(s), phenomenon(s), process(es) and fact(s), which evokes the
effect, where all things, events, phenomena, processes or facts take
place in well defined time periods, locations, situational contexts,
forms and situations that were neither known nor previously expe-
rienced. Hence, the actual or potential results of the cause are un-
known, as are also unknown the scale of future interactions between
future effects and present effects.

DC.11 a) By exogenous effectual and final causes, we understand such
causes that generate the motion of thing(s), changes in facts and
phenomena.
b) By internal causes, we understand material and formal causes.

DC.12 By the qualitative cause of an effect taking the form of changes
in things or phenomena, we understand something that changes
the structure of the positions of the components of these things,
phenomena or changes the substantial structure of these things and
phenomena.

DC.13 By the single (individual, singular, unit) cause of an effect, we un-
derstand the only origin (material, formal, effectual or final) of – in
a given place, time and situation – the circumstances of the given
thing(s), fact(s), event(s), phenomenon (phenomena) or process(es).
By a plural (collective, holistic) cause, we understand the set (col-
lection) of jointly interacting factors (synergeticly, non-synergeticly,
in time and space) that influence the given thing(s), fact(s), event(s)
or phenomenon (phenomena).

DC.14 By separated (disconnected) causes of effects, we understand such
causes that cannot simultaneously evoke effects at the same place,
where the causes and effects take the form of things, phenomena,
processes or facts.

DC.15 The common cause of a conclusion (consequence) of reasoning is the
middle term of a syllogism, where the middle and marginal terms
are of the same kind with respect to time, place and quality.

DC.16 By a commensurable cause, we understand a cause that evokes a
commensurable effect.

DC.17 By an aplostic (abso lute, necessary, non-sophistic, unconditional)
cause, we understand a real, recognized cause which is empirically
or syllogically justified or proved by many scientists using various
empirical data sets and counter-factual argumentation.
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DC.18 By a generic or kindful cause, we understand the gender or kind
of things, events, processes, facts, phenomena, theorems or theories
that determine the effect on the form of genders or kinds of the
same or other things, events, phenomena, facts, processes, theorems
or theories.

It is easy to check that in these 18 definitions the notion of thing was
used 14 times (in all except DC.8, DC.15, DC.16, DC.17). The notion of
fact was used 7 times, the notion of event was used 9 times, phenomena
9 times and process 7 times. Usually objects that play the role of causes
belong to the same category of objects as the objects affected, although the
particular objects of cause and effect must be different, in order to exclude
the self-causation of non-living objects.

The content of the above definitions of cause may be summarized as
below. Thus cause may denote:

• motive, reason, impulse, stimulus to act or decide,

• chance, condition, circumstance, situation, occasion, probability,

• factor, determinator, originator, doer,

• being, matter, substance, thing, structure of matter, material,

• state of a thing, event, phenomenon, process, fact,

• form of a thing (object), concept of a thing, essence of a thing, pattern
of a thing,

• pronouncement, sentence, definition, axiom, theorem, theory, ratio-
nale, succession, consequence, predicate, proposition, judgement,

• aim of an action and interaction or aim of the existence of non-living
and living beings,

• God, demiurge,

• forces of Nature (and its actions), laws of Nature, order of Nature,

• ability of things, objects, animals, human to move things,

• classes of things, objects, systems, facts, events processes, phenomena,

• synergy or asynergy of interactions between a cause or group of causes
and another cause or group of causes,
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• essential or accidental attributes (properties, features) of things (ob-
jects, systems), facts, phenomena, events, processes,

• quantities or qualities of things, objects, systems, bodies.

Remark 1.8. Since a cause may be singular or plural (holistic), in the above
summary we may replace the singular form, e.g. motive, chance, by their
plural forms, i.e. motives, chances. Moreover, it is possible to extend the
list of possible definitions of the concept of the cause.

It is important to note that the concept of causality requires reference
to the concept of “interaction” and the concept of an “interaction relation”.
The two latter notions are, in turn, connected with the concept of “passing
something” from one thing (object, body, system, subject) to another thing
(object, body, system, subject). Such passing may be direct (when bodies
or systems are in direct contact) or indirect (when bodies or systems are
not in direct contact). Since the XVII c., the dominant position in science
stresses the interpretation of interaction as a thing passing from one state to
another state, or passing from one event to another event, from one process
to another process, from one fact to another fact, or from one phenomenon
to another phenomenon, as well as mixed configurations of passing, e.g. from
fact to event (or from event to phenomenon). Generally speaking, we may
talk about passing from one studied object to another studied object.

A question arises as to what is this something that is passing? The fol-
lowing are popular names for it: “the carrier of an interaction”, “the carrier of
cause”, “the carrier of a causal interaction”. It should be stressed that inter-
actions may be efficient (succesful, creative, effect-producing) or inefficient.
It is further assumed that each interaction is causal and some causes are ef-
fective (evoke effects) and other causes are ineffective. Moreover, the degree
of efficiency of an interaction may depend on the structure of the conditions
necessary and sufficient for efficiency.

In order to discuss the essence of the concept of a causal interaction
relation, denoted by Rc, the following notation will be used:

Sc – the thing (object, system, subject, body) that is the original cause
of an indirect interaction with Sce, a separate object being the cause-carrier
of changes in the third, affected object Se, where Sc ∩ Se = ∅ and Sc 6= Se

indicate a lack of direct contact between Sc and Se. There is a direct effect
of Sc on Se – the affected object, when the objects Sc and Se are in direct
contingency (contact, connection),

Sce – the cause-carrier (a thing, object, body, system, subject) is an
object distinct from Sc and Se when Sc 6= Sce 6= Se. When Sc and Se are
overlapping, then Sce is the common part of Sc and Se
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Se, Se 6= Sc is the effect of cause Sc. It a distinct thing (object, system,
subject) or different in form and structure from Sc,

T c is the period over which the cause-object Sc exists, where T c contains,
among other things, such elements as tc0 – the time of the origin (coming
into existence) of the cause Sc, tcd time of disappearance of Sc, tc0,in time of
the initiation of causal interaction, tcd,in time of the cessation of interaction,

T ce the period over which the causal interaction carrier-object Sce exists,
which contains, among other things, such elements as tce0 – time of the origin
of the carrier object Sce, tced – time of the disappearance of the carrier Sce,
the time tce0,in of the initiation of causal interaction by Sce, tced,in time of the
cessation of causal interaction by Sce,

T e period over which the affected object (subject, body, system, thing)
exists, which contains, among other things, such elements as te0 – time of
the origin of object Se, ted – time of the disappearance of Se, te0,in time of
the initiation of causal effects on Se, ted,in – time of the cessation of causal
effects on Se.

Remark 1.9. Both for convenience and ontological reasons we treat Sc, Sce,
Se, T c, T ce, T e as sets (in the sense of set theory) with well defined ele-
ments that have appropriate interpretations within particular fields of aca-
demic study (such as physics, chemistry, biology, economics, psychology, so-
ciology, mathematics, statistics, econometrics, computer science, engineer-
ing, medicine and the arts). Thus, the cause Sc may be treated holisti-
cally as a single unit, object, system, subject, thing or the union, sum
of parts (subsets Sci , i = 1, pc) of a given body, object, system, ..., thing.
The cause Sc may also be treated as a set (union) of single unit elements
Sc = {scij : scij ∈ Sci , Si ⊂ Sc, i = 1, pc, j = 1, qc}.
Remark 1.10. As in Remark 1.9, we may express the definitions given above
using set notation, as follows:

Sce ≡
⋃
i

Scei , S
ce ≡ {sceij : sceij ∈ Scei , Scei ⊂ Sc, i = 1, pce, j = 1, qce},

Se ≡
⋃
i

Sei , S
e ≡ {seij : seij ∈ Sei , Sei ⊂ Se, i = 1, pe, j = 1, qe},

T c ≡
⋃
i

T ci , T
c ≡ {tcij : tcij ∈ T ci , T ci ⊂ T c, i = 1, p∗c , j = 1, q∗c},

T ce ≡
⋃
i

T cei , T
ce ≡ {tceij : tceij ∈ T cei , T cei ⊂ T ce, i = 1, p∗ce, j = 1, q∗ce},
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T e ≡
⋃
i

T ei , T
e ≡ {teij : teij ∈ T ei , T ei ⊂ T e, i = 1, p∗e, j = 1, q∗e}.

It is easy to conjuncture that the above characterizations of Sc, Sce,
Se, T c, T ce, T e enable us to use models for the analysis of panel data and
methods for testing hypotheses regarding whether Sc, Sce, Sci , S

ce
i , ∀i, are or

are not causes of effects in the form of new Se, {Sei } or changes in the old
form of Se, {Sei }.

Since we are using set theory notion, we may discuss the concept of
causal interaction relations or, in other words, the concept of the causality
relation Rc.

The Cartesian products of the pairs of sets (Sc, Se), (Sce, Se), (Sc, Sce)
are denoted Sc × Se, Sce × Se, Sc × Sce, respectively, where

1. Sc × Se ≡ {< sci , s
e
j >: sci ∈ Sc ∧ sej ∈ Se; i = 1, pc, j = 1, qe},

2. Sce × Se ≡ {< scei , s
e
j >: scei ∈ Sce ∧ sej ∈ Se; i = 1, pce, j = 1, qe},

3. Sc × Sce ≡ {< sci , s
ce
j >: sci ∈ Sc ∧ scej ∈ Sce; i = 1, pc, j = 1, qce},

where the ordered pairs < sci , s
e
j >,< scei , s

e
j >,< sci , s

ce
j > are understood

in the sense of Kuratowski (1921), i.e. dropping the lower indices (i, j), by
< sc, se > we will understand the set {{sc}, {sc, se}} where {sc, se} denotes
the set consisting of an unordered pair, and {sc} ≡ {sc, sc}. Instead of
< x, y >∈ Rc, we will hereafter use the expression xRcy, signifying that the
cause x is in the causality relation Rc with respect to the effect y. Thus we
may say that Rc is a subset of either the set Sc×Se, the set Sce×Se or the
set Sc × Sce, i.e. that the binary causality relation may take the form Rc,1,
Rc,2 or Rc,3 and Rc,1 ⊆ Sc × Se, Rc,2 ⊆ Sce × Se, Rc,3 ⊆ Sc × Sce.

By including the time sets (periods) T c, T ce, T e within which the causal-
ity relations take place, we may define tense-object extensions of the above
relations Rc,1, Rc,2, and Rc,3 to ternary relations, which will be denoted as:

4. Rc,1,tc ⊆ Sc×Se× T c, Rc,2,tc ⊆ Sce×Se× T c, Rc,3,tc ⊆ Sc×Sce× T c,
or by including T ce we obtain

5. Rc,1,tce ⊆ Sc×Se×T ce, Rc,2,tce ⊆ Sce×Se×T ce, Rc,3,tce ⊆ Sc×Sce×
T ce,
or by including T e we obtain

6. Rc,1,te ⊆ Sc×Se×T e, Rc,2,te ⊆ Sce×Se×T e, Rc,3,te ⊆ Sc×Sce×T e.
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This process of creating different kinds of causality relation Rc may be
continued to include mixed Cartesian products, such as T c × T ce, T c ×
T e, T ce × T e and T c × T ce × T e, so that the most detailed variant of Rc

will take the form of the senary (6-ary) causality relation

7. Rc,md ⊆ Sc × Sce × Se × T c × T ce × T e,

where re-expressing the right hand side of this relation in terms of ordered
pairs leads to << se, sce, se, tc, tce >, te >,<<< se, sce, se, tc >, tce >, te >
and so on (for convenience we have dropped the lower indices of {s.} and
{t.}).

In the case of the binary causality relation Rc,i, i = 1, 2, 3, it is useful to
speak about the domain DRc,i of Rc,i and codomain CD(Rc,i) of Rc,i. For
example, for Rc,1 we have

D(Rc,1) ≡ {sci : ∃sej : (sciR
c,1sej)},

CD(Rc,1) ≡ {sej : ∃sci : (sciR
c,1sej)}, i = 1, pc, j = 1, qc

TheD(Rc,i),∀i may also be called left-sided causality relations, and CD(Rc,i)
right-sided causality relations, and their sum, D(Rc,i) ∪ CD(Rc,i), the field
of the relation Rc,i for a given i.

Since Rc,1, ..., Rc,md are sets (strictly speaking subsets of the appropriate
Cartesian products of either ontic sets of things (objects, systems, subjects,
bodies), sets of events, sets of processes, sets of facts or sets or phenomena),
when analyzing causality, it is useful to apply well-known operations, such
as summation, intersection, difference, complement of two, three, ..., n-sets.
For example, in the case of binary Rc,1, Rc,2 we have

Rc,3 ∪Rc,2 ≡ {< sci , s
ce
j >∈ Rc,3∨ < scei , s

e
j >∈ Rc,2},

Rc,3 ∩Rc,2 ≡ {< sci , s
ce
j >∈ Rc,3∧ < scei , s

e
j >∈ Rc,2},

where i, j are sets of natural numbers as in (1)–(3).
Remark 1.11. The summation operation will be purposeful when we are
modeling or theorizing and wish to maximally extend the list of possible,
cognitively admissible, hypothetical causes of the observed state of things,
events, processes, facts or phenomena. The intersection operation may be
useful when we wish to reduce the list obtained using the summation oper-
ation. The difference operation may be used to partially reduce a proposed
list of hypothetical causes, and the complement operation may be useful
when we want to check whether there is a joint effect of some concomitant
causes.
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There also exist some special relations called functional relations or func-
tions. By the functional relation Rf ≡ f , we understand such a relation
R ⊆ X × Y which satisfies the following two conditions:

.) ∀x ∈ D(R)∃y ∈ Y : (xRy),

..) ∀x ∈ X∀y ∈ Y ∀z ∈ Y : (xRy ∧ xRz → y = z).

According to these conditions, we may say that the causal relation Rc,1

is a functional causal relation Rfc,1 if Rc,1 ⊆ Sc × Se satisfies the following
two conditions:

...) ∀sci ∈ D(Rc,1)∃sej ∈ Se : (sciR
c,1sej),

.iv) ∀sci ∈ Sc∀sej ∈ Se∀sek ∈ Se : (sciR
c,1sej ∧ sciRc,1sek → sej = sek).

Similarly, we can define the functional causal relations Rfc,2, Rfc,3 and
more complex extensions of such relations which include the time dimension,
space dimension or both.

The above presentation of causality was using the very clear and concise
language of mathematical logic, as well as the more verbose languages of
analytic philosophy, philosophy and economics.

It is also possible to define causality not in terms of set theory, but by a
more hybrid approach that uses less formal presentation.

Below, we give some examples of such an approach.
DCIN.1 The causal object sci ∈ Sc evokes its impact on the element

sej ∈ Se, which is the effect of the influence of sci , due to the interaction
relation Rc of the cause-carrier-element scek ∈ Sce, where Sce 6= Sc 6= Se or
Sce ⊆ Sc 6= Se, within the period [tce0,in, t

ce
d,in] of interaction between the cause

element scek in the chain sci → scek → sej with the affected element sej ∈ Se,
and where Rc is an indirect causal interaction ∀i = 1, pc, k = 1, pce, j = 1, qe.
Remark 1.12. In macrophysics, Sc might denote, e.g. the Sun, sci the sun’s
ray and Se the Earth or the average yearly temperature on its surface, sej
North America or the average yearly temperature on its surface, Sce the
air around the Earth, scek the atmosphere within 10 km of the Earth, or its
average yearly temperature.
Remark 1.13. In macroeconomics, Sc might denote the world economy, sci
the USA economy, Se the Canadian economy or its yearly growth rate, sej
Quebec’s economy or its yearly growth rate, Sce the USA’s financial sector,
scek - the USA subsector of investment banks or its yearly growth rate.
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Remark 1.14. In mesoeconomics, Sc may represent for some fixed period
of time, e.g., a given set of national investors, sci a large investor, Se the
set of unemployed people of age 18–65, sej the unemployed who have only
elementary education, Sce the set of investors investing in the service sector,
scek mega-investor in the service sector or the yearly growth rate in their level
of investment.
Remark 1.15. It should be underlined that, under various necessary and
sufficient conditions for successful interactions, various carriers of causal
interactions may be involved in different kinds of interactions. Definition
DCIN.1 does not exclude indirect causal interactions of sequential feedback
type, e.g. described as follows:

Sc(T1)→ Sce(T1)→ Se(T1)→ Se(T2)→ Sce(T2)→ Sc(T2),

where T1 → T2 is the time arrow, and, e.g. T1 ≡ T c1 ∩ T ce1 ∩ T e1 or T1 ≡
T ce ∩ T e, and the causal impact involves all factors as causes and effects in
a feedback loop.
Remark 1.16. The relation Rc, in general, is not reflexive, i.e. some objects
may, over a longer period, interact between themselves, others cannot. Rc

is not necessarily reversible nor transitive. One can find economic interpre-
tations of particular economic relations in terms of logical properties, for
example, in H. Brems’ (1968), B. Stigum (1990).
Remark 1.17. Things, objects, bodies, systems and subjects may – with
respect to Rc, be connected actively, openly, or resistibly. These sorts of
connections enable us to formulate more detailed and precise theses about
the properties of classes of causality relations, and to mitigate some practical
“weaknesses” of general formulations of the concept of a causality relation.
The following are less formal, general definitions of causality:

DCIN.2 It is said that ∀(sci ∈ Sc, sej ∈ Se, tceo,in ∈ T ce, tced,in ∈ T ce, tceo,in <
tced,in)∃scek ∈ Sce: where sci is the ultimate cause of the effect sej , s

ce
k is the

direct cause of sej and they are both causes of a change ch(sei ) in s
e
i of either

its structure or form, or they are the causes of new objects arising.
DCIN.3 It is said that ∀(sci ∈ Sc, sej ∈ Se, tco, tcd ∈ T c, teo, ted ∈ T e, tco <

tcd, t
e
o < ted, t

c
d ≤ ted)∃sci ∈ Sc which is a cause of ch(sei ).

DCIN.4 It is said that ∀(sci ∈ Sc, sej ∈ Se)∃T c : sci is the main cause
of sej .

DCIN.5 ∀(sci ∈ Sc, sej ∈ Se) : sci is an instantenous cause of sej .
DCIN.6 ∀(sci ∈ Sc, sej ∈ Se) : sciR

csej .

Remark 1.18. In definitions DCIN.3 – DCIN.6, cause-carriers and the period
of their action, Sce, sce, T ce, tceo,in, t

ce
d,in, are implicit. Their features may be
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revealed or entimematically treated as premises of causal reasoning. Defi-
nitions DCIN.1 and DCIN.2 essentially state the same fact of the existence
of an ultimate cause and a direct cause with additional minor comments
about time points in DCIN.2. The time dimension is omitted in DCIN.5
and DCIN.6 (in DCIN, part IN comes out from INFORMAL).

Let us recall that the sets Sc, ..., Se, T c, ..., T e are, by the correspond-
ing definitions, divided into subsets (layers, panels, belts) Sci , ...S

e
i , T

c
i , ..., T

e
i

with i taking values from a set of natural numbers, i.e.

8. Sc ≡ ∪iSci , ..., Se ≡ ∪iSei , T c ≡ ∪iT ci , ...T e ≡ ∪iT ei .

Note: the Sci and Sei can be interpreted as the panel subsets of causes
and effects corresponding to the appropriate time interval (T ci or T ei ).

By using Remarks 1.9, 1.10 and Definitions (1)-(8) we may, e.g. define
the following versions of mutiple-layer causes of causal relations, i.e.

9. Rc,1i ⊆ Sci × Sei , i = 1, l1;

10. Rc,2i ⊆ Scei × Sei , i = 1, l2;

11. Rc,3i ⊆ Sci × Scei , i = 1, l3;

and so on, until

12. Rc,mdi ⊆ Sci × ...× Sei × ...× T ei , i = 1, l4.

For such multi-layer causal relations, based on the discussion above, we
may define the domains D(Rc,1i ), ..., D(Rc,mdi ), and codomains
CD(Rc,1i , ..., CD(Rc,mdi ) for the appropriate {i}.

Thus, we may now define a multi-layer cause in the following ways (below
letters L, H are first letters in “Layer” and “Holistic”):

DLC.1.: Sci is a multi-layer-holistic cause of a multi-layer-holistic effect
Sei if it fulfills the condition SciR

c,1
i Sei or satisfies the causality relation Rc,1i :

D(Rc,1i )→ CD(Rc,1i ).
DLC.2.: Sci is a multi-layer-holistic cause of the multi-layer-holistic effect

Sei if it fulfills SciR
c,2
i Sei or if Rc,2 : D(Rc,2i )→ CD(Rc,2i ).

By continuing this process, we obtain
DLC.md: Sci is a multi-layer-holistic cause of the multi-layer-holistic

effect Sei if it fulfills SciR
c,md
i Sei or if Rc,md : D(Rc,mdi )→ CD(Rc,mdi ).

In the totally holistic case, we may treat Sc and Sce together as a com-
bined single cause, i.e. we may define

DHC1. Sc or Sce is the holistic ultimate cause or direct cause of the
holistic effect Se if they fulfill:
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.) ScRcSe or SceRceSe or

..) Rc : D(Sc)→ CD(Se) or Rce : D(Rce)→ CD(Rce).

Remark 1.19. It is important to remember that by connecting the arguments
of the above causal relations Rc,1, ..., Rc,md, Rc,1i , ..., Rc,mdi , Rce, Rc using suit-
able quantifiers, ∀ and ∃, which precede expressions such as e.g. ScRcSe, we
obtain very rich semantic interpretations. Below, we present interpretations
for the general case of Rc.

We, therefore, highlight the following interpretations (meanings) of Rc:
mir1) ∃Sc∃Se : ScRcSe, where Rc : D(Sc)→ CD(Se),
mir2) ∃Sc∀Se : ScRcSe, Rc : D(Sc)→ CD(Se),
mir3) ∀Sc∃Se : ScRcSe, Rc : D(Sc)→ CD(Sc),
mir4) ∀Se∃Sc : ScRcSe, Rc : D(Sc)→ CD(Se),
mir5) ∀Sc∀Se : ScRcSe, Rc : D(Sc)→ CD(Se).
The interpretations of the symbolic expressions mir1-mir5 are appropri-

ately:
mir1)

a) some holistic cause Sc has caused (generated, produced, envoked, in-
duced) some effects Se;

b) some holistic effect Se was caused (generated, envoked, induced) by
some causes Sc;

c) some change ch(Sc) in Sc has caused (generated, produced, induced)
some change ch(Se) in Se, not excluding annihilation as a possible
state of Se .

mir2)

a) some holistic cause Sc (i.e. convolution of causes, composition of
causes) is the cause of everything covered by ”∀Se”. This cause Sc

may be interpreted as an ultimate cause or arch-cause;

b) all effects covered by “∀Se” were caused (produced, generated, induced,
affected) by some singular but holistic ultimate cause Sc;

c) changes in all the effects covered by “∃ch(Sc)∀Se” were caused (gen-
erated, induced) by some change ch(Sc) in some ultimate cause Sc.
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mir3)

a) the holistically treated causes Sc have evoked some holistically treated
singular effect Se;

b) some holistic effect Se was caused (generated, evoked, induced) by the
holistic causes of the form Sc;

c) a given change ch(Se) in Se was evoked (generated, caused, induced)
by the convolution of changes in the holistic causes of the form Sc.

mir4)

a) each holistic effect has its holistically treated given cause;

b) a given holistic cause Sc has evoked (generated, produced, induced)
its own holistic effect for each Se;

c) each change in a holistic effect is associated with a change in its holistic
cause.

mir5)

a) each holistic cause Sc has evoked (generated, produced, induced) each
holistic effect Se and vice versa;

b) each change in every cause has evoked (generated, produced) its own
change in every effect.

Remark 1.20. Similar interpretations may be formulated within the frame-
works in which we consider, for each i, j, the cases of multi-layer sets Sci , ...T

e
i ,

and when, e.g., Sc is a set of singletons scij . Moreover, it should be stressed
that such effects might be positive (the creation of new useful objects or
desired changes in existing objects) or negative (the creation of new harmful
or destructive objects or the annihilation of useful objects). The ordering of
the interpretations (mir1)–(mir5) resembles an ordering of conclusions from
empirical studies from particular pronouncements to general ones. It is also
important to remember that the existence quantifier ∃ narrows the range
of causality relation the most strongly when we move it to the beginning
of the chain of expressions with quantifiers. In particular, this will be valid
when we formulate complex definitions of Rc with added quantifiers for such
arguments as Sc, Sce, Se, T c, ..., T e taken jointly. By introducing the word
“holistic” in our interpretations of causality, we want to stress our view that
holistic cause and effect embrace the impact of their holistic parts, as well
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as particular elements of these parts (layers), but also the joint impact of
elements or components of causes and effects which are in fact future causes.
The latter argument is especially important for economists, biologists, physi-
cians, politicians and military leaders.

There are, however, very important problems and topics connected with
varying degrees of importance to the problems and topics concerning causal-
ity which we have omitted. The following are such topics:

p1) what are necessary and sufficient conditions for the following properties
of causality relations Rc, Rc,1, ..., Rc,md; Rc,1i , ..., Rc,mdi ;Rc,1ij , ..., R

c,md
ij :

a) reflexivity, areflexivity, symmetry, asymetry,

b) transitivity, coherence, uniqueness,

c) ordering, weak ordering, strong ordering, identity;

p2) how can the properties in (p1) be used in the formulation of practically
and theoretically admissible criteria for testing causality in particular
fields of the natural and social sciences, including economics;

p3) extensions of the definitions of causality relations Rc, ..., Rc,mdij to cases
where we are uncertain about Sc, Sci , s

c
ij , S

e, Sei , s
e
ij , T

c, ..., T e, T ei , t
e
ij ,

i.e. where we treat the latter as random objects;

p4) is it possible, under (p3), to formulate verifiable theses, theories about
the ontology of economic actions;

p5) can game theoretical solutions be one of the important solutions to the
problems outlined in (p3, p4).

Answering and discussing the cognitive and practical importance of these
problems and topics requires referencing historically acknowledged concepts,
ideas, theories and models, as well as deepening their interpretations ac-
cording to the current state of scientific knowledge. Also, there is a need
to invent new notions and methods of scientific investigations. Keeping in
mind the constant permeation of a probabilistic-statistical approach into all
fields of science and scientific methodology since the XIX c., it seems that,
in particular, non-unique answers will arise within the contexts of (p3)–(p5).

Leaving our discussion of (p1)–(p5) aside, we now briefly present some
practically oriented problems and topics of testing for causality.
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1.4. Criteria for causality

By criteria for something, we understand tests, gauges, measures, indicators
or characteristic features which enable us to recognize whether something
is truly what it seems to be. Here by “something” we mean the causality
relation Rc discussed in Section 2. As stated there, we may distinguish
between many theoretically admissible, abstract causal relations. Each of
them reduces the abstract sets of causes, effects, sets of their existence, i. e.
from the full sets Sc, Sce, Se, T c, ..., T e or the appropriate layers (panels) of
these sets to the appropriately determined Cartesian intersections of pairs,
triads, ..., of Sc, ..., T e or Sci , ..., T

e
i (which are subsets of the full sets or

layers). Thus abstract causal relations fulfill the role of reducers or selectors
of the possible unions of the original full or layered sets, where such reduction
may continue until singletons form under a suitably fine decomposition of
Sc to Seij , ..., S

c
ij , ....

This decomposition (layering) process should also fulfill some reasonable
criteria for qualitative and quantitative test procedures. The choice of such
criteria will depend on the chosen interpretation of the elements of the origi-
nal sets. If these elements are abstract objects (such as purely mathematical
objects or mathematical objects with interpretations in physics, economics
or engineering), then the criteria for a dependence type causality should be
taken from mathematics, in particular from mathematical logic, and these
should be the rules of mathematical reasoning which lead to hypotheses of
truthfulness.

Thus the criteria in this case should be necessary and sufficient conditions
for the truthfulness of an implication relation treated as a causality relation
between the cause, understood to be the premise, and effect, understood to
be the conclusion.

The considered process of selecting from relations Rc which reduces the
original full sets or their layers is in fact a process of creating new abstract
sets, which are Cartesian intersections of sets. Thus this process changes
the structural content of the original full sets, and if carried out further on
their layers, it increases, on one hand, the ease of inferring the existence and
form of causality, but on the other hand, it narrows the scope for modeling
the structural heterogeneity of the resulting Cartesian intersections (Carte-
sian products of sets), and the generality of theses or possible conjectures
about the properties of causal relations (dependencies) between abstract ob-
jects (systems). One interesting question related to this selection process is
whether the possible number of recognized orders and structural patterns
decreases uniformly fast during this process as the number of layers (divi-
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sions of original sets) increases. Also, does there exist, for a given research
problem and current knowledge, an optimal number of layers that enables
achievement of the most innovative scientific results.

Thus the first general criterion for inferring a causality relation for ab-
stract sets of objects is ccr1. The causality (dependence) relation Rc for
abstract, original sets of objects is well chosen if it generates well ordered,
well structured, regularly patterned codomain CD(Rc) sets for qualitatively
similar domain D(Rc) sets. The relation Rc is perfectly chosen if it links
D(Rc) to CD(Rc) for ordered, but not regularly patterned or structured
original sets.

From a theoretical point of view, it is hard to discuss causal abstract re-
lations without using certain fundamental concepts. These are the notions of
set, relations of belonging, inclusion, identity, symmetry, monotonicity, an-
tisymmetry, asymmetry, reflexivity, transition, order, set structure, change
in the element of a set and similarity of sets. It is worthwhile to add that
abstract causal relations (dependencies) are theoretical constructs (expres-
sions) expressed either in the form of axioms or theorems, or they are formal
consequences of the accepted assumptions about the attributes of the sets
considered and the patterns of causal relations already recognized. This
means, therefore, that criteria for causality take the forms of either logical
and mathematical rules of reasoning or testing procedures for the truthful-
ness of conditionals, which have already, or can, be programmed in standard
computer programming languages.

The use of causality in the sense of dependence was particularly strongly
promoted by M. Born (1949). He does not share the view that a causal link
(connection) is only the purely external succession of two physical events or
states in the realization of a process. He states, instead, that a causal link
is some dependence (or mutual dependence over a long time) of the effect
on a given cause. He does not state clearly whether this dependence is only
existence dependence, or whether it is a grounding endowment dependence
relation consisting of passing on the changes arising in the structure of the
causal object from the causal object to the affected object and wherever
this passing on generates changes in the structure of the affected object and
possibly induces replacement of the whole of Se in the space of affected
objects or, obviously, in the space of all objects considered.

Born distinguishes between two general concepts of cause and effect. The
first concept assumes that causes and effects are events placed at a unique
point in time and space. The second concept assumes that cause and effect
are arguments of a timeless and spaceless relation between two situations be-
longing to two different classes of situations. The latter relation is an ab-
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stract mathematical functional relation, which has both mathematical and
logical interpretations. Thus for Born, a causal link is a functional depen-
dence between all abstract things of one kind and all abstract things of
another kind. This dependence may be corroborated experimentally by do-
ing repetitions of experiments. The practical sense of these concepts consists
of considering the connection between two classes of situations for which sci-
entists should use two different principles for testing: the principle of the
antecedence of events (or situations) (when cause antecedes effect in time or
space), and the principle of the contiguity of cause and effect.

If scientists are not in a position to deduce causal laws, either directly
from the results of experiments or from some empirical statistical relation-
ships called Born’s statistical laws, then they should carry out further repli-
cations of an experiment in a systematic manner with suitable variations in
the structure of the causal factors tested. The fact that Newton’s gravita-
tion law is deducible from Keppler’s empirical astronomical relationships is
of instructive importance to Born’s laws.

Remark 1.21. Born’s approach to causality is, in the case of deterministic
causal laws, generally clear. In the case of chance (random) events, it is less
clear. He does not define a chance event and does not go into a detailed
argument as to why statistical laws (dependencies) are necessary and suf-
ficient premises for selecting valid causes of effects given e.g. in the form
of dependent variables in statistical or probabilistic equations. Difficulties
arise due to a lack of knowledge of the true distributions of the observed ob-
jects treated as being random, existence of errors in the observations made
on these objects, existence of errors in the estimation of the parameters de-
scribing statistical relations, existence of test procedures that are used in
selecting the form of causality. In theoretical modern physics, scientists use
mainly formal logical and mathematical criteria for causality understood as a
dependency in the form of functions, functionals, operators (deterministic or
stochastic), i.e. maps of their domains into (or on) their ranges (codomains).
Sometimes, readers have to read a text carefully to gain the essence of what
authors mean by criteria for causality (see, e.g. the paper of F. Krotscheck,
W. Kundt (1978)).

Remark 1.22. It should be underlined that scientists are in a position to
propose cc (criteria for causality) according to either the kinds of notions
of cause described above (see the definitions of causes and their discussion
given above). The lists of cc-test procedures which may be formed on the
basis of these definitions, in many cases, will have different entities. It is also
possible to formulate other categorizations of cc-test procedures according to
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particular disciplines of science, aims of scientific research, research method-
ologies used within various fields of science or different forms of causality
relation Rc proposed by scientists.

Besides various kinds of cc implicitly mentioned in Remark 1.21, and
earlier in this chapter, we may also distinguish between some more specific
groups of cc-test procedures, where the distinction is carried out according to
the theoretically and practically important properties of the causal relations.
These properties can be divided into the following groups:

g1) logical:
non-contradiction, connectivity, asymmetry, irreflexivity, ordering, par-
tial ordering, linear ordering, transitivity, belonging, inclusion, conse-
quence, reversity, antisymmetry, symmetry, reflexivity, identity, unique-
ness, equivalence, binarity, totality, conjugacy;

g2) mathematical, mathematical physics, engineering, economics:
continuity, regularity, monotonicity, discontinuity, periodicity, complex-
ity, incidentality, coincidentality, boundedness, thresholding, splininess,
distrubutiveness, randomness of functions as causality relations;

g3) natural, social and economic:
temporal, spatial or temporal-spatial ordering; objectivity of causal or-
dering, limitability of causal propagation, durability of causal prop-
agation, robustness or sensitivity of causal propagation, necessity or
sufficiency of causal propagation for global changes;

g4) medical, ecological, social, economic (where, in practice, causality takes
the form of associations):
spatial and temporal consistency, coherence, strength, intensity, gener-
ality, specificity, completeness, gradiential change in bio-socio-eco com-
ponents, plausibility, analogy, experimental similarity to Rc – forms of
associations, overdetermination or underdetermination of causes, pre-
emption or redundancy during cc-test procedures.

For cc-tests based on (g1)-(g4), it would be interesting to check the
validity of the following conjectures:

c1) For each property mentioned in (g1)–(g4), it is possible to formulate a
reasonably good cc-test procedure;

c2) Finding or constructing a concrete form of Rc which will satisfy all the
properties belonging to a given group of properties and formulating a
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good cc-test for its validation will be extremely difficult, if not impossi-
ble, and practically unreasonable;

c3) a practical strategy of searching for good cc-procedures should be con-
fined to relations Rc with the most important properties chosen from the
point of view of the aims of a research project, as well as the available
financial, technical and human resources.

Remark 1.23. Selecting plausible candidates for good tests for statistical
associations and acceptable tests for causal relations requires workable sta-
tistical test procedures based on formal test statistics. Moreover, even the
most commonly used tests of significance (e.g. Student’s t-statistic) only
give statistical conclusions regarding the significance of the influence of a
chosen (variable) cause with some arbitrary chosen level of significance un-
der the probabilistic assumptions of the model’s data generating process,
which should be additionally tested under the assumptions of that test-
ing procedure (and so, until no assumptions are made by a test procedure).
This hierarchy of sequential tests leads to uncertainty about how to formally
choose well-justified indicators enabling us to determine to what degree the
particular cc-test criteria are satisfied by a particular ca (criteria for associa-
tion) – test procedures, and whether the ca-inductive tests used are sufficient
evidence for stating causality of a given form of relationship Rc. Ca-tests
are usually treated by physicians, sociologists, economists and psychologists
as ‘screening tests’ to find associations which may be treated as possibility
results for a causal relation (dependence function). This approach immu-
nizes such procedures, to some extent, against gross contradictions and the
illogicalities of our empirical reasoning.

It is worthwhile to recall that inferring a causal relation from an asso-
ciation relation can be aided by the use of either correlation (dependence)
relations, regression based models, models for longitudinal data with censor-
ing, hazard function models, autoregression models, moving-average autore-
gression models, structural equation models, Bayesian models, algorithmic
path models. The above model relations may be linear or non-linear, identi-
fiable or non-identifiable, transformable or non-transformable. Practitioners
in economic and social studies use correlation and regression analysis, to-
gether with other statistical models, as an attempt to disentangle causes
and effects with only a faint hope that they will reach such a goal. Even
experienced investigators have rather vague ideas (based on their experi-
ence and intuition) as to the relevant variables, while playing their modeling
game against economic and social Nature, whose patterns of associations,
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dependencies and connections are always changing. They are much more
uncertain as to causal orderings, hypotheses regarding the direction of cau-
sation, and hypotheses about the true functional forms of causality. They
choose these approaches and forms on the basis of research experience, com-
putational convenience, familiarity of use and ease of interpretation. The
main problems encountered by economists, sociologists and social psychol-
ogists are connected with a lack of high quality data or non-experimental
research. Additionally, these research circumstances introduce uncertainty
about whether the reliability of a test for a causal relation can, in itself, be
verified.

Remark 1.24. From the statistical, econometric and probabilistic literature
and our remarks presented in previous sections, it is known that the rea-
soning enabling us to infer from association relations through correlation
relations and regression relations to causal relations is, even in the case of
abstract objects, rather a matter of definitional conventions and assumptions
that never hold in practice. In practical research situations, such inference
(in medical, social and economic studies) is more commonly a result of scien-
tific habits and beliefs than unquestionable scientific truths. There is a deep
need to have experience in studying ontic subjects (i.e., systems met in real
life, both in the sense of interpreting both real data and the results of sta-
tistical and econometrical computations, as well as assessing the empirical
validness of such analysis).

This opinion follows, among other things, from the strong practical limi-
tations on the observation and precise measurement of quantitative features,
indicators of qualitative and quantitative state of objects, events and the pro-
cesses linked to them, as well as facts and phenomena connected with these
objects. There is also a lack of empirically testable or complete theories
that explain and forecast both regular and irregular states of things, events,
phenomena and processes.

In the remarks made in this section, there have been some additional
descriptions and explanations concerning different forms of relations between
studied objects that are or can be treated as approximations of cause-effect
relations.

To summarize, we have discussed dependency, functions, functionals,
operations, and association, correlation, regression and autoregression rela-
tions. Besides these approaches, the following are also growing in popularity:
fuzzy set relations, concurrency relations (with priorities and free choice),
sequential and non-sequential relations.
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From the point of view of computer-aided modeling, the link between
concurrency relations and causality relations is especially interesting. This
topic integrates the research interests of modelers, applied mathematicians,
engineers, programmers, statisticians and econometricians. Many particular
approaches have been developed within this field including category theory
(see e.g. S. Fröschle, S. Lasota (2007)) and the concept of posets applied to
concurrency theory. The first approach relates and unifies models of con-
currency (useful for engineers, econometricians and physicists, when they
do parallel simulations). Notions related to category, such as structure, ad-
junction, reflection, coreflection, morphism and treating models as categories
enables a deeper recognition of relations between empirical models, and es-
tablishing so called causal trees of dependence using event tree structures.
For those who study cyclic phenomena, the possibility of investigating syn-
chronization and asynchronization trees with no cyclic behaviour would be
particularly interesting. It has been found, that under given assumptions,
causality models are more fundamental theoretically than truly concurrent
models, because they can infer causality relations without using the notion
of event. However, the latter type of models may more expressively illus-
trate the model’s interior structure using event trees. For cyclic phenomena,
which are so important practically, there are still many open questions that
should be answered.

The second approach, based on concurrency theory, (see, e.g. R. Janicki,
M. Koutny (1997)) focuses on inferring the properties of relational structures
that have important consequences, both theoretically and practically. The
cited authors base their discussion on E. Szpilrajn’s theorem (1930), in which
it is stated that each partial order is an intersection of its total order ex-
tensions. They base their analysis on the triadic structure (Sc, Rc,1, Rc,2),
where Rc,1, Rc,2 are binary causal relations, Rc,1 is strong and Rc,2 is weak,
and both of them are defined on the cause domain Sc. Within this struc-
ture, it is possible to formulate a model of concurrent histories of given
phenomenon or phenomena which describes a partial ordering of causal pat-
terns. It is possible to obtain more detailed descriptions of internal causal
structures by extending the above triadic structure to, e.g. the structure
(Sc1, S

c
2, R

c,1
1 , Rc,21 , Rc,12 , Rc,22 ), where Sc1 and Sc2 are layers of the set of causes,

and the two pairs of causal relations correspond to the layers, where (c, 1)
and (c, 2) are defined to be the set of strong and weak relations, respectively,
or direct and indirect. For modelers, the second, more complex, structure
seems to be more promising in practice.

Finally, it is worthwhile to underline that the most important, but dif-
ficult, problem to solve is that of choosing empirically efficient and valid
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tests of causality. Why this is so can be shown on the basis of C. Granger’s
operational test of causality (1969), which is often used by econometricians
and economists. The formal definition of Granger’s concept of causality can
be represented as follows:
DC.G: It is said that a given stationary random process {Xt, t = 1, ..., ta} ≡
X(ta) is causing a stationary effect process {Yt, t = 1, ..., ta} ≡ Y(ta), i. e.

X(ta)
Rc→ Y(ta) if the process of prediction errors E(ta) based on E(ta) =

Y(ta) − Ŷ(ta) has strictly smaller conditional variance when the predictor
Ŷ(ta) is calculated using all the available information I(ta) about all the ran-
dom processes assumed to be candidate causes than the conditional variance
of the process E(ta) computed under the condition that I(ta) is replaced by
the difference I(ta) \X(ta).

Definition DC.G gives grounds for testing the hypothesis of the existence
of a relation Rc:

*) Rc : var(E(ta)|I(ta))) < var(E(ta), I(ta) \X(ta)), where var denotes the
conditional variance of prediction errors.

Remark 1.25. The relation (*) is theoretical. It can be rewritten in the form

W(ta) ≡ var(E(ta)|I(ta))− var(E(ta)|I(ta) \X(ta)) ≤ 0,

where E(ta),X(ta),Y(ta), Ŷ(ta) are random stationary processes, and W(ta),
I(ta),0 are matrices of the appropriate dimensions.

In the case where the first set objects are scalars, then var denotes scalar
variance σ2, and for each individual time t, we have:

**) Rc : σ2(Et|I(t)) < σ2(Et|I(t) \Xt), and Wt ≡ σ2(Et|I(t))−σ2(Et|I(t) \
Xt).

It should be noted that in the case of (**), σ2 is determined for given
analytical probability distribution, for example a continuous one. In this
case, economists must decide what form to choose from the infinite set of
continuous distributions. Secondly, the forms of probability distributions
must be chosen for Xt, Yt, Ŷt and (Yt − Ŷt) ≡ Et, and the conditional vari-
ances σ2() calculated according to the chosen forms of these distributions.
Thirdly, they should also select, possibly in an optimal way, the functional
form of the predictor Ŷt according to the chosen principles and operational
criteria which must be consistent with the relevant economic theories and
their models (see our chapters on theories and models). After doing this,
economists must select estimators of the structural model parameters for Ŷ ,
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and then choose estimators for σ2, i.e. choose the appropriate formula for
calculating σ̂2. Fourthly, they should, at each step, test hypotheses regard-
ing their truthness, confidence and significance.

In the case of (*), economists would be in an even more uncomfortable
research situation, since var denotes a dispersion matrix, which would make
reasoning much more complicated when calculating the second moments of
the theoretical distributions. Also, there would be huge problems regarding
estimation and testing hypotheses.

Remark 1.26. The DC.G definition of causality is valid only for random sta-
tionary processes. Micro, mesoeconomic and many macroeconomic processes
are, however, nonstationary. These, and above given facts and their effects
are causing that statistical causality tests of Granger’s type would have low
empirical power. Research situation is better in the case of controlled experi-
ments or a little better in situations close to the case of
controlled experiments. In the last case methodology of statistical inter-
vention analysis or treatment effects analysis may help to increase empirical
power of parametric or nonparametric tests of statistical help to increase
empirical power of parametric or nonparametric tests of statistical causality.

1.5. Final notes

We have omitted many theoretical and practical problems, as well as topics.
These concern both methods of confirming truth and truthfulness, as well
as methods of analyzing causality, in particular methods of inferring causal
relations. Economists now have to deal with huge data sets that are, how-
ever, censored by economic institutions, units, Central Statistical Offices,
National Banks or Governments.

Secondly, the following practical factors may well have important practi-
cal consequences: the censoring or omission of observations, atypical results
of measurement, dividing the effects of causality into mean, variance, covari-
ance, median and mode parts within the numerical range of an effect-variable
process. It would also be worthwhile to check whether these consequences
have a significant impact on the results of causality analyses, the accuracy
of empirical predictions and economic achievement.

More information about the topics discussed and omitted here can be
found either in the literature cited below or the literature that is cited there.
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Chapter 2

On randomness

Summary

The notions of random and randomness are commonly used in many fields
of science, in everyday human conversation, communication, and in descrip-
tions of many modern media events. It is, therefore, useful and interesting
to present a new discussion of the meanings of these concepts held at dif-
ferent stages of the development of science, together with their roles in the
theoretical and applied sciences. As may be seen, these notions are very
complex. Their role has been changing over time. It is also interesting to
see how influential state powers and their influential agents realize their ide-
ologies, approaches to science, religion and a society’s civil laws, as well as
approaches to truth. In this respect, concepts of randomness are particu-
larly useful when exercising power behind the curtain of a society’s imperfect
knowledge. Our attention here is devoted mainly to present semantic mean-
ings of accidentality, which was used in science up to the times of Kant.
References to current possibilities of using these meanings in the applied
sciences are given when suitable. The usefulness of these concepts can also
be observed in contemporary economics. Most modern textbooks, mono-
graphies and articles use, in effect, the concepts and calculus of randomness
within, e.g. the framework of the econometric and statistical analysis of
economic, demographic and social data.

Keywords: random, randomness, model, modeling, testing.
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2.1. Introduction

The use of the word random in the sense of a random fact, feature, event,
phenomenon or process indicated and still indicates non-significance or small
role and importance. Randomness, in turn, denotes a feature, a property of
something being random. Accidens (in Latin) or συµβεβηκoς (in Greek) in
philosophy means a way of being (see. A. Maryniarczyk, 2000, p. 115–122),
existence or an element or part of being or properties of being. In logic,
it means sentences or predicates that state accidental features about the
subject considered. One interesting metaphysical interpretation of Aristo-
tle’s concepts is that randomness denotes something real that cannot exist
independently from the subject or substance of things.

As often said, the whole is not the sum of its parts, thus it is useful to say
that the parts have ens in alio, and are dependent on the existence of given
things. Randomness, however, increases the possibilities of distinguishing
between things according to many categories such as, e.g. color, shape,
time, place, action and reaction.

It is curious that Aristotle distinguished only one kind of significant
essential, necessary non-random pronouncements about the property of a
thing’s existence, but nine kinds of random ones. Accidental predicates
concern the properties of things that only arise accidentally or intermittently,
so they arise or vanish without the subject vanishing.

The ontic status of accidentality according to Aquinus was challenged by
W. Ockham and Suarez. They rejected the interpretation of substance as
ens in se and randomness as ens entis. In addition, they did not treat the
relation between the subject-substance and its part that is random as being
necessary. Ockham rejected the reality of accidentals (qualities), since the
only realities, according to him, are concrete existing beings. Suarez rejected
any real difference between essence and existence, substance and accidens.
These views later gave the basis for dualism and scientism. Descartes con-
sidered particular changing qualities and accidens in “modi” as a product of
Reason. Leibniz, in turn, considered accidens from the viewpoint of changes
in and the potentiality of substance, as possibility in the form of vives agenda
(the force of action) held by a subject-substance. According to Locke, acci-
dens is the property of being able to create in our minds the ideas that are
components of the idea of substance.

Hume wrote that concepts, in particular randomness as a concept, are
subjective creations of Reason, memories and habits, but are not really
existing objects. According to Kant, accidens is a derivative of Reason in
the form of cognitivemodi acts. However, Parmenides, Heraclitus, Plato and
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Aristotle had already treated variabilite, generatio et corruptio, and steresis,
as symptoms of the contingentia of things, but not as having the reason of
their existence in their being itself.

2.2. Qualitative concepts of randomness from
antiquity until the XIX c.

In modern science we link the word “random” to, e.g., observation, experi-
ment, sample, event, variable, parameter, process, phenomenon, data, equa-
tion, model, system, loss function, set, action, interaction, family, map, map-
ping, transformation, function, functional, population, number, generator,
field, vector, matrix, walk and space.

Intuitively, many of these links are understood as connections that hap-
pened, happen or will happen without any expected, believed, definitely
justified pattern, aim, plan or state of behavior, i.e. will happen in an un-
certain, unpredictable, indeterminate, accidental, hazardous, causeless, in-
cidental, possible, risky, venturesome, contingent, adventitious, or aleatory
way.

In Corpus Aristotelicum (further: CA): lot, fate→ η τ ύχη, and random
→ τυχαιoς, συµπτoµατιχóς or συµβεβηκóς. A favorable random event
was indicated by εύτυχιας, γoύ%ιoς, and an unfavorable one by µoι%αóς or
%ιζικóς. In Latin, “alěa” denotes blind chance, accident, or risk, and this
word has survived in French as aletoire. In Russian, we have sloochainyi,
in Polish – losowy, in German – zufällig. It seems to the author that words
in the classical languages which did not belong to medicine or biology were
generally not absorbed into the scientific language of modern times. What
is more surprising is the use of the word “stochastic” (in Greek - στ óχαστ%o
means hindsight), both in the sense of random and in the sense of fine tuned
to reach a goal – e.g. in the case of modeling, the aim is to obtain the best
fit to observational data).

The concept of chance (randomness, hazard, accident, fortuity) now logi-
cally means the uncertainty of events and processes or their unpredictability.

In Vol. I of his works, Aristotle referred to random (accidental) causes as
being such things that accompany the necessary cause at a given time and
in a given situation, but by themselves they cannot cause the effect without
the action of the necessary cause.

When analyzing causes, he also mentioned, by the way, that an acci-
dental feature (συµβηκós) expresses neither property, definition, genus, nor
aplostic properties. Thus a feature is relative, and uniquely connected with a
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particular single thing at a given moment of time, and it may or may not be
fixed with regard to the subject. In Vol. II, Book II on Physics, there is both
a repetition of the conceptualization of accidental causes as features (pro-
perties) concomitant, attendant or concurrent to non-accidental causes, and
an extension of this idea to non-concomitant accidental features. Accidental,
chance events and opportunities are also discussed. They are also referred
to as undetermined, unknown godlike, spontaneous, unpredictable, unnatu-
ral, rare, automatonic (αυτóµατoς), incidental, hazardous, coincidental or
tycheic (τ υ̇χηας). Hereafter, these qualities will be sometimes abbreviated
to AKT (ακτ). Thus, if a chance event occurs, it must be chance that does
not disturb necessity. Hence, chance is a tier, a link between an event and
the conditions in which this event occurred. A good example of a random
cause is, e.g. the following story: Aristotle decided to go to the Agora to buy
κιά%α. He bought it, and by chance he met Koriskos who repaid a monetary
debt to him. The event of repaying this debt was random, but going to the
Agora was a random, though sufficient, concurrent cause of this repayment.
So chance remained as the cause of Aristotle’s loan being repaid.

It is important to stress that the views of Aristotle on randomness were
probably the product of vivid discussion in ancient Greece. The most strik-
ing and consistent was the opinion that chance or accident can only be
attached to beings who are able to act and express emotions of happiness,
pleasure or pain. Hence, small children cannot carry out directed random ac-
tions or deeds, since they do not express conscious intentions in their deeds.
However, their actions are spontaneously random, due to the possibility of
unconscious choice.

The most decisive conclusion and guide for modern modeling pronounced
by Aristotle is that no random cause can be an earlier form of a significant
(necessary, main) cause. Also, there exist things whose motion is sponta-
neous, automatic, due to the motion of other things without the possibility
of making a choice or being something else. Such motion or action causes
reactions against the mover or bearer. This statement sounds remarkably
similar to “actions cause reactions against the mover or bearer”, which is the
basis of Newton’s postulate III formulated 1900 years later.

For contemporary modelers, it is worthwhile to recall, that the follow-
ing idea: “the change of change may only be random”, was probably shared
by others, apart from Aristotle. Whether this means that models based on
42y (t) = g

(
a(t)

)
, where a (t) , y (t) are real functions, are always stochas-

tic remains to be tested. Another problem to be solved is whether under
42Y (t) = g (A (t)), where Y is a formal random object, the expression
42Y (t) can become non-random given a random cause A. Among the fun-
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damental statements regarding causality in Volume 2 mentioned above, we
can also find the idea that nothing which is the effect of a random cause can
be imperishable, unoriginated, since having a random origin is incompatible
with things that always exist. This volume also contains the three following
fundamental statements:

bs1) (Anaxagoras): Things only combine and disjoin, nothing vanishes
and nothing new appears (repeated, e.g. by Lavoasier);

bs2) nothing impossible exists or comes into being,
bs3) nothing impossible occurs.

It is necessary to find how bs1–bs3 are related to concepts of randomness
and chaos, as well as to the non-regularity and spontaneity arising in living
beings due to elements combining and entropy increasing as a result of nature
being non-durable. By saying that something is random, indicates that
something may or may not exist. Therefore, it indicates that something is
possible, and as such, is in opposition to the property of something being
necessary. For modern modelers, it is particularly interesting to first answer
whether necessary causes, facts, events or processes can exist without their
concurrent random counterparts, and, in particular, secondly, whether the
effects of causes are always random and explainable only by random causes.

If the first case holds, then it suffices to have deterministic models. In the
second case, the modern tendency of favoring stochastic models is legitimate.
Aristotle preferred the view that each body or being has its oύσια part
with essential features and πoιóτης part with changeable (συµβεβηκóς)
properties that are accidental. Heraclitus in turn, stated that τ ύχη governs
necessity, which means that he was pessimistic regarding the predictability
of future events.

Even the gods were treated by Plato, Socrates and Pythagoras as acci-
dental causes of the activities of living beings. Earlier, however, Anaxagoras
warned that an accidental thing, by its essence, does not mix with any other
accidental thing – so, in the current modeling jargon, when you formulate
a model – do not mix two random factors in one equation if you wish to
discern the influence of the individual factors. What enables us to reject his
warning remains to be answered. On ontological grounds, while discussing
the reasons for the potential existence of elements in the Universe, Aristotle
refers to the concept of the possibility that “all that is, may not have been,
so τ ύχη exists, since even that which does not yet exist is able to come
to existence”. In the case of metaphysical arguments, he also distinguished
between random sensual feelings about revealed facts and phenomena as
uncertain sources of knowledge. As causes of actions, accidental causes are
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considered to be improper, insignificant, concurrent, auxiliary information
regarding the particularity of an effect.

Therefore from the ontological point of view, accidens is understood in
Vol. II to be such a thing (being, object, person, fact, event, situation or
process) that truly exists, but non-permanently and not-necessarily, i.e. it
exists by possibility, but not by necessity. From the epistemological point
of view, in turn, accidens means a non-essentially specific feature, attribute
that a thing, object (etc.) possesses. Such a property exists due to other
features, things, events etc. According to Aristotle, accidental beings or
things are caused by the possibility of the occurrence of something tran-
sient, non-necessary in a particular state or situation, or the possibility of
the existence of unconscious feelings, actions and mental changes. Random
beings and things are not the subject of science in the view of both Plato and
Aristotle. According to them, the sophists Protagoras, Gorgias etc. studied
random features of language, not the essential features of reality.

Some other authors mentioned in CA treated random relations as mo-
mentary, weak relations acting without general rules, as relations not fulfill-
ing the necessity rule. However, in his studies of biology, Aristotle clearly
saw that the random matching of animals gave random new organisms within
a given subspecies or species. He assumed that random causes of random
effects cannot occur earlier than the essential necessary causes. Both causes
and effects may or may not be autonomously existing accidents, i.e. ran-
dom beings. It would be worthwhile to check empirically whether these two
classical postulates are still valid in research activities.

It is interesting that in Vol. 3 of CA (Corpus Aristotelicum), souls are
said to have causes lying outside the random motions of bodies, i.e. that
souls are exogenous to such motion. To detect logically random features,
Aristotle proposed to express cause, not by using a intermediary, but by a
term concerning a specific feature. He stated that the particular senses of
an individual perceive the appropriate sensations of the other senses only
accidentally (randomly). Due to the linkage between two or more sensual
feelings and the random sensual features of a subject of the senses, an error
in perception may arise. With regard to optical phenomena, such errors are
often met and called optical illusions. Randomness also arises due to the
impermanent, non-uniform coincidence (confluence, concurrence, juncture)
of unintentioned causes linked to unpredictable situations or aims.

This does not exclude the possibility of random junctures, natural er-
rors, deviations from one’s purposes due to the passive resistance of matter.
Random features are based on the motion of substance and matter. The
singularity of a real object lies in its randomness. Moreover, the random
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movements in a soul are the source of sporadic facts regarding nature that
are random-like. There also exists random coincidence regarding real life
events conforming to random dreams or other natural events and signs.
Their randomness is revealed by the small chance of their happening in
reality.

However, only a few dreams are signs of real future events. Usually, they
are only accidental coincidences. On the other hand, their randomness is of
another nature than, e.g. the characteristics of heat or body temperature. In
biological descriptions, a causality principle is applied which states that the
same causes imply the same effects, and that causes which do not fulfill this
principle are random causes. In his work in physics, Democritus rejects the
deterministic principle of nature, and introduces a random impulse (cause)
leading to motion in nature.

Some margin for randomness in the laws of nature is accepted by the
Aristotelian school, under the assumption of the indefiniteness of matter
and the circle of births and deaths. Random changes in natural bodies
are evoked by unknown mechanistic causes and not by purpose-led causes.
Thus randomness excites and “lives” in Nature. It is interesting that classi-
cal philosophers saw methodological errors in accepting similar exogenous,
random effects as results of the same causes. Non-Aristotelian views also
treat random events as non-necessary, not per se, but still non-substantial.
In accordance with the concept of accidens – features cannot act or suffer in
themselves, but must act and suffer in accordance with the subject or object
to which they indissolubly belong. For modern modelers, we can therefore
formulate a criterion for the choice of random features according to which
they have to be strongly related to their random effects and weakly con-
nected with the non-random necessary causes of the effects of random and
non-random causes.

In Vol. 5 of CA, devoted to ethics, Aristotle considers fate as a ran-
dom cause of people’s actual happiness, fortunes, choice of life goals, tools
for realizing these goals, people’s actions and important life events. When
discussing erroneous actions, he considers unexpected and unintended ac-
tions taken due to ignorance and the random causes of unhappy accidents
as reasons for such errors. This volume gives a clear warning to psycholo-
gists and lawyers by stating that random human deeds are not a good basis
for drawing conclusions about people’s characters and personalities. Luck is
often attributed there to “God loves him”, individuals, or unknown laws and
abilities, and random events are attributed to non-natural, other-worldly,
concomitant or side causes.
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In the section of CA devoted to economics, when listing the duties and
virtues of a wife, it is said that the unlucky fate of a husband is shared only
by the best wives. For the needs of dialectics, Aristotle developed dialectic
syllogism, which uses only reasonable assumptions and general toposes as
a basis for drawing reasonable conclusions concerning random cases in the
fields of law, economics and politics, which were so common in the practice
of rhetoric.

In the considerations regarding rhetoric given in Vol. 6 devoted to prob-
able cases, things and signs, Aristotle uses the concept of a probable event
to mean one that usually happens, and probability is the generally accepted
π%oτάσις ε̈νδoξoς premise that something will or will not happen in most
cases. Luck and a strong body give joy in old age. The favor of fate may
give good health and/or an accumulation of important goods that excite
envy and exceed rational expectations (e.g. coming out unscathed from an
accident, rescue from an earthquake).

However, when rhetoricians assess human deeds, they have a propensity
to amplify the true achievements of individuals and downplay gifts given by
fate. Deeds that are independent of one’s own will are done under the influ-
ence of fate, compulsion or freely while being under the influence of personal
habits or propensities (τὰ η̈νη). The misfortunes of fate experienced by an
individual can also be used in rhetoric to evoke the listeners’ mercy.

In rhetoric, the term randomness is used in connection with τ ó δυνατ óν,
i.e. the possibility of existence or non-existence, of something acting or not
acting. As Agaton stated “to other things fate and need itself forces us”.
Socrates’ opposition to the use of random devices by state clerks does not
indicate that in antiquity the view of each men being a slave of money and
his fate was not popular. When discussing enthymematic topos (called later
in Latin “fallacia accidentis”), Aristotle underlined that topos consists of the
use of a random premiss that “it is the essence of a thing itself which entitles
any of its qualitative features”. In Rhetorics for Alexander there is a state-
ment that public expenditure depends not only on the people’s decisions,
but on the favor and disfavor of fate. During debates about wars, when
speakers are against them, they should stress that during wars, changes of
fate are frequent and impossible to predict. Arguments based on such a
concept of probability are contingent with known and familiar emotions and
with the habits and abilities of listeners, viewers and readers. To induce be-
lief in listeners, speakers can justify their arguments based on the necessity
of a situation or the ordaining of fate. When discussing how tragedies are
described, Aristotle stated that tragic events are more striking when, against
expectation, they form a clear sequence than when they occur spontaneously
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by accident. This creates an impression of their intentionality. When pre-
senting his rules for the composition of drama, he proposed using transition
from happiness to misery due to άµα%τ ία, i.e. a great flaw. Moreover,
within a tragedy, the intervention of the gods should be described outside
the main contents of the story, i.e. in a prolog or epilog. In Propreptikos,
Aristotle introduced randomness as a result of the functioning of the body
induced by Reason, and the concept that a good man living according to
the rules of Reason is never influenced by fate. It is interesting to highlight
the pragmatic consequences of the use of random lots by the archonts, trea-
surers of the magistrate of Athens (from the times of Solon), as well as the
random allocation of Kleystenes from new smaller administration units to
larger ones. Later, the appointment of officials and clerks of various ranks by
lot was also practiced, not only during the time of Sofocles and Perycles, but
also in ancient oligarchical power systems. It was also judicial practice to
assign judges to a given judicial case using quite complex schemes of random
lots which took into consideration the regions in which they lived and used
various physical objects necessary to carry out such a lottery. Sextus (in
“Against the Physicists”, where he referred to Epicurus using the term acci-
denticality when he stated that “non-body accidens of first bodies are causes
of non-body accidens of compositions”. Also, he seconded the Parmenidean
view that “non-being does not have accidens” – i.e. stated that a non-being
cannot experience anything. Moreover, when discussing definitions of good
and evil, Sextus presented the view that no description of the essence of
good can be correct, since it is only possible to determine its συµβεηκóς
(accidens).

In Book II of De Civitate Dei Ch. XXIII, Aurelius Augustinus (Saint
Augustin) stated that the fates of temporal matters do not depend on the
goodwill or reluctance of demons, but on the sentences of the true God.
Similary to Aristotle, he believed that accidens are connected with bodies,
not the mind, which is part of the soul. In Book V, Ch. I, in turn, the size
of the Roman State was not attributed to accidens, fate, some system or
unwise order, or a lack of causes, but was a result of God’s will. According
to him, something is random when it does not have any cause or does not
follow from Reason’s order. Destiny comes from a necessity that does not
result from God’s or man’s will, or set causes dependent on God’s will.
Augustin ascribed fate to God’s will and called the influence of the star
system resulting from God’s will “fatum” – so treated such a system as the
transmitter of God’s will. In addition, he did not share the astrologists’ view
that stellar constellations and time of birth (even for twins) are the causes
of indivuals’ fates and life histories. The constellation of stars is fixed at the
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moment of the conception of twins, so how can twins have different fates?
It happens, however, that the beliefs of some astrologists when translated
into prognoses may sometimes prove to be accurate – although, according to
A. Augustinus, this is a case of the hidden “whispers” of evil ghosts. When
disputing with Cicero’s stoical views, he shared the view that the prognoses
of astrologists are unreasonable, but did not share Cicero’s view that the
future is unpredictable (i.e. that praescientia and destiny=fatum do not
make sense, due to people’s will and power being subject to destiny).

Among “causa efficiens”, Cicero distinguished between cause based on
fatalis (destiny) accident, nature and free will. Augustin accepted the ex-
istence of fortuitae (accidental) causes, considering them to be hidden, but
dependent on the true God’s will (his will also determines natural and free
causes, which are also partly determined by angels and people).

Citing the pre-classical words of the Egyptian Hermes Trismegistos, fate
may be a precursor of the future events and possible actions affecting people.

In Book XI, Ch V, A. Augustus stated that the creation of the Universe
and time did not occur randomly, but due to choice by God’s Reason.

When commenting on Plato, he recalled Plato’s view that even good and
wise souls cannot be eternally connected with their proper bodies due to evil
fate.

Discussing Porfirius’ views about the founding of the Christian religion
and Christ’s divinity, A. Augustus stated that Christ’s soul was entwined
with the souls of others, due to unfavored fate resulting from the fall, and the
souls of others were also led by fate not to recognize their faults of faith (see
book XIX, Ch. XXIV). In presenting his views on the role of external and
material things in life, Augustus stated that one can only have the wealth
to satisfy his own needs and also to help others by chance (see. Soliloquia).
Here, he also repeated his views on the non-necessity of the joint existence
of an accidental feature of an object (e.g. quality) and the object observed.

More focused notes on accidents and accidental features can be found in
Avicenna’s (Ibn Sina) texts on logics, metaphysics and physics. In his book
on logics, he stated that a general feature (or property) may be recognized
as being random (or accidental) if it is non-significant, i.e. at least one of the
following conditions is not fulfilled: 1) a researcher cannot distinguish be-
tween genus and species (general or particular), 2) a researcher understands
that the idea of a significant thing precedes the idea of a particular thing,
3) a scientist accepts the assumption that a thing has meaning in itself and
not due to a particular concept.
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Note 2.1. These three conditions may be summarized as conditions for
a lack of knowledge about the subject or object of analysis or a lack of
appropriate information. More on this may be found in W. Milo (2013) and
the literature cited there.

This also means that a random property is something that is intrinsically
linked to a thing, which does not exist in the imagination. Thus random
properties are not features that precede the significant features of things,
i.e. they result from the significant general features. The evenness of num-
bers and the natural ability to laugh are examples of such features. Hence,
attributes are treated as being random if they are subordinate to essen-
tial features, non-significant, non-general and non-species defining features.
Random attributes are distinguishing features of specimens belonging to the
same species. It should be remembered that a random general attribute (e.g.
the ability to laugh) may belong either to one general class or to more than
one class (e.g. the ability to move or color). When characterizing states of
randomness, Avicenna distinguished between two kinds. The first originates
from the substance of a thing and the second from a comparison of one
thing with another. There are two subkinds of randomness of the first kind.
The first subkind consists of kammiya (quantity) as the cause of existence in
substance, in its growth, decline, division and dimensions. The second sub-
kind is characterized by qualitative states (kayfiya), such as health, wisdom,
knowledge, whiteness, voice, heat, triangularity and weakness. The second
kind of randomness covers 7 subkinds characterized by place, time, position,
possession, activity and passivity. They show the structure of random at-
tributes attached to the observed states of a thing. Geometrical concepts of
how to construct (in one’s imagination) a continuum or plane are treated
by Avicenna as random objects with random attributes. The features of
numbers are assumed to be random, due to the fact that their ontological
counterparts in bodies are also random. For example, the unity of bodies
and the unity of numbers assigned to them are random. The same is true
for the shapes of bodies and their colors. Without a subject or object, there
are no shapes, colors, quantities, magnitudes, i.e. their accidens as random
states. Thus the states of these categories are accidental states. Since nec-
essary being is not the substance of being, it does not belong to any of the
categories of states mentioned above as being random. Moreover, elements
of bodies have random properties due to their nature, form and interaction.
It is worthwhile to recall that accidental features, as opposed to significant
ones, were often considered by post-Socratic thinkers, when they were dis-
cussing the properties of good and evil. Many comments on this topic can



84

be found in the works of Sextus Empiricus where he recalled the views of
Xenocrate, Plato, Timon, Pyrrho and Epicure. In his discourse, he stated
that their definitions of these concepts do not define the essence of good or
evil, but only their συµβεβηκóς, and that it is impossible to reconstruct
their essence from their accidental properties.

The problem and concepts of accidental beings were also considered
by Thomas Aquinas, Giles of Rome and W. Ockham. Avicenna treated
the essence of a being in itself as only possible in the form of accidens (e.g.
the sex of a person). On the other hand, St. Thomas proposed that acci-
dens, by its nature, is not necessary, yet there exist things that are acciden-
tal to essence, but do not change it. Each accidens, according to him, adds
to the essence of a thing and something which is accidental is subordinate to
that which is essential and everything in God is non-accidental. Although
T. Aquinas (see his discussion about faith) affirmed God’s supreme power, he
did not exclude the occurrence of random events, fate or lower-rank causes
if they resulted independently with regard to intention and aim, but within
the aims of an upper-rank cause. To give a contemporary example, sup-
pose the sales director of a given company sends two auditors to the same
subunit in another city on two consecutive days without announcement and
only he knows about it. Hence, the auditors meeting workers in the subunit
is random according to both of them and the auditors. However, from the
point of view of the director, this event is foreseen, certain. This means that,
according to St. Thomas, an event is random from the point of view of an
observer, if he or she cannot predict, forecast or foresee this event. For us,
however, there are no random elements in the ontic parts of an event from
the past. No randomness has occurred whatsoever, it is just the result of a
natural process.

As Boecius stated, fate is invariable design in relation to variable things.
According to St. Thomas, although God’s providence to things is immov-
able, the effects of the most direct causes are either necessary or accidental,
and if one cause is necessary and another is accidental, then the result is
accidental. Therefore, the birth and death of living bodies in nature are
accidental, since their lower causes are accidental, and some results of God’s
providence realized by lower causes will also be accidental, despite God’s om-
niscience and the wiseness of God’s intentions with respect to future acci-
dental beings. Moreover, the randomness of things does not exclude the
immovability of God’s providence. Although random causes, in themselves,
do not evoke effects, thanks to appropriate assistance, when in support of
non-random causes, they bring firm and valid random effects. In modern
language, it is sometimes perhaps relevant to assume that random causes are
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correlated causes, and non-random causes are uncorrelated causes. A source
of randomness related to apparent discrepancies between the Old and New
Testament can, as St. Thomas stated in “Contra errores Graecorum”, re-
sult from inappropriate interpretation of parts of the text due to a lack of
knowledge in ancient and classical languages and general ignorance. The
use of lots and signs of fate were discussed in St. Thomas’ book “De sort-
ibus”, which was devoted to predicting future things and events of concern,
apart from the existence of finite numbers, known stars and God. Lots were
usually drawn in personal matters, e.g regarding threats of floods, drought,
earthquakes, i.e. regarding unpredictable distortions of nature’s laws and
order which are impossible to foretell and counteract in favor of the per-
sons affected. Things and goods held in common and partitions were often
the subject of drawing lots (as well as important offices of power, such as
the election of Saul to become king or of Zacharias to the priesthood) or
similar procedure for partitioning the goods among the candidates. Lots,
therefore, can be used for partitioning, consultation and divination. In the
final case, such lots were used as a form of mediation between God and his
prophets. Predictions of the future are also given by astrologists, augures,
seers, palmists, divinators, dice (bone) throwers (cleromancers). Thus, with
regards to lotteries, the decision to use one is taken when it is outside of a
human’s abilities to know what will happen to someone, to his future be-
ing. Based on Cicero’s arguments, it can be stated that lots are useless in
divination and augury, since both future things and accidental things are
unpredictable. Drawing lots to make a partition, however, makes sense if it
is acceptable to all those interested in it. On one hand, this does not elim-
inate fears about the future, but it does eliminate fears about the present
situation. Thomas Aquinas did not share the views of either of Cicero, or,
as he said, of stoics pharisees, Pryscillians, or ancient physicists, according
to whom human affairs are dependent on the stars. Thomas Aquinas high-
lighted the active role of the organizers or performers of draws, as well as the
propensity (often unconsciously) to believe in the results and evoke future
events in accordance with the results of a lottery. Due to these phenomena,
astrologists could often “predict” events related to groups of people, but they
were not often successful in foretelling single events for specific individuals
(e.g. when digging a grave to find treasure).

One can also approach random events (fortuities) in the same way as e.g.
the results of someone purposefully setting a trap, snare, pitfall, ruse or trick,
i.e. purposeful plans and intentions to fool or trap, or catch naïve, stupid,
silly or lazy people or to punish evil ones. So things that seem to be random
to the target, were intentional, conceptional, inventive plans to achieve a
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specific goal by those who planned and set the traps. The question remains
open as to whether these goals and the conditions for their realization are
random or not. According to St. Thomas, all is governed by God’s mind
and will. Yet he did not clearly state whether randomness functions, from
the fact that he did not criticize Dionisius for saying that God’s gifts can be
treated as random by their recipients. Hence, he seems to have assumed that
such an interpretation is valid. In the book on “De substantiis spearatis”,
Thomas Aquinas again stated that for a governor who has knowledge about
the presence of enemies on a road, sending serviceman to ambush them is
certain, but for the serviceman such an attack is random. Similarly, God’s
providence is stated to be the cause of all intended results. Some necessary
results will be evoked by necessary causes, while other results will be random
due to the random causes appropriate to them. Commenting on Proklos’
views on randomness, Thomas Aquinas in his book “Liber de causis” began
by distinguishing between primary and secondary (derivative) causes, by the
facts that the first help the second to act and secondary causes are effects
of primary causes. The power to act of the first is more influential, far
reaching and general. Despite the fact that a secondary cause is an effective
cause, it is less general (more particular). Thus secondary causes add specific
properties to things. Proklos distinguished causes according to causa per se,
and causa contingens (or accidentalis). The action of a causa per se brings
about the final result through the action of all its accompanying indirect
cases. The action of accidental causes, in turn, lead only to direct effects
without opposing the first causa per se. Thus, the causa per se evokes all
the indirect causes to reach a final effect. However, accidental causes act in
another way, i.e. the effect of the most direct random cause does not spread
to the other objects of causation covered by a causa per se, but concludes
at the object appropriate to it.

Aegidius Romanus (Giles of Rome) shared similar views on accidens. In
his original book “Theoremata de esse et essentia”, he distinguished between
“unum or ens per se, and, unum or ens accidentale”, as well as between “unitas
essentialis and unitas accidentalis”. For example, the features of being hu-
man and being musical are in accidental unity, since musicality is connected
with concrete individuals. So “ens per accidens” means something is added
to the essence of ens. In theorem XIV, Aegidius stated that “each accidental
form gives its object some existence, though the existence entailed by such
a form cannot be different from the entire object composed of its form and
matter or substance (or subject)”. He also affirmed that each form, whether
it is substantial or accidental, acts in relation to the subject which it forms
or modifies. Moreover, unity of essence or nature can never arise between
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an accidental form and its subject and there is a real difference between
substantive and accidental existence. The subject se ipso is determined by
its accidental form and vice versa. The existence of an accidental form is
not self-generating or caused by the substantive form, but by the totality
form. Each creature has accidens, because only the first ens is perfect and
non-accidental.

It is also interesting to consider the views of W. Ockham on accidental
properties, things and causes. In his Summa logicae, in Section I. 17 he
answered some questions about the theorem that “if no generality is sub-
stance, then all generalities are accidentia, and so all categories will also be
accidentia (including substance)”. He distinguishes between accidentia as
generalities and tangible signs of accidentia that consist of substance. He
relates substance to accidentia, an accidental property which is not separa-
ble from the observed thing. In Section I. 25, Ockham stated that accidentia
is the fifth type of generality, and it is such a feature that a subject may or
may not possess, while not ceasing to be itself. This means that acciden-
tia denotes something really rooted in the substance (as heat is a necessary
characteristic of a fire). Such a notion indicates that accidentia lie outside
Reason and so exclude its meaning as a fifth generality. Another meaning of
accidentia is all that can be or cannot be predicated about some existing sub-
ject or object while preserving the truth of a statement and relative modus
essendi. A third way of understanding the term accidentia is as predicates
(in a logical sense, Ockham uses the term “predicamentum”) about something
which might be – due to changes in the subject – discussed, or something else
– asserted or denied. Thus, according to Anselm from Aosta, numerous rela-
tions are accidentia, i.e. they may arise and disappear. The fourth meaning
of accidentia as predicates states that something which does not denote an
absolute thing that is a part of subject but a relative thing caused by a local
change in discussed object or local motion in parts of the thing is acciden-
tia. Thus these four interpretations by Ockham of accidentia are in reference
either to ontic things (the first two) or the grammatical parts of sentences
(the last two). Despite this, Ockham distinguished between accidentia which
are separabie (by natural forces) from an object without destroying it and
inseparable. The first denote separable features of subjects, and the second
inseparable ones. Commenting on Aristotle’s distinction between ens per se
and ens per accidens, Ockham, rightly, stated that it is connected more with
the form of the predicate than other matters. The first is thus a necessary
(significant, certain, primary, general) predicate about an object, and the
second is non-necessary, non-significant, non-certain, secondary, particular
predicate.
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Since the author of this text did not have access to the original texts of,
among others, Peter the Spaniard (1205–1277) and R. Grosseteste (1168–
1253), their contributions will be omitted. It is, however, possible that
W. Ockham had access to them, although, similar to many other of his pre-
decessors and later writers, he did not refer to all the original authors of
concepts and views. The same can be said about John Duns (commonly re-
ferred to as Duns Scotus), who wrote, e.g. the treatise “De primo Principio”.
In part 4.10, he affirmed that pure perfectness of the highest nature (God) is
not accidental as a property, but proper and necessary. In part 4.15, in turn,
he stated that the only source of accidentia actions by man is his free will
or what accompanies this will. Here accidentia is not all that is unnecessary
and transcient, but only that whose negation may come into existence, when
appropriate. On the other hand, the primary origin of accidentia could be
the actions of the primary cause (which due to man’s ignorance is unknown).
This is more clearly stated in Theorem Five (T 4.23), i.e. “whatever the pri-
mary cause generates by acting as a direct cause, it does so in an accidental
way”.

Science advanced rapidly in the XVII century. From the point of view of
studies on accidentia, it is worthwhile to describe what was written by Rene
Descartes, B.B. de Spinoza, G. W. Leibniz, A. Arnaud & P. Nicole. In his
“Meditations de prima philosophia”, Descartes, like many of his predecessors,
considers only substantial bodies as a source of accidentia. This also means
that, according to him, mental constructs regarding abstract objects or reli-
gious concepts are clearer than ideas concerning material, physical elements,
features or facts, since they relate to accidentia.

When answering a group of objections regarding the search for truth,
Descartes, in his seventh postulate, stated that when seeking the truth one
should remember that the truth is found non-accidentally if clear reason-
ing is applied. However, by applying unclear reasoning, due to errors by
the senses, unclear hypotheses, superstitions or ignorance – the truth may
be found only accidentally. Axioms VI, IX, X, which directly follow these
postulates, also refer to accidentia. According to Descartes, substance has
more reality than accidentia or modus, and infinite substance is more real
than finite substance. This leads him to state that there is more objective
reality reflected in the concept of substance than in the concept of acciden-
tia. Moreover, it is more important to create and preserve substance than to
preserve the attributes of substance, especially accidental ones. According
to Descartes, the finiteness of physical things implies the acccidentia of such
things. In his texts on astronomy, Descartes did not reject real accidentia
and he noted that they are usually of an unknown nature.
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He shared the view that real accidentia do not conform to the views
shared by some theologians and philosophers, and that reality is assumed in
order to explain the feelings of our senses synthesized by the activity of the
brain and next transferred into mental activity.

By accidentia, Spinoza understood the divine guidance of human affairs
with the help of unexpected, unknown causes (see §11 of Ch. III of Tractatus
theologico politicos (1670)). He uses the concept of gifts of fate to refer
to means used to secure the livelihood of individuals. These means are
exogenous things dependent on the forces governing exogenous causes and
especially wise leaders of a society. As an example of accidental causes,
Spinoza cited Kohelet in relation to Solomon’s concept that all is governed
by accidentia. According to Spinoza, prophets had a vague idea of how the
order in nature and human fates are related to God’s providence. In Ch. X,
§22, it was noted that “Queen Ester (Esther) ratified all which concerned
the festival of Purym (fates)”. Ch. XVII, §45 is much more interesting to
modern practitioners of statistics and econometrics, where it was stated that
Moses’ destiny was to form an army (from 12 tribes) in order to conquer the
state of Canaan, to divide this state into 12 parts and, by random sampling,
assign them to the 12 tribes. Under the common laws of nature without any
religious interpretation, as king Solomon says (see Ch. XIX, §8), the same
fate awaits believers and unbelievers, sinners and non-sinners, and there is
no place for justice or mercy.

In Tractatus politicus Ch. X, §1, Spinoza presented a view adapted
from Machiavelli, that in any monarchical or aristocratic system there will
be times of dangerous degradation within the system that need planned
or random actions in the form of either wise legal reforms or the activity
of great statesmen, in order to avoid the fate of the state collapsing. Al-
though Spinoza, similarly to Descartes, adhered to deductive inference, he
was conscious that (see Tractatus de intellectus §19) fixed, variable, acci-
dental experience exists that is useful in any cognitive process. There are
comments on inferring a cause from an effect (earlier than the statistical
solution presented by Bayes’ theorem), though they are unclear, ambiguous
and very tentative. The only content derived here about inferring a cause
from its effect is the notional property of a cause, but not the material con-
tent of the causal object. Spinoza also considers, in §84, 91 of this treatise, a
distinction between a true idea, an error, and a fictitious idea that originates
in a variable phantasia understood as a source of random feelings incited by
exogenous random causes.

Readers favouring a more formal style of writing can read the text
“Ethics”. Theorem 15, Part III states that “Each thing may be, per acci-
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dens, the cause of joy, sadness or desire”, which means that Spinoza assumes
that a secondary cause, accidental cause, possesses some usefulness and va-
lidity. Moreover, in Theorem 50, he states that “Each thing may be, per
accidens, the cause of hope or worry”.

Discussing the distinction between accidental and possible things in
Part IV of his Ethica, he defined them as follows:

“I call particular things accidental, in so far as, considering their content,
we cannot find anything that is necessary for their existence or non-existence.
I call such things possible, in so far as, considering their necessary causes of
origin, we do not know whether they were designed strictly in accordance
with this origin”. He also considered opposite emotions that are opposite by
accidens, and are less intensive than necessary and possible past emotions,
(see Th. 11–13). An interesting note in the form of Th. 17 concerns the
statement that “Desire that originates from the knowledge of good and evil,
in so far as it concerns accidental things, may be even more easily restrained
by things present now”.

An analytical, critical discussion of Descartes’ philosophy and scientific
method was carried out by A. Arnauld (1612–1694), who – together with
P. Nicole in the book “La logique, ou l’art de penser (1662)” proposed an
extension of the a priori-deductive method of Descartes. In Chapter I of this
book there are comments on common accidental properties expressed by a
secondary predicate, which is subordinate to the primary necessary predicate
connected with the concept of substance. So saying that “Aristotle was a
biologist” uses the connotative term “biologist”, while being an accidental
property creating a fifth generality not belonging to the essence of Aristotle.

More detailed comments than in Arnauld-Nicole’s book are contained in
G.W. Leibniz’s (1646–1716) texts. In “Nouveaux essais sur l’entendement
humain”, he defined secondary qualities of given human abilities or physical
strength which cause certain feelings of the senses and considered percep-
tions of the idea of such feelings. He stated that accidental things or events
are not necessary, though they are determined. Accidental truths, in turn,
are not necessary at all, and even their unions do not always have the status
of absolute necessity, due to the way of distinguishing between necessary
consequences and accidental consequences. Hence, geometrical and meta-
physical consequences are enforcing, but moral and physical ones are only
inciting or inclining. He proposed the future development of a calculus for
probability and truthness based on appropriate logic. Such calculus would
be useful, especially in the case of the analyses of accidental species to which
particular individua may stop belonging after certain changes caused by ex-
ternal forces. Analyzing various degrees of our knowledge, Leibniz stated
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that the truth of reason is necessary, but truths about facts are accidental.
He acknowledges intuition and proof as important sources of knowledge, but,
according to him the rest are only endogenous beliefs and opinions.

The most advanced of Leibniz’s approaches to accidens, close in mean-
ing to randomness, is seen in book IV, Chapter XVI, which is devoted to
degrees of conviction. Here, the concept of random covers dice games and
the fair value of a game after its interruption. He commented on the letters
and written discourses of de Méré, Pascal, Huygens on the calculation of
probabilities, as well as on their usefulness in solving life insurance prob-
lems, as J. de Witt showed in 1671. According to Leibniz, the fate of each
man lies in the substance of his embryo, which includes a record of his fu-
ture. In his letter VI to Arnauld, he placed liberty and accidentia outside
of the influence of God as a primary cause in his notion of the universe, and
rightly assumed the usefulness of the concept of accidentia. He stated that
“absolute rejection of pure possibility destroys the rationality of accidentia”.
According to him, the reasons for accidental truths incite, but do not enforce
decisions (acceptance, verifiability, decidability). Referring to examples of
unum per accidens, he stated that the reason for such unity is an exogenous
force accidentally enforcing this unity (see: letter IX).

Continuing our descriptive and philosophical description of historical un-
derstandings of accidentia, it is also worthwhile to present I. Kant’s (1781)
views on this concept given in the book “Kritik der Reinen Vernunft”. In
subchapter II of the introduction, he posed the following question: “from
where does experience take its certitude if all its rules are empirical, there-
fore, accidental?” This means that, for Kant, empiricism and accidentia
are intimately related. Much more is said in Part II, Chapter III.4 of book
II devoted to presenting all the synthetic principles of intellect. Analyzing
the principles of a knowledge system, he stated that it is impossible to prove
the truth of a synthetic statement of the form “all that exists in an accidental
way has some cause”, although this sounds correct. In this case, the notion
of an accidental thing contains no modal category apart from the category
of relation to something that can exist only as the result of something else,
due to the assumption of the existence of changes in them. Hence, the fact
that a body has come to rest following some motion does not prove the acci-
dentality of its motion simply on the logical ground that motion is opposite
to rest. To prove accidentality, it is necessary to justify that the body could
have been earlier at rest instead of being in motion. Thus, if one considers a
thing to be accidental, and states this, then this is equivalent to saying that
the thing has a cause. In Part II, Kant also defined a cause as a condition
for something to take place or happen. He called something accidental if it
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is conditioned by being connected to something general. Anything which is
not conditioned in such a way is called necessary. Kant’s notes concerning
the fourth antinomy concerning pure Reason are much broader and more
consistent. He placed accidentia in two contexts. The first comes under the
hypothesis: a necessary being exists, independently of whether this being
means the world itself or something else. However, the decision as to what
it is needs to distinguish between the notion of accidental beings possess-
ing an intellect and notional connections between them and this necessary
being which preserve the empirical laws of causality with the highest mem-
ber of the chain being the necessary being. However, according to Kant,
the conclusion that changes evoked by empirically existing causes in the
world justify the existence of empirical accidentality is not consistent with
the above methodological procedure. Therefore, it was accepted as being
valid to assume that accidental is anything for which contradictory oppo-
sition is possible. Moreover, from empirical accidentality one cannot draw
conclusions about notional pure accidentality, i.e. oscillation between oppo-
site notions does not prove accidentality according to the notions of pure
intellect. Such change only proves that a new state cannot come into exis-
tence by itself without a cause existing at an earlier time. A cause, even if
it is necessary absolutely, must exist in this way in time and apply to many
phenomena. The notes concerning the antithesis, i.e. that “such a necessary
being does not exist” are aimed at accepting a cosmological argument de-
rived from the accidentiality of the state of the world and changes in it that
prove that a primary cause does not exist, since the past contains all the ac-
cidentally conditioned restrictions that are determined within the processes
describing the world and which determine the occurrence of spontaneous
events. The spontaneity of events autonomically incited by someone defines
real accidentiality and, most often, it consists of the accidental being of the
substance itself being derived from the necessary substance.

Kant also described conditions under which it is reasonable to distin-
guish between the accidentality of form and the accidentality of matter and
whether it is wise to connect them with the notions of the natural order,
goals and consistency. It must be said that, in the case of physically ex-
isting objects, conditioned empirical facts are always treated as accidental,
so their condition can only be recognized as relatively necessary. The basic
principle of studying nature is to reason from empirically accidental results
to a possibly accidental cause.

Kant also included God as a first cause, which helps to explain all that
behaves accidentally. He rejected the usefulness of the concept of accidentia
and their signs in proving transcendental statements. Kant also considered
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the usefulness in transcendental thinking of such notions as accidental goals,
accidental (pragmatic) beliefs and faith at different levels.

The views of Kant regarding accidentia were published in his “Kritik der
Urteilskraft”.

An interesting, although now doubtful point, is that he gives respect
to the a priori conditions of the human ability to reflect, as well as the
accidental consistency of a subject with the powers of human cognition. He
also states that the objective purposefulness of nature serves as an argument
for the accidentality of the purpose or form of a given thing observed due to
the existence of human Reason. Epicurus’ view that blind fate is sufficient
reason to explain this consistency is unacceptable to Kant. He also criticizes
Spinoza’s use of inherent accidens as belonging to the source of being.

In part II, Chapter 2 of his treatise, Kant acknowledged that a deed
which is morally absolutely necessary physically is considered to be totally
accidental, i.e. something that is necessary should take place, but for some
reason often does not take place, due to the fact that Reason expresses
this necessity not by existence or an event, but by something that should
be. Also, Reason, by its qualities, treats particularities as consisting of
something accidental in reference to generalities, and demands – according
to a union of particular natural laws – an accidentality rule, which he called
purposefulness. Moreover, the derivation of particular laws from general ones
is, from the accidentality of particular laws, impossible. In Appendix §§80–
81 he affirmed the existence of accidentality in everything that is thought
out as a possible goal placed in a causal relation. Analyzing the rules of
reasoning (see the Introduction to the book “Logik”), Kant discussed such
necessary and accidental rules. The second kind of rule depends on fixed
subjects of recognition, the accidentality of thinking about such subjects
and the choice of rules and subjects. However, logical rules need to be fixed
according to the necessary use of intellect.

He also distinguished between necessary (significant) and accidental (non-
significant) features. The first always have to accompany the thing being
presented and analyzed. The second kind of features are those which can be
separated from the essence of a notion or thing.

2.3. Final remarks

It should be remembered that Kant’s considerations were probably more
inspired by D. Hume’s book (1748) than by the concepts discussed. Hume
repeated many times that experience, empirical facts and established prac-
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tice in making observations and the reasoning based on them have increased
our knowledge about Nature. However, a lack of knowledge is sufficient rea-
son to accept the usefulness of the concepts of randomness and probability
in scientific language. In an analysis of all these ideas, he strongly recom-
mends using the relations of similarity, contiguity and causality. In order to
analyze facts, he prefers to use induction and assume that the relations be-
tween facts, events and phenomena may be arbitrary and accidental, both
in representing succession in time and space, as well as contemporaneous
coupling.

It is easy to see that our text does not present all of the views on ran-
domness presented before the beginning of the XIX c. or anything later. We
have excluded approaches with foundations in mathematics, which are espe-
cially prominent in probability theory. Such approaches have been discussed
in many articles and books (see, e.g. I. Hacking (2006)).

In the XIX, XX and XXI c., there have been many popular and promi-
nent trends in philosophy, the natural sciences, and, in particular, in the
social sciences that have promoted an ideology of indeterminism and the rel-
ativism of truth. In the author’s view, the concepts of random cases, events
or processes are simply expressions of our ignorance regarding the real cases,
events and processes considered, i.e. a lack of knowledge of their causes. If
we knew them, then these concepts would not be useful in any descriptions,
explanations or predictions. This does not mean that the calculus of prob-
ability, statistics, econometrics or biometrics is not useful. They are very
helpful in finding estimates of means, variances, covariances and quantiles
of probability distributions which deepen the precision of our descriptions
of empirical historical processes, facts and events in many fields of life and
science, especially in descriptions and explanations of economic and financial
market data. Methods and models employed in econometrics and economic
statistics are especially useful in these research activities. In this book, such
concepts of randomness will be applied in chapters 4–10.
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Chapter 3

Isomorphisms,
homeomorphisms, models and
modeling

Summary

This chapter reviews the theoretical and practical arguments concerning
the roles of isomorphisms and homeomorphisms as fundamental categories
which are useful in theory regarding models and modeling. These cate-
gories are logical, gnoseological, algebraic and topological1. Acquiring a
deep knowledge of them leads to be able to understand the abstract analysis
of theoretical and empirical models used in the natural sciences and the hu-
manities/social sciences. Since modeling is now very popular and recognized
as a valid method of scientific study, we try to formulate principles for the
modeling of actual or virtual events, phenomena and systems.

In this chapter, we are interested in ways of recognizing structural regu-
larities in the functioning of systems. The content of this chapter is closely
related to the discussions presented in Chapters 1, 2, 4–9.

Keywords: Isomorphism, homeomemorphism, models, modeling, prin-
ciples

1 See, e.g. A. Grzegorczyk (1969), N. Bourbaki (1964), R. Switzer (1975), J. Gastew
(2009).
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3.1. Introduction

Categories of isomorphisms and homeomorphisms can be defined and used in
formal ways by mathematicians and logicians or by using everyday language.
G. Frey (1969) presents a different approach. These categories are related
to the category of model, which is now used in almost every scientific field.

It is possible to define a model by constructing a relation of “being a
model” as an equivalence relation, i.e. a relation which has the properties
of reflexivity, symmetry, transitivity and heritage. Thus by a model M of
an object O (or original object OO), we understand another similar object,
i.e. possibly an ideal copy (an ideal model of the original object). Do a
model and the original object need to be necessary equally justifiable bases
for inference? In general, no. However, it is a fact that a model can be
simpler than the original object with respect to some features, which makes
models so attractive in academic studies (especially in simulations). This
means that when modeling we may depart from the property of symmetry,
i.e. that a model M is similar, with respect to chosen features, to an object
O, or CO (Copy Object) to signify chosen features of O, and vice versa.
However, it is also possible that an object O is simpler than a model M
with respect to chosen features – so symmetry may be preserved in some
respects. The intuitive meaning of an isomorphism as a relation also takes
into account the properties of reflexivity, symmetry and transitivity and is
close to the intuitive meaning of a model. Such an interpretation narrows
the gap between the notion of a model, isomorphism and conditions for the
adequacy of a model or how it reflects real objects.

The intuition behind homeomorphism as a relation takes the properties
of reflexivity and transitivity as properties of primary importance.

Among others, G. Frey (1969) and W. R. Ashby (1958) propagated this
intuition to fields outside mathematics. One generalization of the interpre-
tation of a homeomorphism representing a model was to relax the condition
of the symmetry of similarity between M and O. However, the similarity
of M to O may refer to one, more or all of the possible characteristics of
the analyzed object O. Hence, similarity may be interpreted as being very
narrow, partial or universal.

It is necessary to relate the concepts of identity and identization to iso-
morphism (Isomm), homeomorphism (Homm), model (M) and object (O).

In everyday language, instead of “identity”, we use such concepts as:
“equivalence, equality, sameness, consistency, indistinctiveness”.

Twins, electrons, coins or banknotes of equal value, books (with the same
title, author and publisher), are groups of identical or similar objects in an
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appropriately defined group. With respect to the size of physical objects,
there always exists a distance dob12 (O1, O2) between an observer ob12 and
objects O1, O2 for which the objects appear identical in size (standardizing
the distance to the first object to be equal to 1), i.e. O1idob12 O2. For a
distance d 6= dob12 the objects will be dissimilar in size, i.e. non-identical,
different. Assume that by the use of principium identitatis indiscernibilium
(Leibnitz) or the principle of individuation (confirming the unicity and non-
repeatedness of the individuality of each abstract or actual object) we can
identify ontologically different objects. Hence, it is possible not only to
classify objects, but also to study the essence of their differences more deeply,
and to establish intervals for the values of an object’s characteristics that
confirm the justifiable closeness of a model to the object (system, event,
phenomenon, etc) studied.

In Section 2, an intuitive and a more formal characterization of Isomm
(isomorphisms) and Homm (homeomorphisms) will be presented.

Section 3 will discuss the tacit correspondence between homeomorphisms,
isomorphisms and models.

In Section 4, a discussion of problems and principles related to modeling
will be carried out.

3.2. Homeomorphisms and Isomorphisms

3.2.1. Intuitive characterizations of Homm & Isomm

Two approaches are applied in scientific analysis: from the general to the
particular, or from the particular to the general. Since our analysis in this
section is abstract, it is more convenient to choose the first approach. This
means that we start our discussion from presenting the category of homeo-
morphism – hereafter abbreviated to “Homm” ≡ {hommj}j∈J , as a relation
between two objects (domains, fields) similar in shape, where one object is
chosen to be the original object (OO) and the other is its copy (CO), i.e. is
similar, to an appropriate or satisfactory degree, to the original object.

Intuitively, it is possible to distinguish the following meanings of Homm.

1a) Homm (OO, CO);

1b) Homm (CO, OO)

2a) Homm (CO1, CO2) |∃ Homm (CO1, OO) , Homm (CO2, OO)
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2b) Homm (CO1, CO2) |∃ Homm (OO, CO1) , Homm (OO, CO2)

3a) Homm (F ;CO1, CO2) |∃ Homm (F1;CO1, OO) ,
Homm(F2;CO2, OO), where F ≡ F1

⋂
F2 is a set of functions (map-

pings, correspondences, operators), with the appropriate properties i.e.
fi : CO1−→

into
CO2 or

fi : CO1−→
onto

CO2, F ≡ {fi, i ∈ N}

4a) Homm (F ; R; CO1, CO2) |∃ Homm(F1; R1; CO1, OO),
Homm(F2; R2; CO2, OO).

In the above propositions Homm represents a set of specimen, more
precisely, single form homeomorphisms {hommj}j∈J ≡ Homm, and R is a
set of non-functional relations (for e.g. equivalence, reflexivity, symmetry,
transitivity, connectivity, openness and countability).

In mathematics, one can choose as OO e.g. a given space (topolog-
ical, metric, covering, projective, connective, Banach, Fréchet, Hausdorff,
Hilbert, etc.), ring, group or algebra, and as CO, CO1 and CO2 one can
choose other spaces, rings, groups or algebras.

In the natural and social sciences, as well as mathematical economics, by
OO we often understand actual bodies or systems (e.g. the Universe, Earth,
a gas, animals, oceans, air, a human, heart, human brain, human body,
population of bacteria, virus population, predator and prey population, eco-
systems, economies, markets for goods, financial markets, raw-material mar-
kets). By CO1 and CO2 we understand either appropriately defined sets,
spaces, rings, modules, groups, lattices, algebras or their subsets, subspaces
etc. It is also possible to consider functions, non-functional relations and
mathematical descriptions of their domains and codomains as elements of
CO1 and CO2, i.e. elements of CO1 and CO2 will be models of the original
object OO. Furthermore, maps describing these functions and relations will
be treated as meta-models designed to simplify the classification, interpre-
tation, analysis and formal generalization of models.

Homeomorphism is something more than identity, great similarity, or
sameness in the construction or structure of an object. It must be remem-
bered that strict identity (i.e. isomorphism) of shape assumes that the struc-
tures of CO1 and CO2 are isonumerous (in terms of members, elements),
i.e. the cardinalities of CO1 and CO2 are equal, i.e. ν (CO1) = ν (CO2)
in the case of finite sets, where ν denotes the number of items in a set or
card (CO1) = card (CO2) in the case of infinite sets. In addition, the ele-
ments must be the same in terms of their characteristics, i.e. form, volume,
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color, and shape (from all perspectives). When we fully reject any consid-
erations of the nature or essence of the elements of a set, as is done in set
theory, sets only differ according to their cardinality.

In a mathematical description of objects in the real world, the preferred
use of Homm is as in (3a) or (4a), that is to say that by a concrete hommj ∈
Homm, we shall understand a map (function, correspondence, mapping,
operator, functional or operation), i.e. hommj ≡ fj ,

−→
f j .

In the case of Isomm ≡ {isommi∈I}, by a concrete isommi ≡ ϕi iso-
morphism, we shall understand a more restricted, in properties, function
(or: map, correspondence, operator, operation).

If we possess, not only quantitative information about CO1 and CO2,
but additional, strict qualitative information, then we may also consider
both Homm and Isomm with respect to specified qualitative attributes
and predicates. In general, different Isomm-descriptions with respect to
different qualities do not correspond to each other. It can happen, however,
that a single description is useful to an observer of real systems in the case
of two different research situations, especially when this observer sees OO
as an Isomm-impression. In many research situations, using the less strict
Homm-approach is more conservative than the more strict Isomm-approach
to modeling OO. For example, using a Homm-approach may be treated as
obtaining a similar view to using a Isomm-approach, but from “a moving
ballon, airship, train, car or airplane window” or “at dusk or in fog”.

When we use Homm as a research tool for studying either real world
objects or their mathematical models, we may treat the results of its use as
either an illustration of the links between originals and their copies, or de-
scribe the links between one family of models and another family of models.
Hence, Homm may by interpreted as a display of homeographic pictures or
photographs of the links between OO and CO – whatever interpretation we
give to the elements of OO and CO. Such a display may or may not be in
color. In the case of color displays, we should distinguish between “white-
weak yellow”, “dark bronze-black”, “blue-aquamarine” and “black-white” re-
search situations. The greatest contrast, and thus easiest to identify, is
the “black-white” situation. Such actual or metaphoric situations illustrate
the subtle effects of using Homm. From what has been said, it can be seen
that Homm is likely to be used by realists and Isomm is likely to be more
often used by idealists.

However, both types of research must pay attention to the structure of
the objects studied. We recall that the Homm-concept covers both the
cardinality of OO, CO, CO1, CO2, F, and R, as well as the shape of their
“architecture”.
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When building a model M , we should remember the following rules:
r1) ν (CO) < ν (OO),
r2) ν (CO) < ν (classes OO),
r3) ν (classes CO) < ν (classes OO),

where ν (X) denotes the number of elements or classes in a set X.
It is easy to see that the consequences of fulfilling the individual sets of

conditions (r1), (r1 ∧ r2) and (r1 ∧ r2 ∧ r3) are different. It must also be
added that a numeric characterization of the shape of an object or group of
objects is far more difficult to carry out. However, some appropriate indices
have been proposed in differential geometry.

Summarizing the above, it is worthwhile to note that one of cognitive
roles of the Homm-tool consists of reducing (synthesizing) all the available
information (of primary and secondary importance) about the OO (which is
an actual system or process) into a more concise, compact, conceptually ca-
pacious, essential, more transparent and workable form. Fundamental ques-
tions about what information is more essential with regard to the aim of a
particular study are very complex from the point of view of both empirical
verification and the choice of selection criteria. There are shared – by theo-
reticians and model builders – fundamental interdisciplinary principles, such
as the Aristotelian principle of non-contradiction, the principle of substan-
tiation and principle of sufficient reason, principle of simplicity and clarity.
It suffices to observe the activities of geographers, historians, climatologists
to imagine what it means to construct hommj ∈ Homm. They draw their
maps respecting chosen features of the OO, i.e. regions of the Earth, the
Earth’s surface, mapping chemical and biological characteristics of the Earth
or chosen processes of historical events, climatic features for a country, re-
gion, continent or the whole Earth. Maps, in their everyday sense, may and
will be considered as models of an OO, but appropriate schemes of assigning

(adscribing) elements of the OO
into
−−→
onto

elements of the map will be called

Homm. It means that the creator of a Homm may be considered to be the
creator of schemes of models, the CO, that map the OO being studied or
the creator of research roads or highways. An ideal CO-map (model) should
be identical to the OO.

In economics, sociology and psychology, such models do not exist. It
should be mentioned, however, that geographical maps and atlases are useful
models in our daily travels. The creators of such maps prepare them with
the idea of an ideal map in mind, i.e. a homm-map from the point of view
of chosen features of the OO.
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However, it is possible to consider the following mapping in economics:
hommT : EPL. 80−89 → EPL. 90−10, describing the transformation of the
Polish economy of the period 1980–1989 into the Polish economy of the pe-
riod 1990–2010 as a set of transformations acting on elements of the economy.

It is also instructive to consider an example from the arts. Let us intro-
duce the notation
OO ≡ J. K. Smith from Durham, NC Eva St 2000.01.01,
CO ≡ K. J. Brown’s sculpture of the OO made on 2000.01.01.

The statue, the CO of the OO, might preserve shape, but may either
shrink or stretch the appropriate dimensions of height, breadth and depth of
the OO. The statue, the CO, is treated by observers as a model of the OO.
For Mr. K. J. Brown, however, the statue is the OO and Mr. J. K. Smith
is a model, i.e. CO = M . Note that if the statue, CO, preserves the
dimensions and shape of the OO, then it may be treated by observers and
mathematicians as an ideal model M of the OO, i.e. M := CO := OO or a
concrete isomorphic mapping of the OO onto the CO := M . If the observer
is a painter, then this isomm ∈ {isommj}j∈J is not ideal, since it does not
map the colors of the OO, among other necessary features. He will demand
that the ideal isom ∈ Isomm should preserve the color of the hair, skin,
eyes, clothes, shoes, and even represent in the face of M a state of emotion
in the OO-marble face.

For a chemist or biologist, the marble copy of the OO will not be an ideal
M := CO, even if it satisfies all the conditions that the painter required for
M := CO.

This is the case because the living body of J. K. Smith has a completely
different chemical structure in comparison to his marble statue copy.

Thus, according to a biologist, the painter’s isommp ∈ Isomm is merely
a hommb ∈ Homm, although it is, even for the biologist, a quite acceptable
model M of OO.

For a non-professional observer, if the statue preserves the dimensions
and shape of the OO, it is often considered by him to be an isomorphic
CO ≡ M of the OO, and the whole scheme (process) of the sculptor’s ac-
tions to be an isomms ∈ Isomm.

Note 3.1. In the arts, painters, sculptors, novelists and poets treat real
human beings (individuals observed by them) as models for the objects that
they create. Later, viewers (or readers) treat these “models” as the OO.
Whether, in the eyes of an ordinary viewer, a sculpture is recognized as an
isomm or homm depends on the distance of the viewer from the sculpture
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and this conclusion may differ from the conviction of the creative artist.

Note 3.2. As already stated – in science, there are two meanings of the
term “model”. Firstly, by a model M of a given system or process (real
or unreal), we understand another system or process (real or unreal), i.e.
a CO of the OO. Usually by an “unreal, virtual” system, we understand,
e.g. a mathematical representation (or mathematical model) of the OO,
i.e. CO ≡ mathematical model M of the OO. If by the OO, we mean a
set of one or more mathematical models, then the CO will be another set
of mathematical models or another concrete mathematical model. Hence,
CO ≡ model (s). In such a case, by hommj we understand, e.g. a relation
between: a model M ≡ OO and a meta-model MM ≡ CO, or between
models M ≡ OO and meta-models ≡ CO, where hommj ≡ fj : M →MM .
Thus hommj ∈ Homm is a mapping between the model M and the meta-
model MM . In the case of an isomorphism isommj ∈ Isomm, it is an
isomorphic mapping of M onto MM .

3.2.2. Formal characterizations of Homm

The term homeomorphism was known before it was introduced into modern
mathematics by H. Poincare (1895) in relation to a piecewisely differen-
tiable mapping of subspaces or varieties from Rn. It was also known to
A. Möbius (1863) and F. Klein (1872). Further use of this term appeared
later in D. Hilbert, L. Brouver, G. Cantor, G. Peano, M. Fréchet, F. Haus-
dorff, S. Banach, K. Kuratowski, A. Mostowski, W. Sierpiński, A. Tichonow,
R. Engelking, A. Grzegorczyk, A. Kostrikin, P. Aleksandrow and other
mathematicians and logicians publications. As is well known and stated
in §2.1, it is important to make a distinction between a given, concrete
homeomorphism fj ≡ hommj and a category f of homeomorphisms given
by a set f ≡ {fj , j ∈ J}≡ Hommf (·).

We begin by presenting homm and Homm as a mapping of spaces. The
following definition will be very useful.

D1. A homeomorphism (homeomorphic transformation, mapping, cor-
respondence, function, relation) is a given mapping f , such that

f : O1 → O2,

where O1, O2 are two well defined mapped objects; → denotes a mapping
either into or onto, f is either a given single form of map or given type of
forms, i.e.

f ≡ fjor f ≡ {fj , j ∈ J} .
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Note 3.3. We will hereafter understand the object O1 as a space (e.g. topo-
logical, vector, linear, metric or affine), mathematical field, vector lattice,
semi-group, group, ring, module, ordered class, algebra, algebraic system,
bundle, layer, complex, chain or sheaf. The object O2 denotes the mathe-
matical object corresponding to O1. Let us start with situations in which
O1 and O2 are topological spaces.

D2. For topological spaces O1 and O2, the map f : O1 → O2 is a home-
omorphism between these spaces if f is a bijective (simultaneously injective
and surjective) map and both f and its inverse f−1 are continuous maps
(i.e.f, f−1 ∈ C◦); see: K. Jänich (1984), J. L. Kelly (1957), L. Kantorowitz,
G. Akilov (1984), N. Bourbaki (1964), R. Edwards (1965), A. P. Robertson
(1964), R. Engelking (1976) and K. Kuratowski (1933).
Note 3.4. From Definition D2, it can be seen that the homeomorphism
f ≡ homm maps one topological space O1 into another topological space
O2. This means that these spaces may be different and that, under D2, Oi
does not denote a set of spaces, i.e. that f : (Oi1, . . . , Oim)→ (Oi1, . . . , Oim).
If this is the case, then f = {f1, . . . , fm} ≡ Homm, where m <∞, denotes
a homeomorphism category, which is a finite set (sequence, vector) of home-
omorphisms. If f is only injective, then we have the case of mapping into,
and if f is bijective, then f maps onto.
Note 3.5. When Oi denotes a topological space, then we may choose from
the following: Banach spaces, Fréchet spaces, Hausdorff spaces, Hilbert
spaces, metric spaces, normed spaces, Tikhonov spaces, Bair spaces or ho-
mogenous, vector, anti-discrete, totally regular, extremely non-connective,
locally compact„ sequentially, compact, linear, arc-connective, or affine spaces.
Note 3.6. Instead of O1, O2, many authors use the symbols denoting the
corresponding topological spaces, the symbols X, Y , S, S̃, W, W̃ , E1, E2,
X1, X2, X̃1, X̃2, E, F , G, H, V, W or V1, V 2. Instead of the symbol f ,
the symbols F, ϕ, T, g. Φ, h are also used.
Note 3.7. The following abbreviations of homm and Homm are also used:

O1hommfO2 , O1homfO2, O1HomfO2, O1HommfO2,

O1

(
→
f
O2 , O1

∣∣∣∣→f O2, O1 →
f
O2, O1 →

f

〉
O2

homm (f ;O1, O2) , hom (f ;O1 → O2) , Hom (f ;O1 → O2)

or homf (O1, O2) , Homf (O1, O2)

Note 3.8. From both D1 and D2, a homeomorphism(s) represents(-t) the
similarity or great similarity of only pairwisely corresponding objects. How-
ever, in the case f ≡ (f1, . . . , fm), we have m such pairs simultaneously,
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although these pairs are usually treated separately when checking similarity,
due to the technical complexity of simultaneous comparisons.
Rings can also be used as the objects O1, O2, i.e. sets endowed with the op-
erations of multiplication and addition (see: e.g. Kelly (1957), Lang (1970)).

D3. The mapping f : O1
into−→ O2 of the ring O1 into the ring O2 is

hommf (O1, O2) if f is such that, for a, a′ ∈ O1,f (a+ a′) = f (a) +
f ( a′) , f (1) = 1; f (a, a′) = f (a) f ( a′) , f (0) = 0.
The third kind of object to be considered are modules, for which (see Lang
(1970)) we have the following definition:

D4. The mapping f : O1
into−→ O2 is called O1hommfO2, where O1, O2

are modules over rings or algebraic modules.
Note 3.9. The concept of an algebraic module was introduced into algebra
in the 20-ties of the XX c. to take into account problems regarding algebraic
systems, in particular with respect to a map (a1, a2) 7−→ a1.a2, especially
when this map is from K x G−→

into
G, where K is an associative ring with the

property of unicity and G is an Abelian group.
The fourth kind of object to be considered are semi-groups or groups.

D5. A map f : O1
into−→ O2 is called O1hommfO2, where O1, O2 are

groups or semigroups if f (a1a2) = f (a1) f ( a2)∀a1, a2 ∈ O1 transforms
1O1 to 1O2 , i.e. 1O2 = f (1O1) = f (x) f

(
x−1

)
.

The fifth kind of object represented by O1 and O2 are algebras. In this case,
we have

D6. A map f : O1−→
into

O2 is called O1hommfO2, where O1, O2 denote
corresponding algebras, i.e. algebraic structures with specified operations
and elements.

There are also other useful algebraic objects defined in algebra and other
fields of pure and applied mathematics, e.g. ideals, lattices, layers, sheafs,
clusters, chain complexes. The general scheme of the definition of homm
remains the same as in D1.

3.2.3. Isomorphisms

In §2.2, it was mentioned that a homeomorphism represents the similarity
of the forms of two objects, the CO and OO. An isomorphism (Isomm)
represents the equality of the forms of two objects. In practice, the Isomm
category consists of realistic, natural, documental pictures or images of real
things that are treated as approximations of the original object. Mathemati-
cians and logicians treat such representations as approximate isomorphisms.
As stated in §3.2.1, in reality, an ideal isomm ∈ Isomm creates an exact
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copy of the original object, OO, i.e. a 1–1(one to one) mapping of, e.g.
house1 onto house2. Children’s toys (e.g. cars, tanks, dolls, houses, model
railways) are good examples of approximately isomorphic copies of objects,
COs, (with regard to the original objects, OOs, (i.e. real cars, tanks, girls,
houses, railways), where the COs are shrunk versions of the OOs. While
discussing the concepts of isomm, homm, it was underlined that they need
to be generalized in content or renamed. It was stated that there is a funda-
mental need to take into account features other than the form. These other
characteristics might concern e.g. the chemical, physical and biological com-
ponents of the macrostructure of the elements of the CO and OO, as well as
the microstructure of each element responsible for color, smell, sound, taste,
tactile qualities of objects, and opportunities of connecting and disjoining
particles, parts and elements into live attractive forms. However, from the
point of view of constructing an isomorphism or homeomorphism, enriching
features is not good practice, due to the ambiguity of such a concept. A bet-
ter approach is to define appropriate forms of maps and study their research
utility.

Thus, we may introduce

isometrism – isometronism – as a relation – when all the dimensions of
the CO and OO are equal or as a map between the CO and OO that
preserves all the dimensions of the OO,

isochorism – a relation (map) that preserves equality of the volume (sur-
face area) of the CO and OO,

isochronism – a relation (map) that preserves equality of the period of
motion of the CO and OO,

isomerism – a relation (map) that preserves the spatial structure of the
corresponding elements of the CO and OO,

isostasism – a relation (map) that preserves equality of the equilibrium
states of the CO and OO,

isotachism – a map that preserves equality of the velocities of the CO and
OO,

isopitanotetism – a map that preserves equality of the probability of the
CO and OO being in corresponding states,
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idiodiastemism – a map that preserves equality of the distance between:

• COt & OOt (where COt denotes the copy of an object at time t,
etc.), or

• the centers of COt & OOt, or

• the periodic mean center of COt & OOt, or

• the periodic median center of COt & OOt.

All these “isoisms” can be conjugated (coupled, tripled, . . . ) with the
concept of isomorphism. It is an open question as to what kind of conse-
quences such conjugation would bring about in theory and practice. It is
obvious that finding these consequences is a very attractive aim, not only
for practitioners in many applied fields of science.

When defining an isomorphism – mathematicians most often use such
topological terms as: “topological space”, “metric space”, “vector space”, “lin-
ear vector space”. Some authors simply use “linear space” or “space”. The
following terms are also relatively common: “group”, “ring”, “algebra”, “alge-
braic system”, “module”, “ideal”, “body”, “category”, “lattice”.

Logicians prefer using the terms “objects”, “relational systems” or “math-
ematical field”.

Respecting the approach of going from the general to the particular, we
start with a convenient logical description of isomm. By the field (campus)
of the relation R, we mean C (R) = D (R) ∪ CD (R), where D denotes the
domain and CD is the co-domain. Suppose that there are two relations R1

and R2, and the set of reciprocally unique relations {R1→1}. It will be said
that (see, e.g. L. Borkowski (1977)),

R1isommRR2 ≡ ∃R ∈ {R1→1} :[
D (R) = C (R1) ∧ CD(R) = C (R2) ∧ ∀x, y :

(
R′xR1R

′y = xR2y
)]
,

i.e. the pair of relations (R1, R2) are isomorphic if there exists such a re-
ciprocally unique relation R that assigns the domain of R1 to the domain
of R2. If R1 is isomorphic to R2, then the cardinality of C (Ri) satisfies
ν (C (R1) ) = ν (C (R2) ), and if R : R1isommRonto R2, then (R1, R2) are
relationally identical. This property is often used when preparing geograph-
ical maps or diagrams and engineering plans. The structural position of the
elements in the domain is also preserved.
A more general presentation of isomm concerns ordered systems of (m+ 1)-
tuples. Given the systems S1 ≡< A;R1, . . . , Rm >,S2 ≡< B;R′1, . . . , R

′
m >,
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where A, B denote the sets of relations {R1} and {R′1}, respectively and
preserving the ordering, we may define

S1IsommRS2 ≡ A ∼RB ∧R1IsommRR
′
1 ∧ · · · ∧RmIsommRR

′
m,

≡ ∃R : S1IsommRS2, where ∼ R denotes the isocardinality of the elements
of the sets A and B.

Note 3.10. In S1, R1 may denote a specific function (map, transformation,
operator, correspondence) fi belonging to a chosen class of functions, and
the set A may denote a given space, group, ring, algebra, algebraic system,
module, ideal, lattice, category, body or field.

Moreover isommR ≡ ϕ may itself also be a function (map, transforma-
tion, operator, correspondence, operation) that maps S1 onto S2.

It is also possible to distingnish other representations of isomm, Isomm.
Some of them are given below:

S10 ≡
〈
A; {fi}m1

1 , {αj}m2

1 , {Rk}m3
1

〉
,

S20 ≡
〈
B;
{
f
′
i

}
,
{
α
′
j

}
,
{
R
′
k

}〉
,
∑

mi = m,

S11 ≡ 〈A; f1, f2, . . . , fm−1, Rm〉 ,

S21 ≡
〈
B; f

′
1, f

′
2, . . . , f

′
m−1, R

′
m

〉
,

S12 ≡ 〈A; f1, f2, . . . , fm−2, P (Rm−1) , Rm〉

S22 ≡
〈
B; f

′
1, f

′
2, . . . , f

′
m−2, P

(
R
′
m−1

)
, R
′
m

〉
,

S13 ≡ 〈A; f1, f2, . . . , fm−2, P (Rm−1) , P (Rm)〉 ,

S23 ≡
〈
B; f

′
1, f

′
2, . . . , f

′
m−2, P

(
R
′
m−1

)
, P
(
R
′
m

)〉
,

S14 ≡ 〈A; f1, f2, . . . , fm, 〉 , S24 ≡
〈
B; f

′
1, . . . , f

′
m

〉
.

For these systems of objects, we have the following definitions of isomor-
phisms:

S1iIsommϕS2i ≡ ∃ϕ : S1i
onto−→ S2i, where ϕ is mutually unique bijective

map with respect to {fi}, {P (Rj)},
{
P
(
R
′
j

)}
, Rm, R

′
m and A, B preserve

the operations defined for the objects being mapped, where i = 0, 4.
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In particular cases, these general schemes defining isomm or Isomm,
have particular forms.

J. Dieudonné (1968) takes S1i and S2i to be mathematical structures in
which A and B are groups, rings, vector spaces or Euclidean spaces. For
them, isomm ≡ ϕ is a bijective mutually unique map. For linear spaces
A and B, Postnikov (1979) considers ϕ : A

onto−→ B as isomm when ϕ is a
bijective map.

I. N. Bronschtein et al. (2009) consider the bijective map ϕ : A
onto−→ B

as an isomorphism of algebraic groups or vector spaces A and B.
In his monography on the representations of groups, M. A. Naimark

(1955, 1976) gives many definitions and statements regarding isomorphisms
of groups, rings, topological spaces and topological groups.

C. Kosniowski (1980) and A. Császár (1978), e.g., prefer to treat Isomm
as simultaneous monomorphisms and epimorphisms.

B. L. Van der Waerden (1967) defines an isomorphism between groups
as a reciprocally unique bijection ϕ that preserves the operation of multipli-
cation within groups.

K. Jänich (1984) considers isomm as a bijective map ϕ : A −→
onto

B when

the corresponding f−1 ∈ L (A,B) belongs to the set of linear maps, and
A,B are given topological spaces. He also gives very instructive examples
of homms and isomms (e.g. the map ϕ : t → eit, which is a bijection, but
it is not homm.

In an algebraic compendium, S. Lang (1970) gives a broad, clear overview
of Homm and Isomm categories defined when (A,B) are groups, semi-
groups, factor groups, rings or vector spaces.

D. Przeworska-Rolewicz (1988) defines isomm (ϕ;A,B) as a one-to-one
map ϕ that preserves the ring’s operations of addition and multiplication,
when the rings A and B are commutative – with zero and unit elements
belonging to both A and B.

One interesting possible application gives an order isomorphism. In
W. Archangelski and W. Ponomarev (1974), e.g. we find that the simi-
larity ordering isomm is a map ϕ (A,<)

onto−→ (B,≺) that is monotonic and
mutually unique (bijective), i.e.
∀a1, a2 ∈ A : a1 < a2 → ϕ (a1) ≺ ϕ (a2)∧ f (A) = B ∧ϕ−1 is monotonic.
Using the sets of linear operators L (A,B) ≡ {ϕ}, S. S. Kutateladze

(1983) defines an algebraic isomm ϕ as a linear operator ϕ ∈ L (A,B) that
has a linear inverse ϕ−1 ∈ L (A,B), where A and B are vector spaces, and
ϕ : A

onto−→ B.
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A. Malcew (1970, 1975) defines an isomm ϕ : A→ B, where A and B are
linearly ordered sets, algebraic systems, compositions of algebraic systems,
algebras, modules, rings or spaces: affine, unitary, metric or linear. For him,
the arrow denotes a map either into or onto depending on the assumption
of whether ϕ (A) 6= B or not.

A. I. Kostrikin (1977) considers isomm ϕ : A→ B, where A and B are
groups or algebras.

Uniform isomorphisms, discussed by J. L. Kelley (1957), are more com-
plex constructions. For two topological spaces A and B, a map ϕ : A

onto−→ B
is uniformly isomorphic if ϕ,ϕ−1 ∈ C◦ and ϕ is a reciprocally unique map.

In algebraic geometry (see, e.g. F. Hirzebruch (1966)), A and B may
be bundles over a given topological space. In this case, isomorphisms can
be defined with respect to strata around chosen points.

Some authors (e.g. R. Edwards (1965)) define A and B to be spaces, in
particular topological vector spaces, and isomm ϕ can even be defined as a
linear bijective map of factor space A into an appropriate space B.

One can also define isomm ϕ as A→ B, where A and B are appropriate
sets of points of attraction, sets of points of repulsion – i.e. concepts that
are vital in the analysis of dynamic systems, models of dynamic systems,
including stochastic models of dynamic systems.

For stochastic models or systems, the concept of a measurable space is
fundamental. A. Kolmogorov (1933) used Boolean algebra and the termi-
nology of Borel sets in defining a probability space.

Let (Ω,FΩ) ≡ A, (R,FR) ≡ B, where Ω denotes the set of elementary
events for a random trial, FΩ the Borelian field of all subsets of Ω, R is the
set of real numbers, and FR the Borelian field of all subsets of R. Then
isomm ϕ : A → B will be a map from the measurable space A to the
measurable space B. By probability spaces, he understands the spaces:
S1 ≡ (Ω, FΩ, P1), S2 ≡ (R,FR, P2), where P1 denotes a probability measure
determined on the Borelian field FΩ and P2 is a probability measure defined
on the Borelian field FR, where P1 (Ω) = 1 = P2 (R).

J. Neveu (1970) calls the spaces S1 and S2 probability spaces. The
random variable X may be defined as either

X : S1 → S2

or X : (Ω, FΩ)→ (R,FR) or X : Ω→ R.
A. Bulinski and A. N. Shiryaev (2003) define an isomorphism between

S20 ≡ (R,FR) and S21 ≡ (R01, FR01), where R01 ≡ [0, 1], and FR01 is the
Borelian family of all subsets of the line segment (0, 1).
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Thus ϕ : S20 → S21 is an isomorphism if ϕ is bijective. By introducing
more specific spaces and the random variableX which has a normal distribu-
tion function FX ≡ P2 = ΦN, we sieve the space S2 into S21 ≡ (R,FR,ΦN ),
in particular when FR does not cover all the subsets of R. In this case, the
transformation ϕ : S2 → S21 is an isomorphism when ϕ is a bijective map
of the space S2 onto the space S21 which preserves probabilities.

The above discussion of homm and isomm maps indicates that there
also exists the possibility of treating the random variable X as a homm or
isommmap between the spaces: (Ω, FR) and (R,FR), S1 and S2, when these
spaces fulfill the appropriate conditions introduced in the above definitions
of the homm and isomm maps.

3.3. Homeomorphism, isomorphism and models

It is difficult to overvalue the role of homeomorphisms in theory and practice.
Firstly, they enable us to replace complex mathematical objects (in par-

ticular, models of real systems) by simpler ones.
Secondly, they simplify the classification of real objects, their mathemat-

ical descriptions in the form of models. Thirdly, they make it easier to find
crucial properties of models, as well as methods for analyzing them.

Fourthly, since homeomorphisms preserve important properties of the
systems studied (in particular, orbits), including the properties of finiteness
and commutatitivity, their role in determining the operational principles of
modeling is also crucial. Homm maps preserve the qualitative properties
of specific sets and spaces such as spheres, perfect sets, varieties, sheaves
and bundles.

Isomorphisms preserve properties more exactly and fully than homeo-
morphisms. Their power to preserve is either ideal or, in practice, should be
extremely close to one-to-one.

Before we consider some relations between the Homm, Isomm and
Model categories, it is necessary to recall the hierarchy of objects stud-
ied in science and practice. We describe the hierarchy in scientific research
using a pyramidal structure. This pyramid can be illustrated as follows:
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COIV : meta – models Homm, Isomm

COIII : descriptions of objects, OO, COI and
COII , in the language of mathematics and logic
(e.g. sets, relations, maps, models)

COII : description of objects, OO and COI , in a natural
language

COI : actual man-made copies of OO (e.g. copies of pre-
cious stones, bio-organs, robots, cars, artistic creations, TV-
productions

OO : physical bodies, bio-organisms, the Universe, actual facts, events

Fig. 1. Hierarchy of objects in research.

In this text, we mainly deal with the COIII and COIV levels of this
pyramidal architecture of cognition.

In order to pass on more smoothly to models, we shall use various con-
cepts of functional spaces. Linear spaces with norms are examples of func-
tional spaces. Other examples of functions spaces are:

s1) X ≡
{
x ∈ C◦ [0, 1] x (t) , t ∈ [0, 1] , ‖·‖

}
, the space of functions x,

which are continuous on [0, 1];
s2) X ≡

{
x (t) ≡ t; t = t1, . . . tn; ‖x‖p = (

∑n
k=1 |tk|

p)1/p
}

is an n-dimensional space lpn, p ≥ 1, where the elements of the space are
systems of n real or complex numbers;

s3) l∞ spaces of infinite sequences of bounded real or complex numbers
with x (tk) = tk and norm ‖x‖ = supk |tk|;

s4) the space C (Ω) of x ∈ C
◦

[Ω], where Ω is a compact Hausdorff
topological space, the values of the x –function belong to R or C, and the
norm is given by ‖x‖ = supt∈Ω |x (t)| <∞;

s5) Lp (Ω,
∑
, µ) – the space of linear Banach functions which are degree

– p integrable, p ≥ 1, where Ω is a set,
∑

is the σ–algebra of the subsets
of Ω, µ – a measure in

∑
, so the functions x are

∑
– measurable, such

that
∫

Ω |x (t)|pdµ <∞ and ‖x‖ =
(∫

Ω |x (t)|pdµ
)1/p;

s6) LP (Rn, FRn , PY), where LP (Ω, FΩ, P ) is analogous to (s5), PY the
probability measure of a vector random process Y, FRn the σ - algebra of
the subsets of the set Rn, Ω the set of elementary events, FΩ the Borellian σ-
field of the subsets of Ω, P a probability measure on FΩ, Y : LP (Ω, FΩ, P )→
LP (Rn, FRn , PY);

s7) the Schwartz space of tempered distributions T , i.e. D (Ωk)→ DH is
a space D′ (Ωk) conjugate to the space D (Ωk), where val (T ) ⊂ C1, Ωk is an
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open region of the space Ek, D (Ωk) is a set with pseudotopology C∞◦ (Ωk),
the functions ϕi ∈ D (Ωk), DH is a Hilbert space, T is a continuous, linear
map of, e.g. the form: 〈ϕ, µ〉 ≡

∫
Ωk
ϕ (x)dµ (x) , ϕ ∈ C∞◦ (Ωk) , µ ≡ T,

〈ϕ, δx〉 ≡ ϕ (x) , ϕ ∈ C∞◦ (Ωk) , δx ≡ δ (x− x′) is the Dirac distribution,
〈ϕ, T 〉 ≡

∫
Ωk
ϕ (x)T (x)dx, T is measurable and locally integrable with re-

spect to the measure dx.
s8) X is a modular Orlicz space of functions.

3.3.1. Category of model

Based on the above, we may approach the category of model. Etymologically,
the English word “model” originates from the Latin “modulus”, which meant
“measure, pattern, formula” and passed into Italian as “modello”, as well as
into French as “modéle”. Commonly, it is used in the sense of imitating or
mimicking a chosen object. In the arts, architecture and engineering it is
either an imitation of a real or virtual object, often of smaller size, or an
artistic creation based on some object. Hence, some works of artists may
be thought of as models of some mysterious vision of a virtual OO. It is
obvious that a model is a pattern or formula for something (usually an OO,
COI or COII). Such objects have creators (either non-human nature or
human(s)) and are created at a specific time and place. Discussions and
generalizations regarding the category of model can be carried out at three
levels of inference.

At the first level – replacing the heuristic idea of equivalence, M equiv
V , to the object O by the relation M simil O or M close to O, where “simil”
denotes similar to and “close” denotes the closeness ofM to O is a weakening
of the concept of a model M . However, similarity or closeness is a matter
of degree and may be defined in various ways (topologically, algebraically,
logically). Thus (see J. Gastev) M equiv O requires the transition property,
but M simil O or M close O does not. This means that the meaning of
M in this sense is more flexible. Such a sense preserves the properties
of symmetry and reflexivity ofM and O, but does not preserve the property
of transitivity. Therefore, if transitivity does not enter into the relation
“to be a M ”, since it is not postulated, but is required by the mathematical
definitions of homm, isomm, then this generalisation means that the concept
of closeness or similarity differs from the mathematical meaning of homm,
isomm.

At the second level, a generalization of the concept of a model M may
be formulating M in a way that preserves certain relations satisfied by the
definitions of homm and isomm. Hence, M may reflect generalizations of
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the relations of symmetry, transitivity, closeness, similarity and heritage.
(J. Gastev, e.g. includes generalization via a modification of the property of
symmetry).

At the third level, generalizations of a model may be introduced by
considering the theory of fuzzy or rough sets (see L. Zadeh, Z. Pawlak,
B. Birjukov) instead of classical set theory or topology. Hence, a model M
may be usefully treated as a relation between objects O1 and O2, i.e. O1

model O2 by performing a kind of object identification in research situations
involving fuzzy observation of real life and time. Usually O2 ≡ COI , COII ,
and O1 ≡ OO.

Therefore, a model M may reflect any similarities or simplifications
which occur not only in Platonic-type ontologies. The author shares the
view that M is not only an objective attribute of O, but also a product of
our (in particular, researchers’) modeling practices, experiences, subjective
consciousness and view of the world, as well as, subconsciously, the prod-
uct of the degree of dependence, or independence, between our current life,
sources of finance for research and groups of influence (also within research
circles).

Since homoios means similar, we may treat homm − s, Homm − s
as models or categories of models which preserve the similarity between
OO,COI , COII according to a given definition (see §2).

There are many criteria for classifying scientific models. One of them
is the purpose for which a model will be used. Here, we distinguish be-
tween models for the purpose of simulation and other models. Simula-
tions enable us to learn about unknown features of OO,COI , COII , or
to acquire certain necessary skills in various professions (e.g. pilots, as-
tronauts). When the goal is to develop a method of reasoning and ex-
plain phenomena, then we talk about either deductive-nomological models
of phenomena and events (C. Hempel, P. Oppenheim), deductive-statistical
models (C. Hemple), deductive-economic or deductive-econometrical mod-
els (B. Stigum), inductive-statistical models (D. Dempster, H. Reichenbach),
causal models (E. Nagel), semantic models, syntactic models, mathemati-
cal models, meta-mathematical models, iconical models, potential models,
proper models, language models, empirical versus theoretical models, geo-
metric models, models of economic growth, models of the physical world,
standard versus non-standard models, formal versus non-formal models, ho-
mogenous or non-homogenous models, saturated or non-saturated models,
universal or non-universal models, macro or micro-state models, stable or
unstable models, computable or uncomputable models, simple or complex
models, rigid or flexible models, small or large models, short-run or long-run
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models, models of open or closed systems, linear or nonlinear models, deter-
ministic or stochastic models, learning or self-learning models, neural-nets
or evolutionary models.

Many interesting comments on some of these types of models are given
in J. Barwise (ed.) (1977), A. Tarski (1954), H. J. Keisler (1971), A. Malcew
(1970), J. Woleński (2005), A. Grobler (2006) and J. Gastev (2009).

A. Tarski (1936) introduced the concept of a “model” with respect to the
concept of a “sentence”.

By a model (English translations also use the term “realization”) of a
class L of sentences, we shall mean any sequence of subjects or objects which
fulfills each sentence function (formula) from the class L′ . In this sense, he
proposes to speak about models of systems of axioms in a deductive theory,
i.e. about the axiomatic part of such a theory. Hence, a sentence Si is
implied logically by sentences {Sax,j} ≡ A from the axiomatic part of a
theory T iff each model M A of class A is also a model of the sentence
Si. Thus, there is no concept of a model if the subjects do not satisfy the
sentence, e.g. replacing the constants 2, 3, 5 in the sentence 2 + 3 = 5 by
variables x, y, z, we transform the sentence 2 + 3 = 5 (belonging to the
class L) into the sentence function x + y = z (belonging to the class L′ of
sentence functions).

Thus, for A. Tarski, any sequence {x, y, z}, {a, b, c}, {p, q, r} fulfilling
x+y = z, a+b = c, p+q = r is a model of class L ≡ {1+2 = 3, 2+3 = 5, . . . ,
22 + 23 = 22 · 3, . . . } sentences in a formalized language, e.g. the arithmetic
of natural numbers. This means that he speaks about models not in the
sense of functions, systems of functions or maps, but in the sense of a set of
subjects, which are formally, logically and operationally similar in their role
in sentence formulas.

Therefore, his understanding of a model is here set-theoretic, not in
terms of relational systems, functional analysis or the theory of topological
mappings.

A. Tarski’s second concept of a model (1953) links the concepts of a the-
ory and of being logically valid to general (important) sentences. According
to him, a sentence Sj is logically valid (provable), if it is derivable from
logical axioms or it is fulfilled by a given or all realizations from a given
class of realizations under a formalized theory T which is decidable. The
sentence Sj is logically true, if it is fulfilled for each possible realization of
the theory T . The theory T consists of a set A of logical axioms, inference
operations (of which modus ponens is the most important), non-logical con-
stants C = 〈Co, . . . , Cn, . . . 〉, logical constants Γ = 〈γo, . . . , γm, . . . 〉, where
γi may be e.g. the sign of a logical implication or a quantifier, Ci denotes a
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predicate (relation), operation (function), given individuum, or one or more
members of predicates and their possible logical consequences. The sentence
Sj is a consequence of the set A if it is fulfilled in TR, i.e. by all possible
realizations of the theory T , where TR ≡ 〈U,Co, . . . , Cn, . . . 〉, U is a univer-
sum of the system TR. A. Tarski calls any possible realization TR of T for
which all of the valid sentences of T are fulfilled in TR a model MT of the
theory T .

We shall use the following definitions:

DT. By a theory, we mean

T ≡ 〈A,Γ, C, Sθ, Skθ〉 ,

where A,Γ, C are defined as above, Sθ is a set of T -theses, Skθ is a set
of sentences in the theory T , which are not treated as theses.

DRT. By a realization TR of the theory T , we will mean

TR ≡ 〈A,Γ, CR, Sθ,R, Skθ,R〉 ,

where CR, Sθ,R, Skθ,R are concrete realisation-specific forms of C, Sθ, Skθ.

DMT. By a model MT of the theory T , we mean MT ≡ MTR ≡ TR for
which

Version a) all Sθ,R are fulfilled in TR,

Version b) all Sθ,R are fulfilled in T ,

Version c) all Sθ,R & Skθ,R are fulfilled in TR,

Version d) all Sθ,R & Skθ,R are fulfilled in T .

Definition DMT shows that the concept of a model is not unique. The
versions (a)–(d) are not disjoint.

The following sentences may be included in the set Sθ,R:
Ex 1. Consider linear statistical models M0, M1 based on statistical

theory T , where the model M1 is more reductive and

MT0 ≡ 〈A ,Γ, Cp, Rn×k
∑

,
∑
R

,Y =Xβ+ε,

Eε = 0, Dε = Ω,X ∈ Rn×k, β ∈ Rk,
∑

= (Ω,FΩ, P ) ,
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R = (Rn, FRn , PY ) denotes definitions, lemmas and theorems, respectively,

concerning functions defined on elements of MT0,MT1 >;

MT1 ≡M0 ∧ ε ∼ N (0,Ω) ∧ νX ≥ 100,

where: ε denotes a random vector, N– the gaussion distribution, E–the ex-
pectation operation, D–the variance–covariance operation, Rnxk–the set of
matrices of real numbers X with n rows and k columns, Y :

∑
→
∑

R

a mapping of the probability space
∑

into the probability space
∑

R , Ω
a set of elementary events, FΩ (or FRu) is the Borelian-field of the sub-
sets of Ω (or FRn), P (orPY ) a probability measure on FΩ (or FRn); νX =√
λmax (XTX) /λmin (XTX), λmax (λmin) are the maximal (minimal) eigen-

values of the matrix XTX. Note that under M1, PY = FY , where FY is the
distribution function of the normal probability distribution.

Ex 2. (the case of a mathematical model of space-dependent, multi-
species interactions)
MT0 ≡

〈
Nα,

∑
,
∑

R , Ṅ (t) = g (α,∇N,V,N, x, y, t, α, β, γ, k, ε), Eε=0,
Dε = Ω; k, α, β ∈ R2, t ∈ R+, x, y ∈ R),

∑
,
∑

R and further elements as
in MT0 in Ex 1〉,
where: Na is the set of natural numbers; α, β, γ, k are constant at time t,
and g (·) is as defined below:

∂N1 (t)

∂t
= div (α1∇N1 (t))− div (V1 (t)N1 (t))− σ1 (x, y, t)N1 (t) +

+β1N1 (t)

(
1− N1 (t)

k1

)
− γ1N1 (t)N2 (t) +ε1 (t)

,

∂N2 (t)

∂t
= div (α2∇N2 (t))− div (V2 (t)N2 (t))− σ2 (x, y, t)N2 (t) +

+β2N2 (t)

(
1− N2 (t)

k2

)
+ γ2N1 (t)N2 (t) + ε2 (t) ,

where Ni (t) denotes the number of prey (i = 1) or predators (i = 2) at time
t, in a given region of space, div (α1∇N1 (t)) denotes the level of dispersion of
the population, div (Vi (t)Ni (t)) is the displacement of a population in space,
σi (·) ·Ni (t) denotes the induced mortality rate of individuals in species “i ”,
βi stands for the growth rate of the population of species i, i = 1, 2, and γi is
the predation rate, which affects the population sizes, N1, N2, of the species
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of prey and predators, εi describes a random disturbance in the speed of
changes in the numbers of prey and predators caused by factors not included
in the model (for a biological motivation of this specification, see the paper
of R. C. Sossae, et al, 1999).
MT1 ≡

〈
Na,

∑
,
∑

R , Ṅ (t) = g (as in MT0 except that (1−Ni (t) /ki)

is replaced by
(
N i −Ni (t) /ki

)
and (Eε = 0, Dε = Ω) by ε ∼ N (0,Ω)),

otherwise the form of the model is the same as for MT0 in Ex. 1〉.
Similarly to Ex. 1, the model MT1 from Ex. 2 is more reductive than MT0

in Ex. 2 “will be” our sentence Sj,θ ∈ Sθ,R.
Note 3.11. Models of capital markets and a discussion of their relations
were presented by W. Milo in W. Milo, et. al (2010).

Ex 3. (J. R. Lagrange’s type models of the motion of one body)

MT0 ≡
〈
R3, A,C2,mr̈=F+Z,

Z =
2∑
i=1

λi∇gi (·) , gi (x, y, z, t) = 0, i = 1, 2, gi ∈ C2, t ∈ R+

〉
,

where A denotes the set of Galileo-Newton axioms of motion,
C2 – is the metric space of scalar, twice differentiable functions gi (),
R3 – three-dimensional Euclidean space,
m – constant mass of the body,
r̈=∂2r (t) /∂t2, r (t) = (x (t) , y (t) , z (t))T – is the vector denoting the spatial
location (position) of the body,
F – total force acting on the center of mass of the body,
Z – force of reaction equilibrating the body,

gi (·) = grad gi (·) = (∂gi/∂x, ∂gi/∂y, ∂gi/∂z)
T ,

λi ∈ R – Lagrange multiplier, i = 1, 2 (constant with respect to time)

MT1 ≡
〈
R3, A,C2,mr̈ (t) =F (r (t) , ṙ (t) ∈ B (0, 1) , t)

+Z
(
r, t, gi (r (t)) ∈ B (0, 1/2) , gi ∈ C2, t ∈ R+

)〉
,

where
ṙ (t) =∂r (t) /∂t,

B (0, 1) denotes a ball with center at 0 and radius equal to 1.
It can easily be seen that the model MT1 is a reduction of the model MT0.
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3.4. Principles of and problems related to modeling

When considered as mathematical structures, models are similar in their
status to the relation between musical notes (signs, symbols) in a musical
score to the recreation of music by an artist or group of artists. The structure
of the musical score is only an approximation of a performance of live music.
It is important to underline that models can be used to study the functioning
of real world systems, processes, events and courses of events. By “to model”,
we usually mean to imitate, pattern, shape, describe or forecast.

R. Thom (1977) and M. Heller (2006) clearly distinguish between various
attitudes to modeling. One approach, seen in the works of Gallileo Gallilei
and I. Newton, is pragmatic and consists of formulating computable models
of physical phenomena. The second is shared by Cartesius and Leibnitz and
consists of efforts aimed at explaining phenomena, their ontological essence
and describing fundamental ideas and their relations. For R. Thom, the
spectacle of the Universe lies in an unceasing motion of the births, develop-
ment and destruction of various forms of objects. Scientists usually assume
that the form of objects is relatively durable. Concepts of models are needed
to analyze the behavior of such objects in space and time. Here, a model is
meant as a way of selecting such shapes that are relatively durable in space
and time from the “sea of forms”. Such models capture the shape of the
object modeled, but do not capture its substantiality, individuality or struc-
ture. For a formalizable phenomenological process P , if we can effectively
define a bijective map Φ – a mapping of the formal system F for evaluating
forms into its original counterpart, then we may say that we have built a
formal model based on a map Φ. The map Φ has to fulfill two conditions:
1) each state Sa of Fa may be parameterized by the set {sa} of sentences of
the formal system F ; 2) if the state evolves from Sa→ Sb, then the state Sb
may be described by a set {sb} of sentences of the formal system Fb, where
{sb} can be deductively inferred from {sa} within Fb. So P, F,Φ are such
that Φ−1 transforms a time sequence of results in P into a logical result of
F . Such a model can thus translate a succession of states in a time sequence
of forms of objects into logical inference from sentence sets within a given
formal system, i.e. model M . According to such a model, we have more
than Hume’s succession of phenomena. Such a model does not assume de-
terminism. Many consequences can follow from {sa}, e.g. {sb}1, . . . , {sb}m,
and there can be multiple predictions from a model.

In any formal model, there should be kinematic and dynamic parts.
The description of the kinematic part should cover the states of P using
sentences from the formal system. The description of the dynamic part
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(evolution of the state) should use implication sentences from within the
formal system.

When using multi-valued systems of logic the description of the dynamics
should use sentences describing the probabilities of transitions from states
{Sa} → {Sb}. In the case where all these probabilities are equal to 1, these
are deterministic models. The principle of Leucipos and Democrit that “no
matter ever originates without a cause, but always do from a sufficient and
necessary condition” and the axiom that “the only real things are atoms
and vacuums” are successfully used in the modern physics of elementary
particles, as can be seen in successes in: technology, computational tools,
experimental methods and tools, mathematics, logical calculus, the natural
sciences and modeling. These successes lie in the use of formal continuous
and discrete models of P–processes. Modern physics, chemistry, biology
the engineering sciences and interdisciplinary science are full of theoretical
and practical models. The social sciences, economics, and the philosophy of
science also use a wide range of models as tools of analysis. In these fields,
models are used either as tools for describing and explaining phenomena,
or as tools for prediction and decision making. Some modelers use them as
tools for analyzing processes. Other users may use them more often as tools
for forecasting or as descriptive and explanatory tools.

The principles of modeling imply the necessity of selecting appropriate
models. On the other hand, given models require selecting the corresponding
principles of modeling. In turn, the choice of a model depends on the re-
search aim and is also OO specific, including the accuracy to which OO can
be observed. These interrelations show the complexity of the dependence
between OO,COI , COII , COIII , models of OO,COI , the aims of modeling,
problems related to modeling and the principles of modeling.

The aims of model building can be as follows:

• reflecting, imitating or creating an image of the original or copy objects
OO,COI ,

• verifying or falsifying a theory,

• measuring the states of phenomena, processes and systems, both real
and virtual,

• interpreting and explaining empirical, experimental measurements of
the states of processes, systems and other research or real life objects,

• discovering regularities in the behavior of observed processes and sys-
tems,
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• discovering critical (extremal) behavior of systems and processes,

• recognizing the causes of observed states, as well as regularities and
irregularities in processes or systems,

• recognizing causal relationships between the elements of OO,COI , as
well as between states of processes, systems, nets of events or bundles
of processes,

• discovering new technologies, technical goods, tools, consumption and
investment goods,

• discovering new uses for known goods or tools,

• deepening the analysis or creating a synthesis of known theories in a
given field,

• initiating, carrying out complex modeling studies via simulation, i.e.
multiple use of a model in its initial form or an adapted form,

• using models to forecast the states of processes or systems, or the form
of their dynamics,

• using models in decision making processes.

These aims leads to various models and the use of such models leads to
different problems regarding modeling and principles of modeling.

Among the problems regarding modeling, we may distinguish the follow-
ing:

• which models preserve the relative durability of the form ofOO or COI?

• which models preserve the minimal number of important features of
OO or COI , apart from shape?

• which models preserve the maximal number of important features of
OO or COI , apart from shape?

• which models preserve the minimal number of important features of
OO or COI , including shape?

• which models preserve the maximal number of important features of
OO or COI , including shape?

• how can we guarantee that a model has qualities such as:
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– calibrativity,

– clarity,

– correspondability to OO,COI ,

– durability in reflecting the forms of OO and COI ,

– elasticity of reaction to changes in the form of OO and COI ,

– homeomorphicity,

– isomorphicity,

– preservation of the shape, structure, proportions, substance, car-
dinality (of the elements) of OO and COI ,

– reflexivity, representability, robustness,

– stability, especially structural stability,

– transparentability, translationability,

– unifiability,

– great conformity (closeness, consistency) to OO and COI ,

– user friendliness in research, forecasting or decision making,

– ease of “taming” a model (becoming familiar with the model, com-
putational simplicity of the model in itself and in applications,
ability to gain a sophisticated understanding of the studied ob-
ject)?

It is easily seen that it is impossible to formulate an ideal model that
has all of these qualities. We will be lucky if we can build a model which
possesses a few of them.

There are tacit and subtle relationships between the aims of model build-
ing mentioned above, the quality of the model built, problems regarding
modeling and the principles of modeling.

Among the aims of model building, we can distinguish:
a1) explaining causes, the functioning of systems and the relations be-

tween causes and effects of events, processes or phenomena (real or virtual):
a2) forecasting (predicting) future events, processes and phenomena, as

well as the functioning of systems;
a3) simulations based on the models built, in order to gain a better

understanding of the detailed properties of these models or to grasp real or
quasi-real experimental knowledge about the qualities of models treated as
pictures of the real or virtual world;

a4) decision-making.
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The qualities possessed by models are connected to, if not specific, to
these aims. What are these qualities? In common language, models can be
described e.g. as very good, good, average, bad or very bad. When assessing
a model, one should, however, take other qualities into account, such as:

q1) the degree to which the aims of model building are fulfilled (aim
fulfillment);

q2) the degree to which a model can solve a given problem (potential
for problem solving);

q3) the degree to which the principles of modeling are fulfilled by the
model constructed (fulfillment of the principles of modeling);

q4) the robustness of a model to changes in the elements or structure of
a model;

q5) the level of stability and elasticity of a model with respect to oper-
ations or their elements and structures;

q6) the degree to which a model corresponds to the objects modeled;
q7) the level of simplicity of a model in its form and use;
q8) the degree to which a model covers the appropriate domain of sci-

entific theory;
q9) the level of originality;
q10) the level of practicality.
The aims and qualities possessed by a model depend on the problem be-

ing modeled. Such problems are generated by particular practical problems,
cultural needs, the needs of scientific research, production needs, the need
for political power. Examples of such problems (questions) are:

t1) how do cancer cells come into existence?
t2) are non-equilibrium states of physical systems the most significant

causes of changes in the forms and structures of Nature?
t3) how can the set of critical values of state parameters be practically

adapted and used in order to optimize chemical processes?
t4) how should a space rocket be designed in order to fly to Venus?
t5) how should robots be designed in order to pilot space-vehicles within

and outside the solar system?
t6) how should economic policy be designed in order to steer an economy

and avoid economic crises?
t7) how should election processes and the political system be designed

in order to be fair with respect to all social groups and enable continuous
growth in the economic and social sphere while minimizing disturbances?

From the above discussion, the aims of modeling, principles of modeling,
problems related to modeling and qualities (characteristics) of models have
tacit connections.
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There is probably no good set of principles for modeling which is consis-
tent with all of these aims, problems and qualities. It is, however, possible to
find good, if not the best, principles for modeling according to the problem
being modeled and the aims of modeling.

What are the principles of modeling? As mentioned above, the principles
of modeling depend on the subject of the model, the aims of modeling, the
type of model used and its characteristics.

The general principles of modeling are as follows:
p1) to seek universal truths of Nature,
p2) conformity of a model with a given theory,
p3) conformity of the principles of creating (selecting) a model with the

principles of formulating a theory,
p4) conformity of model selection with empirical data,
p5) conformity of model selection and studies with a data sampling gen-

erator (DSG),
p6) conformity of the principles of model selection with the principles

of selecting a DSG,
p7) conformity of selected principles of simulation (for a given model)

with the principles of modeling,
p8) conformity of the goals of simulation with the goals of modeling,
p9) keep modeling until your model is a homeomorphism and as close

to an isomorphism as possible,
p10) when modeling ensure that the simulars (copies) are close to the

simulanda (original objects) while the simular remains as simple as possible,
p11) when modeling preserve such properties as: equivalence of the

model to the OO (original object), similarity of the model to the OO, ro-
bustness of the model (reflexivity, symmetry without transitivity, partial
ordering),

p12) keep, if possible, Leibnitz’s principium identitatis indiscernibilium,
and, at least partially, the identization principle (i.e. the principle of pre-
serving equivalence, identity, conformity, isoformity, non-extinctiveness),

p13) when modeling try to preserve the heritage of information and
ensure computability of the model,

p14) ensure that it is easy to understand models and interpret them,
together with their results,

p15) be cautious when evaluating the results obtained from modeling
and adapting a model,

p16) try to select such models that achieve the chosen aims of modeling
and properties of the model, while reflecting the nature of the subject being
modeled.
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p17) be creative in model selection and verification and search continu-
ously for an ultimate theory and its model.

These principles can only be fulfilled to a certain degree, both according
to the number of principles satisfied and the degree to which each is satisfied.
We should, however, attempt to fulfill them to the highest possible degree.

3.5. Final remarks

The content of this chapter makes a formal basis for the chapters 4–10. The
included definitions of Homm, Isomm, M, T may have more particular forms
in concrete empirical applications. Practitioners can use a scheme of model
aims, qualities, principles of modeling given in Section 3.4 that are more
extensively discussed in the next Chapter 4.
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Chapter 4

On models and modeling

Summary

This chapter contains a brief, specific account of topics connected with con-
ditions for constructing successful models and applying them successfully.
It develops discussion given in Chapter 3. As it will be shown, the concepts
‘model’, and ‘modeling’ are very complex and capacious. They vary, some-
times significantly, in their meaning in different disciplines of science and
the arts, as well as according to the type of human activity or profession.
The basic thoughts, notions, ideas and concepts, used herein are well known
from the English language literature on the subject. We hope that impor-
tant new results, first published in other languages, have been absorbed by
researchers using English as their medium for communication. Some of the
thoughts and results presented here seem to be novel.

Keywords: model, kinds of models, modeling, principles of modeling

4.1. Introduction

There is a vast literature (in many languages) concerning models and mod-
eling. Most articles, conference papers and books on the subject are devoted
to problems related to modeling that are encountered in everyday life. These
problems include the practicalities of constructing, testing and using models.

The meaning and form of a model varies according to the field of science
or the arts, as well as the domain in which the model is applied. A model
may take the form of a mathematical expression (e.g. an equation or system
of equations), a graphical scheme representing the connections between the

129
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abstract or physical objects being studied, a picture or sculpture of a real
object, or a micro-scale copy of a physical object, such as a car or ship. In
science and the arts the objects being modeled can be real, fictional, mental
or virtual. The following are types of object that can be modeled: abstract
ideas and concepts, empirical or abstract theories, real systems and their
behavior or changes in space and/or time, as well as virtual or artificial
worlds.

This chapter will discuss certain important ways of understanding the
concepts of model and modeling. In some cases, the author has reshaped
the form and content of the definition of a model and the problem addressed
by a model and discussed the consequences of these changes.

In Section 2, we present some results of our analysis of the essence of a
model. Twelve fundamental questions concerning models are posed. A brief
discussion of these questions is carried out both in this section and in the
further text.

Section 3 contains a description of a categorization of models. This
categorization is constructed according to four criteria.

Section 4 presents the results of a brief analysis of the factors that deter-
mine the variety of principles and methods of modeling. It should be noted
that these factors are preceded causally by factors that influence human ac-
tivities and goals in general, and the process of modeling and its goals in
particular. This list of factors is certainly not exhaustive, but it is quite
extensive with respect to the literature cited here.

Section 5 contains a description of some chosen problems of model build-
ing and modeling in economics. The problems in this field are very complex
and only partially solvable. We refer to these ideas in applying A. Smith’s
theory of the causes of the wealth of nations – to describe economic growth in
Poland in the transition period 1993–1998. This section also includes some
comments on the specificity of constructing and using models in economics
as a scientific discipline and in practical decision making within large corpo-
rations or central banks. The list of unsolved problems should be interesting
to economists.

4.2. The essence of models

It is worthwhile to remind the reader that the essence of a thing means the
most fundamental, important, significant, true, necessary, persistent and
constant properties of the thing. This indicates, therefore, that these prop-
erties are not secondary, accidental, random or coincidental.
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Note 4.1. It follows from the meaning of the word ‘essence’ that a modeler’s
aim should be to search for essential models.

It is astonishing why the notion ‘theory’ has been so popular in use
from the time of the classical Greek philosophers, but the accompanying
concepts of modeling and model were waiting to be invented for such a long
time and only really developed in the XX c. Does the rapid progress in
technology in the XX c. in itself give sufficient explanation of this fact,
in particular considering the inventions of the radio, television, computer,
Internet, photocopier, digital printers and cameras, tablets, smartphones
etc.? Certainly, these modern tools have enabled the use of models and
modeling to spread rapidly both lexically, as well as in making and realizing
decisions. Another factor which partially explains the rapid spread of models
is the enormous level of use of scientific tools (to which models and modeling
also belong) in all domains of human activity in the XX and XXI c. A
third factor determining the rising popularity of models and modeling is
the growing power of media journalists, and internet users addictive use of
the virtual internet world rather than the real physical world. As it will be
seen later in the text, the complexity and usefulness of models and modeling
are important constraints. This feature is particularly underlined by theory-
oriented scientists.

Another feature of the literature on models is the use there of many kinds
of models with increasing formal, semantical and semiotic complexity, in or-
der to increase the impression of scientificity. In mathematics, mathematical
logic and logic this feature is natural and necessary. The most advanced for-
mal definitions of concepts (including the concept we are analzying here, i. e.
model) were first proposed in mathematical logic and mathematics. Later,
this extended to theoretical physics, logic and engineering. Quickly, the
concept of model became indispensable in applied and theoretical physics,
chemistry, astronomy, astrophysics, biology, economics, informatics, philoso-
phy of science, medicine, biophysics, biochemistry, biometrics, chemometrics
and econometrics. The language and methods of modeling have recently be-
come very fashionable in psychology, sociology, political science and even in
religious studies.

In order to structure further discussions and presentations, let us consider
the following fundamental, essential questions:
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4.2.1. Fundamental questions

q1. What are a model’s aims?

q2. What are a model’s objects?

q3. What is a model?

q4. What is a model’s domain?

q5. What is a model’s co-domain?

q6. What forms of model are there?

q7. What kinds of model are there?

q8. What are the means for realizing a model’s aims?

q9. What are the criteria for evaluating a model?

q10. Does model selection depend more on the modeler’s preferences and
skills or on the user’s preferences, needs and skills?

q11. Which methods or principles of modeling are necessary and which are
sufficient for successful modelling?

q12. Which methods of modeling are most popular among economists and
why this is so?

To keep the length of this text reasonable, we will give relatively brief
answers to these twelve questions. Hopefully, the answers will be suitably
instructive and concise, as well as deepen the ability of modelers to construct
and apply models.

From a quick comparison of the questions in the set {q1, q2, . . . , q12},
we can come to the following conclusions:

• questions 10 and 12 are linked directly either to modelers or the users
of models,

• questions 1 to 9 deal with the notion of model either directly (q3, q4,
q5, q6, q7, q8) or indirectly (q1, q2, q9),

• question q11 is linked to both modelers and the users of concrete mod-
els, as well as with the knowledge of modeling accumulated in the form
of papers, books and manuals.
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More detailed, though succinct in form, answers will follow under the
appropriate labels Ad q1, Ad q2, . . . , Ad q12.

Ad q1. The aims of a model will here be identified with the ways in which
a model can be used. Thus models can be used in many roles.
q1a. Models as tools or devices for recognizing:

1) physical things (natural or man-made) features,

2) words or expressions of natural or scientific language of particular profes-
sions, arts, artificial languages, the importance of language in the inter-
pretation of a model’s findings, including natural, scientific and artificial
language, the terminology of particular professions and the arts

3) the suitability of concepts, ideas and mental worlds presented in novels,
poetry, paintings, sculpture, films, songs, music, video-clips and video-
games;

4) the validity of the rules, principles and methods of modeling inherent in
a model’s form and content;

5) the validity of theories, truthness, falsity, consistency, coherence, decid-
ability, completeness, decisiveness, verifiability, describability, cognitiv-
ity, predictability, informativeness, usability in terms of solving real prob-
lems, closeness to reality, reach of description and explanation, flexibility
with respect to anomalous changes in the objects of the theory, robust-
ness of conclusions and predictions.

Note 4.2. The last two items are especially important in research.

q1b. Models as aids (tools) to improve the quality of:

1) the understanding and observability of modeled objects, their description,
prediction, as well as the potential for decision making,

2) the results of modeling and theorizing,

3) recognition of the properties of models and theories,

4) recognition of domains and co-domains of models and theories,

5) recognition of statistical patterns in real and experimental data,
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6) the level of precision of scientific and non-scientific discussions about
events, states, phenomena and processes in Nature, as well as about ab-
stract concepts and ideas, models, theories, including possible, virtual
and mental worlds,

7) the precision of words and expressions used in natural or scientific lan-
guages,

8) popular and scientific knowledge about the causes of atypical actual
events, states and phenomena of Nature, the economies of particular
countries or geo-politics,

9) conducting experiments that increase our knowledge about the physical
or conceptual world,

10) exploration of recorded data aimed at detecting trends, cycles, irregu-
larities, atypicalities,

11) applied methods of modeling, prediction ex ante, decision-making, con-
trol,

12) argumentation about the need to improve education in metrology, and
the need of clear communication between data providers and data users
(analyzers, describers, explainers, prediction-makers, decision makers).

Note 4.3. Points 1, 2, 3, 4, 6, 7, 8, 9 and 11 are especially important to
theoretically oriented researchers. Empirically oriented researchers should
be more concerned with points 5, 10 and 12.

q1c. Models as:

1) links, joints, tiers, intermediaries, mediators, connectors, bridges and as-
sociators between the objects modeled and observational data, modelers,
users of models, assessors of models, traders of models.

Note 4.4. In these roles, a model aims at: linking, connecting, joining the
objects to be modeled – where the quality depends on a modeler’s skills
– either to each other or connecting these objects to modelers, robots, sen-
sors or simulators (which consist of computers, programing packages, the
goals of simulation). When the objects are persons in the role of subjects
of research, models serve as intermediaries in the research process by en-
abling the formulation of the study’s aims, or as a basis for evaluating and
classifying the subjects or as a basis for the evaluation of data quality.
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q1d. Models as:

1) detectors of changes,

2) verifiers of changes,

3) interpreters of changes.

Note 4.5. Changes may appear in the form and context of concepts, ideas,
in the structure of the model or the objects modeled, or in the conditions
regarding the space-time invariance of the objects modeled, as well as in the
scope of the skills of modelers to observe and predict and the skills of both
modelers and users of the model to evaluate, together with their habits and
ideology.

q1e. Models as:

1) displays of modelers’ motives, aims, abilities and skills,

2) descriptions of objects’ roles, essence and environment,

3) explanations of causes and effects of changes, as well as of objects’ status
and evolution in time,

4) predictors of changes in objects in time, space or form,

5) basis for fantasy games,

6) tools for decision making.

Note 4.6. The first role is recognized and stressed by psychologists and
artists. The second, third and fourth roles are particularly respected by re-
searchers and educators in the formal natural sciences, as well as economics,
management and sociology. The fifth and sixth roles of models are preferred
by practitioners in many non-scientific professions.

q1f. Models as:

1) hybridization of several models or their parts, and coupling data to suit-
able theories,

2) ad hoc fits to anomalous data.
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Note 4.7. In both of these roles, models aim to unite, align, order and trans-
form such classes of entities as data, known opinions, convictions, common
and scientific knowledge, and research habits. By virtue of the complexity
of social and economic systems these roles are particularly well suited to re-
search in sociology, social psychology, political economics, economic history
or the behavior of political parties.

q1g. Models as:

1) ingredients of the basis of investigations into artificial intelligence, basis
of inventions,

2) prototypes of robots, sensors or machines.

Note 4.8. Such models are constructed and used in engineering, informat-
ics, modern transportation and telecommunication systems, including cos-
monautics.

q1h. Models as:

1) devices to ease the reasoning process, write papers, monographies, text-
books, manuals, and even commercial advertisements or practical
guides/expert assessments.

2) source of creative activity and enjoyment for modelers.

Note 4.9. Both of these roles correspond to the activities of either modelers
or experts who know the properties of these models.

In the above discussion of the aims of modeling, we either directly or
indirectly referred to the objects of models. We may classify the objects of
models as follows (the symbol denoting each one is given in brackets):

Ad q2.

q2a. objects of a physical-chemical nature (Obphc-s),

q2b. objects of a biological nature (Obbio-s),

q2c. human beings (Obhb-s),

q2d. objects from the fields of physics and chemistry (ObPhC-s),

q2e. objects from the field of biology (ObBio-s),
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q2f . objects from the social sciences (ObSS-s),

q2g. objects from linguistics and informatics (ObLI-s),

q2h. objects from the fields of mathematics, mathematical logic and logic
(ObMMLL-s),

q2i. objects from the fields of engineering and technology (ObET-s),

q2j. objects from the fields of economics and management (ObEM-s),

q2k. objects from the field of medicine (ObM-s),

q2l. artistic objects (ObArt-s).

Other classifications of objects are possible. They may be more detailed or
less scientifically oriented. In general, objects are either real and physical
(see the categories denoted by q2a, q2b, q2c), or abstract, artificial and men-
tal (such as q2g, q2h, q2l), although they can have features of both of these
traits. However, it should be stressed that within the first triad of categories
the set of common designates sharing common physical-chemical elements
or particles is not empty. The same can be said about the set of abstract
concepts with common semantic content.

Using the symbols denoting these categories of objects, we may formu-
late the following remarks: Each Obgi , i = 1,mi, g ≡ phc, bio, hb contains
(is built from) the same basic particles of matter. Every Obgj , j = 1,mj ,
g ≡ LI, MML,Art, includes, in turn, abstract, fictitious symbols in writ-
ten form or as a real, physical sound form with a direct or indirect corre-
spondence to all other groups of objects. Objects belonging to the groups
q2d, q2e, q2f, q2i, q2j, q2k are objects from the fields of particular sciences.

Thus, letting q2p, p = a, b, . . . , l, denote the set of objects in group
p, we may assume that for many p 6= r, p, r = a, b, . . . , l, the intersection
q2p ∩ q2r is not the empty set ∅. Moreover, when p, r = g and g =
d, e, f, i, j, k, the intersections of sets q2p ∩ q2g and q2r ∩ q2g are not
empty. The same can be said about the intersection of sets q2h ∩ q2h′ ,
where h, h′ = d, e, f, i, j, k, due to the diffusion of methods and modeling
into interdisciplinary science and fields of knowledge, as well as fashionable
approaches to research topics, methods, models and theories.

It is also worthwhile to classify the objects of models according to crite-
ria regarding the general methodology of science or concepts characterizing
human activities and their products. Hence, using such criteria, we may
categorize the objects of models as follows:
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Q2a. theories of systems (i. e. real, abstract, fictional or virtual systems),

Q2b. real-actual phenomena and processes, fictional-virtual phenomena and
processes,

Q2c. theories of empirical or abstract processes,

Q2d. benchmark models or theories,

Q2e. real bodies and systems,

Q2f . real life plans, projects and designs, programs of a technical, economic
or socio-political nature,

Q2g. solving tasks and problems: systems of equations, games, conflict,
forming a system for cooperation or competition, realizing an invest-
ment program, numerical solutions, forming a sculpture or small scale
prototype,

Q2h. motion in transportation systems (buses, trains and airplanes), pro-
duction systems, functioning of a company or corporation,

Q2i. legal acts, rules, codes, legal systems, socio-political systems, safety
systems (internal and external), economic-financial systems, health-
care systems, education and research systems,

Q2j. processes of measurement, prediction, simulation, decision making
and realization, capital accumulation, goods production, division of
goods, exchange and circulation of goods, market segmentation,

Q2k. rationality and efficiency of decisions: political and economic deci-
sions at the level of local and central government, assigning workers
to positions within an organization, dividing tasks among staff and
monitoring the degree to which tasks are realized.

Note 4.10. According to this classification, objects belonging to the groups
Q2a, Q2c, Q2d are abstract in form, although in content they also deal
with reality. The objects in groups Q2b, Q2e − Q2k are, in turn, strongly
related to the real life problems of individuals, workers, owners of capital,
politicians, those ensuring security and all types of managers.

The answer to the following question: “What is a model?” is particularly
important to modelers, as well as the users and assessors of models.
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Ad q3. The answer to this fundamental question is connected with inter-
preting the essence of the concept of a model. Such an interpretation is
carried out from the point of view of the form of a model and the semantic
content contained in its designates and predicates. Based on the literature
cited at the end of this chapter, models may be categorized into the six
following groups:
q3a. A formal set, structure or ideal acting as a concrete or general example,
reference, summarizer, verifier, referee of the:

1) validity, suitability, truthfulness of axioms, assumptions, sentences, rules
of reasoning, rules of modeling, rules for evaluating a model, rules for
evaluating the consequences of the assumed structures and ideals on the
quality of the description of the abstract and real objects modeled;

q3b. A map, mapping, transformation, transformate, homomorphism, iso-
morphism, correspondence, operator, relational system, relation or function;

Note 4.11. The interpretations of a model given in q3a and q3b are for-
mal. Their formality originates from the form and content of the terms
used, which have fixed meanings in mathematics and mathematical logic.
These terms are also very popular and have similar meanings in physics,
engineering, biometrics, econometrics, chemometrics and informatics. The
growing importance of interdisciplinary research, internationalization of re-
search programs and the ease of access to old and new results of studies (both
theoretical and practical, though not all free of charge) thanks to the Inter-
net have made it possible to speed up the diffusion of the concepts given in
q3a and q3b to such disciplines of science as: chemistry, biology, economics,
management, operations research and games, and even medicine, sociology,
psychology, the philosophy of science and history.

q3c. One or a collection of objects acting as a representation of objects
which can be modeled, of transformed objects, the essence of Nature, human
constructions, sets of utterances, propositions or sentences being a part of a
theory;
q3d. A well structured source or repository of empirical information (i.e.
measurement data, facts about natural phenomena, socio-demographic or
economic data, filtered empirical data),
q3e. A model based simulator (containing a model, computer program, In-
ternet or network application) that enables data grouping, data processing,
data mining, data analysis, data interpolation or extrapolation, data approx-
imation, simulations, the graphical representation of data and interpretation
of data (statistical data and data from simulations);
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q3f. A representer (representation) or realization of a theory; copy of a
theory; artifact of a theory or the structure of a real or abstract object;
invariant of a theory, bearer (carrier) of a theory’s meaning, representation,
validation, truthness, falsity or causality; a theory’s truth-maker, referee,
interpreter or refuter.

Note 4.12. It is worthwhile to recall that we use the following interpreta-
tion of the word “essence”. By the essence of a word, concept, notion, idea,
sentence, model or theory, we understand their semantic and logical con-
tent and form that contain the most important, necessary, highly preserved
properties of the objects represented by these expressions. The interpre-
tations q3c− q3f state that the essence of a model is reflected in its very
significant practical features connected with modeling, theorizing, data gen-
eration, model-based simulation, model testing and searching for the causes
of events and processes.

We treat these classifications of models’ aims and objects, together with
the brief remarks about the essence of models, as important, if not indispens-
able, ingredients of knowledge about models and modeling. This knowledge
may be extended by suitable use of the concepts of a model’s domains and
co-domains.

4.3. Domains and co-domains of models

In further discussions, it would be practical to use symbols to denote certain
important structural elements of models. To begin, let
D ≡ DM ≡ D(M) ≡ Dom(M) denote the domain of model M ,
CD ≡ CDM ≡ CD (M) ≡ Co −Dom(M) denote the co-domain of model
M ,
W denote the world (set, collection, complex, universe of things),
Wm denote the set of material (real, physical) objects existing at a given
time and place,
Wnm denote the set of non-material (non-physical) objects,
∅ denote the empty set, ∩ the intersection and ∪ the union of sets,
W ≡Wm ∪Wnm, and W 6= ∅, Wm 6= ∅, Wnm 6= ∅, Wm ∩Wnm = ∅.

We further split the setWm into the setsW lb
m,Wnlb

m of physically existing
(at a given time and place) living beings (lb), and non-living beings (nlb).
Obviously, Wm = W lb

m ∪Wnlb
m , W lb

m 6= ∅, Wnlb
m 6= ∅, W lb

m ∩Wnlb
m = ∅. The

set W lb
m includes really existing (living): human beings, other animals (liv-

ing on the Earth or in the sea), insects, bacteria, 1-cell beings and viruses.
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The setWnlb
m contains physically (really, factually) existing non-living beings

such as: metals, fluids, other chemical solutions, atoms, particles, physical
goods produced by humans, large bodies of matter (such as comets, plan-
ets, stars and stellar systems). The set Wnm covers groups of elements that
are treated as non-material (non-physical). These include such objects as:
words, concepts, ideas, propositions, sentences, connectives and other enti-
ties of natural or artificial languages formed by humans. The following are
more advanced objects of the setWnm: abstract lemmas, theorems in math-
ematics and logic, abstract models and theories, collated knowledge stored
in the form of papers, articles, textbooks and monographies. The following
also belong to Wnm: poems, novels, paintings, sculptures, songs, works of
classical music (symphonies, operas), ballet or theater performances.

Remark 4.1. The inclusion of certain objects in Wnm is discussable. The
objects of, e.g., poems and novels may be fictitious heroes and characters
that do not exist physically or materially in the Wm-world. However, char-
acters may be based on persons factually existing in Wm. Although phys-
ically performed (printed, painted, sculptured, sung, played) pieces of art
are engraved in a physical matter, they have immaterial conceptual content
from the point of view of modeling and theorizing. With some reservation,
one can accept the view that the content of objects contained in Wnm is
recorded (memorized) in the physically existing brain of a concrete person
belonging toW hb

m and takes the physical form of occupied brain cells. In this
case, abstract notions in the non-material world have a representation (copy,
counterpart) in a physical form. Hence, objects of art existing in a physical
form belong to Wm and thus one can accept that Wm ∩WArt, ph.

nm 6= ∅.
It should be stressed that there is no unique way of understanding the

concept of the domain of a model. The clearest interpretation can be found
in mathematics and mathematical logic. If a model is of the form

1. M ≡ (y = f (x) , y ∈ R, x ∈ Rk, f : Rk → R),

then mathematicians say that
D (M)

def
= Rk or D(M)

def
=
{

x ∈ Rk
}
.

The co-domain is defined as
CD (M)

def
= R or CD(M)

def
= {y ∈ R}.

The suitability of f means that application of f guarantees the existence
of y ∈ R. This definition of a model suggests the following simple postulate:

2. M : Φ(D (M)) → Φ(CD (M)), or Φ(D (M)) → Ψ(CD (M)), Φ = Ψ
or Φ 6= Ψ,
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which holds for all models, where Φ(D (M)) is the set of the features of
objects chosen to define the domain, and Φ(CD (M)) or Ψ(CD (M)) is the
set of features of these objects to be explained (modeled) by the features
Φ(D (M)).

Another, somewhat unclear, case occurs when we link models to theories.
Suppose that we define a theory T def

= {internally connective theorems or
laws}. The domain of the theory T can be defined as follows:

3. D(T )
def
= {the elements (objects) of the system S described by the

theory T, where S is the set of objects in the system, together with
the time period covering the existence or investigation of S and the
features P1, . . . , Pm of the objects}.

More attractive, especially to the users of models, is the general, highly
intuitive and qualitative statement that:

4. D (M)
def
= the non-empty set of values or features of all the entities

(arguments) of model M , where the arguments may be variables or
parameters of the formal relations of M , or the logical values of sets
of axioms, premises sentences, encountered in M .

Definition 4 is free from any dependence on T and assumptions regarding
the spaces of the values of the arguments.

How should CD(T ) and CD(M) be defined according to Definitions 3
and 4? The follow are useful definitions of CD:

3a. CD(T )
def
= the set of utterances, propositions, sentences, theorems and

forecasts of the future features p̂1, . . . , p̂m of S-objects;

3b. CD(M)
def
= the set Cn(AM ) of conclusions resulting from the axioms

of the model M , AM , and empirical data.

More precisely, as a background, we now use the definitional scheme for a
mathematical theory as represented by Expression 3 in Section 3 of Chapter
10 in this text (“On theories and theorizing”). Using this expression, we may
formulate the following structure for defining mathematical models:

5.
M (Tm) ≡ (Lm, Mν ,Lm, M, Lm, Mo , IRm, M,DEFm, M,Am, M,

Cn(Am, M), Θm, Mα̂Pm, M,ECm,M).
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It would be practical to assume that:

Lm, Mν ⊂ Lm,ν ,Lm, M ⊂ Lm,Lm, M0 ⊂ Lm,0 , IRm, M ⊆ IRm,DEFm, M 6= DEFm,

Am, M 6= Am,Cn(Am, M) 6= Cn(Am,),Θm, Mα̂Pm, M 6= Θm,α̂Pm,

ECm,M 6= ECm.

In the above statements, the bold letter M written as a superscript de-
notes a model or family of models. The other symbols have the same meaning
as in the cited text. The relation between the sets given above signifies that
the languages used by models are narrower (less rich) in words, connectives
and semantic content. The list of inference rules used for models is at most
as numerous as the list of such rules for theories. The corresponding lists
of definitions, axioms, their consequences, theorems, proofs and evaluation
criteria for models and theories are assumed to be different.

Based on Definition 5, we define

5a. D(M(Tm))
def
= Tm

5b. CD(M(Tm))
def
= (DEFm, M, Cn(Am, M),Θm, Mα̂Pm, M) .

Hence, novelties in definitions, the consequences of the axioms used in
M, as well as new or modified models and theorems are taken to be the CD
of M(Tm).

It would be epistemically interesting to trace which aims, objects, essen-
tial qualities, domains and co-domains of models are most associated with
the groups of models discussed below.

4.4. Kinds of models

There are many criteria for classifying models that can be found in the
literature given at the end of this chapter. The first classification to be
considered is based on the ontic status of the modeled objects, that is to say
the matter out of which these objects were or are formed or built. According
to this criterion, we may classify models into the following groups.
(ck1): CD(M) oriented classification

a) models of solid form bodies composed of physical-chemical matter,

b) models of fluids (gas, water),

c) models of biological beings,
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d) models of human beings,

e) models of the means of human communication, including:

• models of natural languages,

• models of artificial languages,

• models of the languages of scientific disciplines,

• models of artistic languages,

• models of professional languages,

f) models of the production of physical goods, products created by human
beings,

g) models of the human mind, ideas and concepts,

h) models of previously or now presently existing phenomena, processes and
states,

i) models of fictional, virtual phenomena and processes.

It is easily seen that modeled objects Ŵm from the groups a, b, c, d,
and f belong to the previously defined set Wm ≡W lb

m ∪Wnlb
m . Modeled ob-

jects Ŵ (h)
nm from the group h are characterized by physical or environmental

processes in space and/or time: processes describing particular individuals
or groups of individual living beings or describing non-living material ob-
jects. Analyses of these processes provide research material for formulating
suitably justified properties of the objects belonging to Wm. Modelers who
do not believe in the possibility of finding the factual causes of the states
the objects studied, or of successfully inferring causes from observed events,
phenomena and processes, treat only the group of models (h) as acceptable
research tools. Thus, since they do not strive to discover the essence of the
things studied, they are non-essentialists (phenomenalists).

The second class of models described in (ck1) includes groups e, g and i.
The modeled objects Ŵ (e,g,i)

nm belong to the setWnm and include components
of languages of any type, abstract concepts and ideas, as well as abstract
mental phenomena or processes. Some of them, e.g., objects from science-
fiction may come to exist as real objects and thus become members of the
set Wm or Ŵm.

The second criterion for classifying models is based on academic disci-
pline. In this way, we may define the following classes of models.
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(ck2): kind of scientific discipline oriented classification

a) models of objects analyzed in physics and chemistry,

b) models of objects analyzed in biology, biophysics and biochemistry,

c) models of objects analyzed in medicine and psychology,

d) models of objects analyzed in mathematics,

e) models of objects analyzed in mathematical logic and logic,

f) models of objects analyzed in engineering and informatics,

g) models of objects analyzed in econometrics, sociometrics and psychomet-
rics,

h) models of objects analyzed in economics, sociology, psychology and po-
litical science,

i) models of objects analyzed in philosophy, history, arts and religion,

j) models of objects analyzed in pedagogy.

In classical and medieval times, science was practiced either by relatively
rich persons or talented persons from the low income class selected by them,
mostly in Europe. The Renaissance, Enlightenment and French Revolution
speeded up the progress and division of science into many disciplines, es-
pecially into the so called natural sciences. This process of division was
particularly spectacular in the XX c. There are further subdivisions of the
disciplines considered above. These are sometimes too detailed and possibly
restrain the accumulation of knowledge, due to a small number of researchers
trying to synthesize the detailed results of investigations. These phenomena
result from the great pressure of market forces (including mass education at
the undergraduate and postgraduate level in many of the world’s countries),
competition between big corporations (including multinationals), govern-
mental and parliamentary decisions about the financing of science and edu-
cation. To illustrate these tendencies to subdivide, we present the following
divisions of the subject of economics: microeconomics and macroeconomics;
descriptive and mathematical economics, econometrics; theoretical and ap-
plied economics; managerial and financial economics. Finally, it can be
easily observed that finance, by definition belonging to economics from clas-
sical times, due to the growing power of the banking system in the economy,
is treated by financialists as a separate discipline. The same tendencies of
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subdividing can be seen on the part of people dealing with accounting and
the organization of economic units. Summing up, we stress that based on
this classification by discipline, there is recognizable interdisciplinary over-
lap between the groups a-g, f-h and i-j. Examples of models which combine
knowledge from other combinations of disciplines can also be easily found.

The third criterion according to which we classify models is based on the
type of theories which the models represent (via various means of research)
or the type of reasoning used in the formulation of a theory and the features
of a theory. According to this criterion, we can distinguish between the
following types of model:
(ck3): type of modeled theory classification

a) inductive, deductive, reductive and abductive models,

b) descriptive, explicative and predictive models,

c) intuitive, sublimative, advanced and formal models,

d) static and dynamic models,

e) true, false and possible models,

f) epistemic, doxastic, scientific and non-scientific models,

g) holistic and partial models

h) categoric, modal, deontic, fuzzy and possibilistic models,

i) deterministic, probabilistic and stochastic models,

j) verifiable and non-verifiable models,

k) theoretical, applied and pragmatic models,

l) simple and complex models,

m) consistent, complete, coherential and decidable models,

n) robust, non-robust, stable and unstable models,

o) old and new models,

p) exact and approximative models,

q) cognitive, epistemic and operational models,
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r) causality, non-causality, dependency and independency models,

s) factual (actual), artificial, fictional and virtual models,

t) typical, atypical and fetish models,

u) valid, proper, improper, invalid, suitable and justifiable models,

v) optimal control, optimality, non-optimality and almost optimality mod-
els,

w) rational and irrational models,

x) models describing experiments, models defining simulation procedures.

The classifications a, c, e, f, p, q, r, w, u and x are based on the methods of
reasoning used in the formation of theories. The classifications b, g, l and
x are based on the aims of models (and theories). Models of the types d, j,
k, i, m, n, o, s and t are based on features related to how theories and their
models are analyzed and evaluated. Models of the type g are based on the
scope of a model and generality of a theorem.

Theoreticians will use conventions for constructing models related to
the classifications a, e, f, g, h, i, j, k, m, n, p, r, w, u. Practitioners use
conventions based on the remaining categorizations.

The last, fourth, criterion for classifying models used here is the defined
aim when constructing a model
(ck4): aim of model classification

a) general use models,

b) specialist use models,

c) practical use models,

d) permanent use models,

e) temporary use models,

f) models used for exploration,

g) analytic models,

h) models of pattern recognition,

i) models used for experimental studies,
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j) models for forecasting,

k) models for decision making and realization,

l) models aimed at extending cognizance, knowledge and skills,

m) models aimed at improving individuals’ skills in modeling and theorizing

n) models creating fun and enjoyment.

This classification is not exhaustive. A more complete one should take
into account the list of possible aims presented earlier. The one presented
above only briefly underlines a few features of the uses of models that were
not so highlighted by the previous list of aims.

4.5. More specific forms of models

The previous sections of the text referred to possible forms of constructed
or formulated models. We start with analytic mathematical models. The
most commonly applied objects in this discipline are functions. Therefore,
there are as many models as there are types of functions. We may thus, f.ex.
discern:
Analytical mathematical models

• model of a continuous, absolutely continuous function,

• model of an analytic function

• model of an algebraic function,

• model of an integrable function,

• model of a cyclometric function,

• model of an elliptic function,

• model of a wave function,

• model of a Green function,

• model of a Hamilton function,

• model of a Lagrange function,

• model of a Laplace function,
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• model of a Riemann function,

• model of a complex function.

There are many more types of functions whose models are analytical
in form. When we want to underline the geometric shape of a function’s
image, then the simplest division is the one distinguishing between linear
and nonlinear models. Besides these forms, in other disciplines, the following
forms of models are considered:
Other specific forms of models

• models expressed in logical form,

• models expressed in the form of drawings (figures, pictures),

• models expressed in the form of symbolic diagrams,

• models in the form of paintings,

• models in the form of sculptures (in stone, metal),

• models in the form of metallic constructions,

• models in the form of video disk recordings,

• models in the form of prototype consumer or investor goods,

• models in the form of genetically modified plants,

• models in the form of genetically modified animals,

• models in the form of genetically modified bacteria, viruses.

It is not difficult to observe that mass use of the objects obtained ex-
perimentally based on the last five groups of models (which belong to the
set of objects Wnlb

m and W lb
m) has brought unexpected (sometimes harmful)

results in people’s lives. It has also worsened the economic conditions of
some people in less developed economies.

The classifications of models described above enable us to draw the fol-
lowing conclusions:



150

• sets of modeled objects {Ob-s} are the setsW = Wm∪Wnm or the fea-
tures, properties of W -elements, W -structures, or W -sub-structures,

• there exists M : W → Ŵ , where Ŵ are the properties of a model in
the case of formal models, formal relations in M , or physical copies of
original objects from W ,

• there exists a correspondence (mapping) M : D(M)→ CD(M),

• it often happens in modeling that we treat some elements of Wm or
Wnm as models of other elements taken from Wm or Wnm. This is not
the case when elements of Ŵ are treated as properties of elements of
W .

In the next section, we will present a discussion of the problem of search-
ing for optimal or near optimal models.

4.6. Modeling and principles of modeling

In further discussions, we understand “modeling” as being a process carried
out by humans which satisfies certain conditions. It would be instructive to
present such processes in an algorithmic form. Thus, the process of modeling
comprises the following groups of actions:
grups of modeling actions

a) gathering data or materials,

b) investigation, classification or reclassification of data or materials,

c) data pattern recognition, forming lists of objects to be potentially mod-
eled, in practice in the role of determinants or effects of determinants,
i.e. D(M) or CD(M),

d) forming an initial version M0 of model M linking D(M0) to CD(M0),
i.e. D (M0) M0 CD(M0) or M0 : D(M0) → CD(M0) or CD (M0) =
M(D (M0)),

e) testing, by the use of specified evaluation criteria (EC), the empirical
and/or theoretical validity of M0,

f) temporary acceptation or rejection (refutation) of M0 using the results
from (e),
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g) additional studies of the features of M0 (by practical use, by simulation
based on M0),

h) updating data and materials, adapting the lists of Wm, Wnm, D (M0),
CD(M0) and features Φ (D (M0)), Φ (CD (M0)) to this new information,

i) reconstruction or respecification ofM0 toM1,D(M0)→ D(M1), CD(M0)
→ CD(M1), Φ(D (M0))→ Φ(D (M1)), Φ(CD(M0))→ Φ(CD (M1)),

j) testing the validity of M1 according to the EC, and checking the robust-
ness of M1 by simulation,

k) deciding whether to accept or to refute M1,

and further we need to repeat actions as above until some criterion for
stopping is fulfilled.

Note 4.13. In the above scheme of actions, we omitted the dimensions of
time and space. Strictly speaking, they should be reflected in the notation
(e.g. M0 (t0), D(M0 (t0)), M1 (t1), D(M1 (t1)) ). If t0, t1 denote months or
quarters, then the composition of Wm(t1) and Wm(t0) or W (t0) and W (t1)
may change. It should also be added that the assumed structures of D(M)
and CD(M), and the form of M vary from one modeler to another (even
for fixed t).

In choosing a successful modelM , the role of the modeler is crucial. Thus
the success of a modeler depends on his abilities and experience in modeling,
on his actual knowledge of the subject being modeled, on his skills, desires,
needs, will and propensities, as well as on his professional and social status,
together with the technical and financial means he possesses.

To some degree, everyone is modeling (forming) something. Their ac-
tivities concern not only imitating observed objects, but also creating new
objects, e.g. new physical objects, words, utterances, meals, social ties.

In general, the results of the process of modeling and the principles
applied depend on the following factors (the lower subscript cc denotes a
concomitant (within M) object):
factors of the quality of modeling

f1) the physical properties of studied objects belonging to Wm and Wm,cc,

f2) the physiological properties of studied objects belonging to W lb
m and

W lb
m,cc,

f3) the physical structure of Wm-objects and Wm, cc-objects,
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f4) the degree of observability, cognizance and explicability of Wm-objects
and Wm,cc-objects,

f5) the degree to which the essence ofWnm-objects, Wm-objects andWm,cc-
objects are understood,

f6) the degree of attainability of purposeful forms of physical objects in Wm

and Wm,cc,

f7) the degree of transformability of W -objects and Wcc-objects,

f8) the degree of decomposability of W -objects and Wcc-objects,

f9) the degree of complexity of W -objects and Wcc-objects,

f10) the detectability of structure in single objects and in groups of them,

f11) the degree of analyticity of abstract theories,

f12) the magnitude or scale of W -objects and Wcc-objects,

f13) the relative share of qualitative and quantitative components in formal
models and theories,

f14) the possibility of obtaining repeatable reconstructions of modeled ob-
jects and concomitant (in modeling, models) objects,

f15) the duration of an objects’ existence,

f16) the intensity of the modeler’s passion and endurance, as well as desire
for perfection in modeling,

f17) his will and desire to learn new methods of modeling that use new
technical means,

f18) his openness to new trends in modeling approaches,

f19) a modeler’s keenness of understanding of an objects’ features, roles,
uses, mysteries,

f20) a modeler’s endurance in the intensive, often highly repetitive, process
of collecting sufficient data and checking their quality,

f21) his degree of respect to the principles of modeling,

f22) a modeler’s abilities to convince owners of large capital to finance mod-
eling projects,
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f23) a modeler’s capacity to prepare good facilities and technical assistance
for modeling,

f24) a modeler’s engagement in promoting modeling and teaching how to
model,

f25) creating positive opinions about the potential of modeling among in-
fluential decision makers.

According to the above classification, some of the factors are not con-
trollable by modelers. These include factors f9, f12, f15. The other factors
are more or less controllable. Factors f1-f3, f16-f20 refer to the effects of
the personality and drive of a modeler which modulate the intensity and
scale of the effort invested in modeling. The conditions for objectively ob-
serving research objects are reflected in factors f4-f8, f10-f11, f13-f14. The
last five factors, f21-25, characterize the conditions for research, including
the financial resources for research possessed by a modeler, and the research
atmosphere existing in the appropriate country.

These factors determine, to a large extent, the results of the process
of modeling, that is the cognitive, explicative, predictive and operational
achievements obtained by using the resulting model. The role of the prin-
ciples of modeling have not been discussed by us directly. Obviously, this
role is either seen and used directly (according to specified principles) by
many experienced modelers, or unconsciously, indirectly used by modelers
with a great intuition for modeling or by those who can use the experience,
remarks or recommendations of other modelers.

There are many texts in the literature dealing with the topic of the prin-
ciples of modeling (see the literature cited at the end of this chapter). The
importance of these principles varies from one discipline to another (a brief,
partial discussion of this is given in, e.g. M. Eronen (2015), T. Bartelborth
(2016), I. Peschard (2011), N. Fillion and R. Corless (2014), E. Kummer-
feld and D. Danks (2014), J. W. Romeijn and O. Roy (2014), A. Spanos
and D. Mayo (2015), and Chapter 3 of this volume). For econometricians,
economists, financialists, managers and statisticians, the following list of 60
modeling principles (in short: mp) should be, we hope, both interesting and
instructive.

The list contains the following principles:
modeling principles

mp1) a modeler should be accountable for the quality of his model,

mp2) a modeler should respect and use suitable rules of abstraction when
searching for appropriate forms of model M ,
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mp3) a modeler should use the modeling rules which he knows best from a
theoretical and practical point of view,

mp4) the accuracy of ex post and ex ante prediction based on the model
should be high,

mp5) the lists of entities inWm, Ŵm, Ŵm,cc, Φ(Wm), Φ(Ŵm) and Φ(Ŵm,cc),
as well as Wnm, Ŵnm, Ŵnm,cc, Φ(Wnm), Φ(Ŵnm),
Φ(Ŵnm,cc) should be appropriately adapted to the data available,
where Φ denotes features, ˆdenotes modeled objects, Ŵm the set of
modeled material objects and Ŵm,cc the set of concomitant material
objects included in the model M ,

mp6) attention should be paid to ensuring the adaptability of a model to
changes in the forms and significance of the objects being studied,

mp7) care should be taken in choosing suitable methods of modeling and
technical facilities, in order to achieve the given goals of modeling,

mp8) adherence to modeling rules which are promising or effective,

mp9) use various well-known materials and tools, including the use of atyp-
ical data, to check a model’s robustness,

mp10) when adjusting a model’s form, remember not to lose its interpreta-
tive value,

mp11) define a system of indicating problematic regions of D(M), CD(M),
to ensure the robustness of M ,

mp12) prepare a sufficiently good algorithm describing the modeling pro-
cess,

mp13) in scientific modeling take into consideration both intuitive, as well
as, analytical approaches,

mp14) prefer data-anchored models to overly doxastic theoretical models,

mp15) prefer technology-oriented epistemic aims to ancillary aims,

mp16) anticipate difficulties in modeling connected with the poor quality of
observational data, modeling methods, the specific form of M ,

mp17) be open to checking antithetical hypotheses, axioms, assumptions,
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mp18) take care about the suitable form of appearance of objects connected
with M ,

mp19) use many approaches in the choice of D (M), M , CD(M), D(T ), T ,
CD(T ), where T denotes a theory,

mp20) place high importance on model M producing small errors in ap-
proximation,

mp21) pay serious attention to arguments refuting M , M(T ) or T ,

mp22) maximize the number of hypotheses and forms of the model that
have been verified,

mp23) respect an appropriate balance of the share of modeled and con-
comitant objects and their features according to the following binary
classifications:

• qualitative, quantitative,

• non-observable, observable,

• random, deterministic,

• non-verifiable, verifiable,

mp24) take into account the basic perceptions, opinions and ideas proposed
by other modelers,

mp25) put more faith in the sincere confirmation of a model’s validity than
in its supposed potential,

mp26) base your modeling practice more on calculations than waiting and
seeing what objects “tell”,

mp27) do not cheat yourself by using canny methods to attract celebrity
while ignoring the main community of modelers,

mp28) do not capitulate in searching for the best model,

mp29) do not present your model as the only means of providing competitive
forecasts in a diverse range of scenarios,

mp30) ensure your model’s compatibility, comparability and capacity to
represent the features of objects well, as well as the ability to gen-
erate new models of Wm, Wnm and preserve the clarity of semantic
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interpretations, both of the model’s elements and their correspondence
to reality, together with a model’s internal coherence with the studied
W and avoidance of ambiguity,

mp31) take care that your constructed models are: consistent, coherent,
complete, determinable, interpretable (both semantically and formally),
epistemically valuable, verifiable (with respect to W , Φ (W ), T (W )
and T (M (W ))) and balanced with respect to the qualitative and
quantitative features Φ(W ) of the objects W , as well as M(Φ (W )).
The model should give accurate approximations of real processes and
conclusions based on T (W ) which are compact in form, flexible to
changes in the form or scale of W , Wcc, credible (empirically and
theoretically), admissible (logically, mathematically, empirically, com-
putationally, cognitively, theoretically and epistemically), as well as
being sufficiently concise and concrete (also comprehensible, comple-
mentary or competitive to existing and still unrefuted models or the-
ories),

mp32) take care that the results of your modeling represent the properties of
empirical data well (such as symmetry, monotonicity, patterns of data
cyclicity, asymmetry or patterns of data synchronicity, diachronicity,
changes in and coincidence of signs of the estimates of the param-
eters of a model and the signs of estimates of the correlations be-
tween appropriate explananda and explanans variables corresponding
to these parameters, the patterns of the sensitivity of data structures
with respect to the results of such operations as scaling, translation,
standardization, orthogonalization, orthonormalization, grouping, re-
duction and interpolation),

mp33) preserve the equality of numerical invariants of empirical data, and
the corresponding invariants of modally generated data (predicted or
simulated data), where invariance is taken with respect to the results
of the seven kinds of operations mentioned above,

mp34) aim to fit, approximate or extrapolate the data as well as possible, or
at least recognize and explain the processes or mechanisms governing
the phenomena represented by the data gathered,

mp35) aim to give the most probable explanations and accurate predictions
of the features of the objects modeled,

mp36) aim to give the most robust explanation and prediction of changes
in the features of objects,
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mp37) aim to give the best description (and explanation) of W , Φ(W ),
T (W ), T (Φ (W )) from the point of view of how understandable a
model is to its users or evaluators,

mp38) aim to make the best possible use of existing theories,

mp39) aim at perfect use of the rules of induction, deduction, reduction and
abduction,

mp40) aim at the best use of the principle of limited confidence in the quality
of the data and effects of their use in empirical investigations,

mp41) build or formulate decomposable models that make it easier to dis-
cover important factors and enable improvement,

mp42) construct models which are empirically reliable and can be used on
many occasions,

mp43) be adaptable in cases where the results from modeling are unsatis-
factory or the following are inappropriate: methods of observation,
ways of measurement, methods for estimating the parameters of the
model, means of classifying the objects W , Wm, Wm, cc, Wnm and
Wnm, cc,

mp44) adopt the research chain: empirical modeling at actual time ta, em-
pirical theorizing at ta + τ1, theoretical modeling at ta + τ2, empirical
modeling at ta + τ3, where ta, τ1, τ2, τ3 denote suitable time limits,
differently placed in different research projects,

mp45) prefer well elaborated and verified models to fashionable models,

mp46) be cautious about verifying the epistemic validity of a counterfac-
tually robust invariance relation between the explanandum and ex-
planans factors (due to the epistemic difficulty of differentiating be-
tween factors),

mp47) treat the significance and validity of the invariance relation between
a given statistical property of the sample set studied and a change in
the structure of this set in a careful manner,

mp48) prefer a strategy of fixing computational-algorithmic measures of the
robustness of the modeling process rather than random-walk methods
of estimating this robustness,



158

mp49) select the model that best fulfills the modeler’s chosen aims,

mp50) select the model that best recognizes the true causes of the modeled
objects,

mp51) select the model that best represents as many important (also new)
properties of the modeled Ŵ , Ŵm and Ŵnm as is possible, and as few
wrongly recognized properties as is possible, as well as minimizing the
number of unrecognized features of the objects studied,

mp52) try to respect all reasonable knowledge about the modeled object and
any concomitant objects, especially constraints on information, the
applicability of the model to prediction, and simulations conducted
on the basis of the chosen model,

mp53) construct a valid model which is constantly verifiable (empirically,
formally, experimentally, computationally, descriptively, explicatively,
predictively ex post, ex ante, operationally in practice, controllably,
manageably, by simulation) and adjustable (under appropriate timing
and adaptation rules) according to the assumptions made, which takes
into account the influential-confounding factors affecting qualitative
or quantitative changes in the objects modeled.

This list of the above 53 principles for modeling reflects many views and
opinions, of active modelers (of whom I am one), users and evaluators of
models, philosophers of science, as well as some leaders of many disciplines
in science and the arts. It is obvious that no modeler can use all of these
principles simultaneously. Nobody can be an expert in all of the methods
of modeling developed due to natural limits on one’s life time and the need
to keep up with the ever increasing number of new techniques, facilities and
methods. These constraints mean that there are restricted possibilities of
assigning, before starting the modeling process, the right methods and prin-
ciples to the chosen objects of study, and there exists a rather long learning
process about the attributes of objects, due to the usually imprecise results
of measurement, and observation in general. The choice of suitable princi-
ples in a concrete research study will depend on the relevant discipline of
science or art, chosen aim of research, chosen kind of object to be stud-
ied, experience and modeling skills of the modeler, the quality of data, the
planned time-span for modeling, and financial constrains on research.

The last three principles, mp51-mp53, generate many important ques-
tions, which should be answered by modelers. These are as follows:
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q1) how to include, within a modification of a model, the most impor-
tant findings resulting from new data, fact-based control of objects, analysis
of the final model, conclusions about changes in the structure of W , Wm,
Wnm, Wm,cc, Wnm, cc, and attributes Φ (W ) , . . . ,Φ(Wnm,cc), conclusions
about the results of experiments based on the model M , results of method-
based control of data quality, changes in Φ(M), Φ(T ), together with changes
in Φ (W ) , . . . ,Φ(Wnm,cc), and possible changes in predictions, methods of
simulation and the results of their use;

q2) How important is the model M , i.e. what is the degree of model M
with respect to the following:

• representativeness of the results of modeling achieved according toM ,
in describing, explaining and predicting the modeled objects Ŵ , as
well as the changes that are taking place in Φ(M) and Φ(W );

• robustness to changes in the data structure, influential results of ob-
servations, as well as the methods of model estimation and prediction
used, or the methods of simulation and optimal control;

• how well the model fits the data and the accurateness with which the
features of objects are described, explained and predicted,

• sensitivity of performance to changes in the data or their structure, the
methods of data analysis, model estimation, prediction, simulation or
optimization applied;

• stability of prediction or results of optimization,

• decidability of conclusions aboutM , T , that is to sayM -, T -consistency,
completeness, causality, validity and truthness,

• predictability of the phenomena and processes which are to be de-
scribed and explained by the model, or the relations between Ŵm,
Ŵm, cc, Ŵnm, cc, where “ ˆ” denotes “modeled”,

• theoretical and practical validity or relevance of taking into account
a structural explanation and prediction of the features Φ(Ŵcc, Ŵm,
Ŵnm,cc), as well as the manageability of achieving the planned research
goals,

• presenting a successful solution to a dynamically variable range of
research problems,
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• valid inclusion of the interaction between internal and external factors
which determine the evolution of changes in Φ(Ŵ , Ŵcc);

q3) What are the necessary and sufficient conditions for successful:

• data mining that enables basic understanding regarding the objects
being studied,

• data processing (aggregation, deseasonalization, decyclization, scaling,
translation, mean adjustment, demodalization, standardization, inte-
gration, cointegration, interpolation),

• modeling of atypical phenomena (physical, chemical, biological, social,
economic, psychological, political, historical, cultural),

• prediction ex ante of natural phenomena, or economic and social events
and processes,

• model-based decision making and realization of planned aims;

q4) What are good reasons for constructing sensible models and execut-
ing successful modeling?

The following are good reasons:

• representing the objects being modeled (e.g. real-factual, historical,
artifactual, fictional-virtual),

• describing the objects modeled, as well as objects which are contextu-
ally concomitant with them,

• explaining the origins, duration, development and annihilation of the
objects modeled, as well as their interaction with other objects and
the periodical variability of the attributes of such objects,

• predicting features of the objects modeled (ex post, ex ante), and the
forms of the relations between the features of modeled and concomitant
objects,

• use of models to induce the discovery of new objects, and to improve
the description of features of existing objects,

• broadening and deepening knowledge about the features of objects,
modelers and model users learning new skills in modeling,
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• assessing the working lifespan of the objects modeled in relation the
lifespan of other objects,

• assessing the possibility of using models in forming new classes of mod-
els and new objects to be used in practice, as well as in increasing the
effectiveness of research,

• testing the quality of prototype products planned for mass use,

• testing the reliability of old or new products used in real life situations,

• testing the reliability of new methods of modeling,

• testing for economic and scientific gains resulting from the use of new
models and methods of modeling,

• testing for the existence of research gains resulting from freeing models
from being closely related to suitable theories or real world objects,

• testing for the existence of research gains from using models as gener-
ators of new models,

• testing the impact of emotions in modeling on the invention of new
models and new prototype objects that can be used in science and real
life.

Note 4.14. It is impossible to give a general answer to any of the above
questions. It is possible to answer a single question related to a chosen
modeled object Ŵi, chosen model M̂(Ŵi, Ŵi,cc), and chosen aim of modeling
by a concrete modeler. However, this can only be done partially for each
question taken individually. A whole variety of research situations will not
be covered by such an answer.

The last 14 research situations listed under q4 are related, similarly to
the situations listed under questions q1–q3, to our last 3 propositions mp51–
mp53 that are not discussed in the literature given at the end of the chapter.
We present, moreover, seven further groups of principles that are considered
by us to be very important, both practically and epistemologically. These
are the principles mp54–mp60 that we list below:

mp54) construct models which maximize the value of a model as measured
by its capacity to represent or describe the objects modeled, to in-
terpret Ŵ , Ŵm, Ŵn,m (classes of modeled objects), to predict future
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states of Ŵ , Ŵm, Ŵn,m as characterized by their most important pa-
rameters or features, or to facilitate the development of new structures
of model (physical or attributive) which could be crucial to successful
research and its use,

mp55) form models that: a) maximally fulfill the chosen aims, b) maximally
preserve the practical lifespan of a model to represent, interpret, de-
scribe, explain, validate and predict,

mp56) form models that: enable epistemic and empiric comparison of their
degree using ceteris paribus conditions and the principle of indifference
conditions (i.e. evidential symmetry between scientific propositions,
sentences that describe Ŵ , Ŵm, Ŵnm and Ŵcc),

mp57) form models that respect a chosen (assumed) hierarchy of aims,
methods and principles of modeling,

mp58) take into account technical constraints connected with access to suf-
ficiently rich data sets, sufficiently powerful computing facilities and
numerically efficient convergent algorithms during selection of Ŵ , Ŵm,
Ŵnm and Ŵcc,

mp59) do not overestimate the possibility of obtaining optimal or near op-
timal results from modeling in a reasonable period of time while in-
curring an acceptable cost for obtaining results in a way that can be
easily repeated or reproduced,

mp60) monitor your capacity and will to model, in order not to lose recog-
nition as a good modeler.

4.7. Models and modeling in economics

In this section we aim at presenting some specific problems of modeling
in economics. From the 50-ies of the XX c. economists, besides continuing
their traditional descriptive-explanatorial approach to the subjects of macro-
and microeconomics, have been broadly and intensively developing a formal
approach. This uses mathematical language, methods, models and personal
computers, which enable the carrying out of complex numerical calculations,
simulations and data processing. As in physics, in economics, there is a pre-
vailing tendency to formalize the subjects of research by the use of modern
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advanced mathematical tools provided by an extremely rich collection of ap-
plied and theoretical mathematical models and methods for their estimation.
Their use embraces:

• the description, explanation, prediction and optimization of the func-
tioning of complex economic systems (which are much more complex
than physical systems),

• a more precise formal interpretation of studied economic events, phe-
nomena and processes, both at micro and macro-scale,

• modeling as a way to solve not only research problems, but also current
practical, economic or economic-social problems,

• extensive application of statistical-econometrical methods in predict-
ing the micro and macro properties of the structures of modeled objects
Ŵm, Ŵnm,

• advanced specialization in either theoretical or practical research, with
a decreasing proportion of researchers doing research in both.

Recently, it has been observed that applied economic research tends to
be much better financed than theoretical research. This means that the most
talented persons are choosing, during their education process, applications-
oriented subjects and, in particular, are learning the skills of empirical mod-
eling and applied informatics. Due to rapid technical progress and the robo-
tization of production lines, as well as advanced economies placing a strong
stress on the clean production of energy (particularly in Japan, Germany,
France and Great Britain), an applied approach is taking the lead. These
changes and the quickly growing economic power of banking systems (es-
pecially seen in the growing role of mega investment banks, financial mar-
kets and institutions, emergence of new financial products, universalization
of commercial banks and the strong influence of large stock exchanges on
many governments) have increased the role of the fields of economics dealing
with financial phenomena, processes and their links with other domains of
economic research.

It is necessary to recall that the concept of “economics” covers all known
economic activities, such as: the production, division, exchange and circula-
tion of goods (in space and time, among persons), as well as their accumu-
lation (by physical and legal entities), consumption, investment and gifting.
When we use the term “goods”, we may think about physical goods (e.g.
cars, houses, clothes, computers, furniture), financial goods (e.g. money,
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commercial papers (bonds, stocks, options, swaps)), artistic goods, scientific
goods, medical goods, insurance goods and so on.

From the 70’s of the XX c., there has been a clear rise in the role of such
capital goods as: human capital (skills, experience, biological and mental en-
ergy, accumulated knowledge, passion to learn new skills) and social capital
(all kinds of social ties, social activities, social skills, acquirement of social
knowledge), as well as authors’ rights and intellectual rights to original cap-
ital goods. There is a conviction among many (if not most) economists that
these concepts are strongly connected, both theoretically and in the process
of modeling.

Even a superficial look over famous XIX c. treaties on economics (e.g.
books written by A. Smith, D. Ricardo. J. S. Mill, W. Jevons, A. Marshall,
J. B. Say, A. Cournot, E. Böhm-Bawerk, J. B. Clark) unveils that they give
us economic theories as collections of the author’s or their contemporaries’
subjective opinions, views, utterances, protocol-observational propositions
or sentences about the economic history, phenomena and processes observed
by them or their predecessors. In the case of A. Smith, J. B. Say, J. S. Mill,
W. Jevons, E. Böhm-Bawerk, the language used is informal and descriptive.
Each usually introduced the same theoretical and practical concepts as the
other authors using terms with meanings close to the intuitive content known
from everyday practice by people living before or during their times.

Due to the fact that in the XIX c. the technical facilities of mea-
surement were very poor by today’s standards, the gathering, processing
and transmission of data on a massive scale were impossible. Hence,
the economists mentioned above mainly used intuitive, theoretical and ab-
stract concepts and sometimes included empirical data as an illustration
of their theoretical narration. These data referred to demographics, em-
ployment and unemployment, production and trade, as well as government
income and expenditure, wages, profits, rent and interest. D. Ricardo used
simple algebraic tools and a small system approach to reflect the struc-
tural relations between the main aggregates of an economy. A. Marshall,
in turn, uses mathematical analysis and elementary geometry to explain his
microeconomic conjectures and mostly theoretically oriented theses. The
most advanced use of mathematical tools was applied by A. Cournot, a
French mathematician, who was the first to present a mathematical theory
of exchange, value, monopolies, competition and taxes. He used, in a very
clear way, both differential and integral calculus. J. B. Clark’s vivid debates
with E. Böhm-Bawerk on some points of the theory of capital were not only
descriptive, but also analytical and used mathematical ideas. W. Jevons,
who was simultaneously an economist and logician, preferred a very clear
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logical presentation of his views on political economy and the theory of mar-
kets.

For the purposes of this book, the relationship between the concept of a
theory and its model will be discussed on the basis of the unusually influential
book “An inquiry into the nature and causes of the wealth of nations” written
by A. Smith. The author used empirical terms which were used by the
general populace, including the proper names of famous kings known from
historical records, army commanders, great reformers of legal and socio-
economic systems, religious leaders, chiefs of financial institutions, as well
as geographical names, including the names of nations and countries, as
well as the names of professions, companies, corporations and craft workers’
organizations. Smith’s theses are predominantly empirical and expressed
in mostly empirically sounding microeconomic and macroeconomic terms.
In his book, we can also find such theoretical terms as demand and supply
for goods and labour, as well as the notion of capital, wealth of a nation,
interest, idleness, cause of wealth, competition, philosophy, labour, division
of labour, the governing principle of such division, risk, wants of mankind,
wealth, ontology, faith, tendency, natural progress, technical progress and
natural rate.

When reading this book, one can easily see Smith’s erudition regard-
ing the history of mankind till his times, his thoughtful penetration of the
possible causes of the wealth of nations, the causes of the most important
political, military, economic, cultural and religious events in both the UK
and Europe. A. Smith was also a master of unambiguous explanations of
common or specific opinions and the views of other historians and economists
from the UK and France, both his predecessors and his contemporaries. His
summary of these opinions is compact, very clearly written and very rich
factually.

We wish to stress that Smith’s economic theory of the wealth of nations is
empirical, historically and cognitively well written, descriptive, qualitatively
explicative, and informal. The language used to present his theory, LT , is
a mixture of the following kinds of languages: the English language, LE ,
the language of history, LH , the language of economics, LEc, the language
of descriptive statistics, LSt and the language of arithmetic, LAr. Denoting
these languages by L̂E , L̂H , L̂Ec, L̂St, respectively, their union takes the
form L̂AS = L̂E ∪ L̂H ∪ L̂Ec ∪ L̂St, where the set L̂AS ⊂ L, L = LE ∪
LH ∪ LEc ∪ LSt, and AS denotes A. Smith. However, formal definitions of
his theoretical concepts require more groups of entities (for a specification
of these groups, see e.g. the chapter “On theories and theorizing” included
in this book). From the point of view of a formal definition of his theory,
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A. Smith did not explicitly mention, for instance, any logical axioms, clearly
defined rules for reasoning, formal definitions of the concepts used, theorems
or formally stated criteria for evaluation. The same can be said about similar
requirements resulting from the general schematic definition of economic
theory included in this text (see Definition 7).

Does this mean that Smith’s theory TAS is non-refutable (non-confirm-
able) empirically? In my opinion it is, at least, partially confirmable (e.g.
his theory of economic growth based on data from Poland between 1993 and
1998, a period of economic transition). Empirical testing based on Polish
quarterly data was carried out using a model describing Polish economic
growth in this period. The determinants of this growth were taken from the
theory TAS . Growth was expressed in the form Y ◦ (t) =M Y (t)/Y (t − 1),
where M denotes the first difference operator defined as M Y (t) = Y (t) −
Y (t − 1), t denotes the time period, Y ≡ GDP , where GDP stands for
Gross Domestic Product (monetary value). A detailed description of the
data set, the statistical definition of Y and the explanatory variables of
economic growth is included in W. Milo [(2002), Chapter 4]. The list X of
determinants given in the form of a row vector is as follows:

X(t)
def
= (DECOMP (t) , TY SPRH (t) , SIS (t) , DEFERW (t) , RFPR (t) ,

WFQQ (t) , CPRR (t) , SPEM (t)), DEMPN (t))

def
= (X1(t), X2(t), X3(t), X4(t), X5(t), X6(t), X7(t), X8(t), X9(t)),

where, appropriately,X1 (t) ≡ DECOMP (t) , . . . , X9 (t) ≡ DEMPN (t) .
The particular variables (factors) names denote:
DECOMP – degree of competition in a given economy,
TY SPRH – type of sectoral hierarchy of productivity,
SIS – structure of social institutions,
DEFERW – degree of fervor in performing work,
RFPR – rewards according to factor productivity,
WFQQ – work force quality and quantity,
CPRR – rate of capital profit,
SPEM – spatial expansion of the market,
DEMPN – density of the network of trade points.
Statistical computations were carried out based on a strategy of building

models starting from one factor and successively increasing the number of
factors to two (all pairs), to three (all triads), and so on, using the t-test,
F-test, Chow-Fisher stability test, Kendall-Hellwig coincidence of signs test,
stationarity test and co-integration test.
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The prototype linear model of the relationship between the rate of eco-
nomic growth Y ◦ (t) for the Polish economy and the determinants described
by Smith is as follows:

◦
Y (t)

def
=

9∑
i=1

βiXi (t) + E (t) = βX (t) + E(t), β ∈ R9,

where E (t) denotes the specification error for the linear model based on the
theory TAS , and β = (β1, . . . , β9) is the row vector of parameters.

In practical applications, we also used the following, more convenient,
form of the right-hand side

Xβ1
1 . . . Xβ9

9 E(t),

which, after logarithmic transformation, takes the form

9∑
i=1

βixi (t) + e(t),

where xi (t)
def
= ln (Xi (t)), e (t) = lnE(t) .

Based on this expression, we defined changes in the value of the growth
rate either as

◦
Y (t)

def
=

9∑
i=1

βixi (t) + e (t) ,

or
◦
Y (t) = β0 +

9∑
i=1

βixi (t) + e (t) , β0 ∈ R.

Note 4.15. Estimation of β0 and βi, i = 1, 9, on the basis of the sam-
ple data {y◦ (t), yi(t), i = 1, 9, t ∈ [1993.3 − 1998.3]}, was done using the
Gauss-Legendre method. The data were taken from the archives of GUS
and NBP (the State Statistical Office and the National Bank of Poland).
This period of the development of the Polish economy was subject to tur-
bulent changes connected with the first phase of transition from a centrally
planned socialist economy to a market economy. Deregulation, the so called
“wild” privatization where many parts of the Polish economy were sold to
foreign owners, brought the necessary foreign financial capital to guarantee
the exchangeability of the Polish currency, the zloty, to dollars, the British
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pound and other currencies. This was done at the cost of the bankruptcy of
a large number of firms (which were further often sold for sometimes 15%
of their true value). This caused a very high unemployment rate and a great
wave of economic emigration in search of work abroad.

For obvious reasons, Smith’s theory does not consider factors specifi-
cally arising in a period of transition from a socialist economy to a market
economy highly influenced by international corporations, companies and in-
vestment banks. Neither does it contain any elements that reflect the impact
of delayed investments in at least physical and financial capital, which could
be observed in the production goods markets and labour markets, as well as
in economic growth.

Using the approach described above, we treat our estimates of the growth
rate based on this model as an empirical realization of Smith’s theory of
economic growth. They were generated based on the following description
of the model based on TAS

MAST
def
= (L̂AS , L̂MAST , F̂ (Y,X, β, E) , Cn(F̂ ), DEF (Y,X, β, E),

Cn(DEF (Y,X, β, E), RR,ECe),

where:
L̂AS denotes the language of Smith’s theory,
L̂MAST is the language used in the presentation and discussion of the

model MAST ,
F̂ (Y,X, β, E)

def
= (Y ◦ (t) = β0 +

∑9
i=1 βixi (t)+E (t), β ∈ R10, xi (t) ∈ R,

E ∈ N(0, σ2
E), where R is the set of reals, R10 the space of reals with

dim
(
R10
)

= 10, E has a normal distribution with expected value zero and
variance σ2

E ,
DEF (Y,X, β, E) denotes the list of definitions of the symbols Y,X, β, E,

both formal and semantic,
Cn(F̂ ), Cn(DEF (Y,X, β, E) are the lists of consequences of assuming

particular definitions for the symbols F̂ , Y, . . . , E,
RR denotes the rules of reasoning applied (induction, deduction, laws of

probability and statistics, econometric and economic rules),
ECe denotes the evaluation criteria used to assess the econometric model

MAST , i. e. the following criteria: stationarity, significance, stability test-
ing, turning points index, coincidence index, multiple correlation coefficient,
ill-conditioning index.
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We used the following ex post predictors:

Ŷ ◦ (t)
def
=< β̂, x (t) >, Ŷ ◦ (tτ )

def
=< β̂, x (t− τ) >, where < ., . > de-

notes the scalar product of vectors with lags τ = 1, 2, . . . , 6, x(t − τ) ≡
(x1 (t− τ1) , . . . , x9(t− τ9), τi ≤ 6.

Implicitly, the description of the model MAST may include axioms and
theorems from probability, statistics, econometrics and mathematical eco-
nomics. For empirical computations and interpretations, we must respect
and use all the information about the quality of the data available, as well
as the precision of estimation and prediction. In our econometric computa-
tions, we were not able to find reasonable statistical measures for the four
factors described by Smith and called by us TY SPRH,SIS,DEFERW and
SPEM . From the rest of the list of X variables, it turned out that only the
variables WFQQ,PFRR and CPRR taken with suitable lags were found
to be statistically significant factors for explaining Polish economic growth
in the period 1993.3–1998.3. This means, therefore, that Smith’s theory of
economic growth is only partially confirmed statistically, because we did not
include in our model four factors of economic growth described by Smith.
However, even given this incomplete version of the model, the proportion
the variation of empirical growth in the Polish economy explained by the
model was very high (97%), and this version of the model has clear cogni-
tive, descriptive, explanatory and predictive value.

It is an open question as to whether the discussed (or perhaps another)
version will conserve the mentioned roles and features based on subsets of
these 9 factors of growth when one considers the periods 1999–2004, 2005–
2007, 2008–2016, which are highlighted here in order to reflect the impact
of Poland joining the EU, as well as the world financial crisis.

For readers interested in the empirical performance of theories of eco-
nomic growth reconstructed from the books of D. Ricardo, J. S. Mill and
A. Marshall based on empirical data for the Polish economy in the period
1999.3–1998.4, we recommend reading chapters 3, 4 of the monography by
W. Milo, et al. (2002) previously cited.

In this place, it is important to underline that the lists of factors used by
Ricardo, Mill and Marshall have only one common factor of Poland economic
growth, the rate of profit at the macro-scale. In the case of Ricardo’s theory,
the most influential factor is productivity growth in logarithmic form, and
the second most influential factor is technical progress in the Polish economy.
The rate of growth of circulating capital was less influential. In general, the
historical level of the proportion of variation of growth explained, 99.5%,
was also stable over time. J. S. Mill’s ten determinants of growth explained
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a stable proportion of 83% of the variation in growth in the Polish economy
with productivity, together with wage and trade conditions, being the most
influential factors. L. Walras’ theory fitted the data poorly even using the
best version of such a model. We also considered models based on A. Mar-
shall’s theory of economic growth. The best dynamic version explained 66%
of the variance in economic growth, and the most significant factors were:
delayed interest rate, technical progress, profits (net), taxes and capital of
firms.

The following are general remarks on these empirical models of growth
built according to the theories of Smith, Ricardo, Mill, Walras and Marshall:

• these empirical models fit the historical data, 1993.3 – 1998.4, on the
growth of the Polish economy well, except for the model based on L.
Walras’ microeconomic theory,

• the considered theories were partially confirmed statistically, at least
based on data regarding economic growth in Poland,

• improvements would be possible if:

– the statistical data are improved in quality, and other factors of
growth are included,

– we could define methods for measuring those factors that until
now have not been measured statistically, but seem to be very
important,

– longer time series (for the Polish economy) in order to study hys-
teresis effects,

– missing data points could be well estimated,

– nonlinear relations are also investigated,

– feedback relations between explanans factors and explanandum
are estimated and tested,

– system methods of estimation and prediction are used.

4.8. Final remarks

This chapter contains less formal continuation of the discussion carried out
in Sections 3.3, and 3.4 of Chapter 3. It is hoped that the included long
list of many classifications of kinds of models, more specific forms of mod-
els, modeling principles, will be a useful foundation for making comparison
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between different models useed by economists. In Section 4.7 we have pre-
sented the example how to apply some of the concepts discussed in Chapters
3, 4 and 10.
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Chapter 5

On expectations. Part I

Summary

This chapter and the next two of them concern very important economic ca-
tegory of expectations without which it is impossible to make
economic research on the micro, meso and macro level. It is now commonly
used in economic modeling, theorizing, forecasting.

The category of expectations is interdisciplinary and was already known
in antiquity. In this chapter, our attention is focused on two kinds of expec-
tations, rational and rational-adaptive expectations. Our aim is to review
the meanings of different forms of expectations, as well as to analyze some
consequences of choosing these forms in scientific studies. However, the
problems of modeling and forecasting expectations have been excluded to
keep the chapter concise.

Keywords: expectations, rational expectations, adaptive expectations,
rationality, adaptation, rationalism.

5.1. Introduction

In English the word “expectation” means1 psychological states of belief, hope,
looking forward to something or not wondering whether something will hap-
pen in the future because it is likely to happen, ought to happen due to
our planned actions or probable for some other reason. This something may
be an event or events, a goal or goals, a task or tasks, a phenomenon or
1 Longman Dictionary of Contemporary English (1955). Longman G. L. Harlow, Eng-
land.
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phenomena, a situation or situations, a process or processes. Thus, this
something consists of objects of one’s expectations. The list of such objects
may be lengthy and depends on one’s needs or imagination.

Any analysis of expectations needs to answer the following questions:

q1) what are the objects of expectations?

q2) who is expecting?

q3) who is expecting what?

q4) who is expecting what and when?

q5) who is expecting whose expectations of what?

q6) who is expecting whose expectations of what for what purpose(s)?

A person having or expressing expectations will be called an expector,
erj , j ∈ J , and an object esk, k ∈ K of expectations – an expectatis, where
J and K denote subsets of the set of natural numbers N . Both expectors
and expectatises exist at time t ∈ T , where T is a set of numbers, where
T ⊆ N, R+, R, C as appropriate and R, C are the sets of real and complex
numbers, respectively. It is assumed that:

• the sets of expectors and expectatises are not invariant in time, space
or any structure, in particular economic structures,

• there are interactions and interconnections between the elements of
the set {erj} itself, the set {esk} itself and/or between elements from
both sets,

• each element, subgroup of both {erj} and {esk} or the sets as a whole
have a well defined, and possibly observed and measured, feature, or
finite sets of features,

• there are regularities (at least statistical) in the form of the expec-
tations Ejk (t), Ej. (t), E.k (t), E.. (t), Eijk (t), prescribed to i, j, k,
where dot . denotes expectations corresponding to the whole set of
objects and/or persons as appropriate, and i ∈ I denotes professional
expectors;

• the lists of these expectations or prediction rules may be extended to
cover regularities which are discovered or obtained through the ac-
quiral of information from other expectors by professional expectors
or inquiry, either open or secret.
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The set of expectors {erj} includes: e.g. ordinary individuals, house-
holds, members of households, consumers, farmers, workers, managers, in-
vestors, owners, tenants, market makers, buyers, sellers, decision makers,
firms, banks, insurers, politicians, criminals, physicians, journalists, artists,
soldiers, policemen, sportsmen, educators, scientists, religious people and
their leaders.

The set of expectatises {esk} includes, among other things, a happy
life, attractive profession, success in private and professional life, sufficient
household income, a high level of self-evaluation with respect to other con-
sumers/neighbors, satisfaction in investment activities, growth in invest-
ment, riskiness of exceeding a safe amount of debt, fears of the deconcen-
tration of capital, fears of growing rent, fears of nationalization, fears of
growing price inflation, a decline or increase in interest rates, overliquidity
of the banking sector, underliquidity of a bank, currency crisis, financial
crisis, banking sector crisis, economic crisis, cultural crisis, trade cycle, po-
litical cycle, labor market disequilibrium, rise in unemployment rate, out-
break of war, outbreaks of social riots, growth of illegal activities, growth
of epidemics, increasing lifespan, changes in population structures, aging of
the population, growing secularization, problems resulting from increasing
globalization, influence of competition, decline of innovation.

It is now easily seen how to pose other important questions, such as:

q7) whose expectations are the most influential for whom?

q8) which expectations are the most influential for whom?

q9) what are the ways of reinforcing given expectations?

q10) what are the ways of weakening given expectations?

q11) what are the language-semiotic forms of expectations?

q12) what are the philosophical ways of approaching expectations?

q13) what are the ways to model expectations?

In this chapter, attention is focused on the description and discussion of
qualitative problems connected with rational expectations and one of their
particular forms, namely adaptive expectations. This presentation is based
on concepts discussed by leading philosophers, natural scientists and, in
modern times, by engineers. For interested readers, a recommended list of
books dealing with the issues considered here is given at the end of this
chapter.
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Section 2 is devoted to concepts of rationality and Section 3 deals with
rational expectations. Our presentation of these concepts is based mainly
on the literature cited at the end of this chapter.

5.2. Concepts of rationality

The adjective “rational” originates from the noun “ratio” in Latin (in Greek:
“νoν̃ς”) which means: reason, basis, consideration. Various philosophical
meanings were established in different philosophical approaches to knowl-
edge, reasoning and investigations. From a historic-philosophical point of
view, the first form of rationalism was metaphysical rationalism. Its archetyp-
ical form was Heraclitus’ approach to λoγoς as the pra-origin of everything
in the universe, including human knowledge.

The same may be said about Pythagoras’ teaching concerning harmony
in the universe, and Anaxagoras’ concept of Reason (νoν̃ς), which is an om-
nipresent establisher and maintainer of the cosmic order. They believed in
and therefore expected and propagated rationality, because they recognized
(acknowledged) rationality by assuming the existence of “νoν̃ς, λoγoς” as
being the metaphysical structure of our physical reality which is fully rec-
ognizable. Plato and Aristotle presented a more developed version of this
form of rationality. Plato asserted that the world (universe) is rational, be-
cause it is a reflection of an eternal, invariant sphere of ideas, which are
transcendent with respect to the world. So the sphere of the material world
is rational, because the sphere of ideas is rational and intelligible. In his
dialogue “Timaeus”, he says that the material world “has been created ac-
cording to a model2 which is subject to Reason and Mind, and so is in itself
Reason and Mind”.

Aristotle did not share Plato’s view that the ontic ground of the world’s
rationality and cognitivity are transcendent ideas, but he considered the
ground (of being) to be the form µoρφη σχη̃µα which is present in each
individuum, each thing, each being and its essence to be the primary sub-
stance of this form. It is important to say that according to Aristotle, this
form is the thing that originates (arises) in something else, either accord-
ing to non-human nature, to the creative actions of human beings, or to a
faculty of being able to act. From the point of view of today’s world, we
could say that, e.g., robots and automats have such a faculty. The form
enables us to recognize a given thing, and to describe its necessary and suf-
ficient causes. According to Aristotle, rationality has its source in the forms
2 The same belief is now shared by modern model builders in, e.g. physics, chemistry,
engineering, and even economics.
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observed in the cosmos and the principles of organizing forms, to which
the principles of causality, telosity (τeλoς), i.e. aimfulness, belong. His
theory of rationality is metaphysical, methodological, cognitive, conceptual
and linguistic-semiotical. He linked scientific investigations with syllogistic
type procedures of proof and a tendency to synthesize and generalize exist-
ing knowledge. Aristotle’s rationality is based on his primary philosophical
principles of identity, non-contradiction, and sufficient reason that consti-
tute the mental rules of reasoning based on rationality. From his times until
the present day, mindful people have asked themselves whether rationality
excludes off-rational learning, cognizance, and, for a certain period, improb-
able theories. Accidental inventions and discoveries show that the answer
to this question may by positive. As M. Grabman (1909–1911) noticed, the
long-standing early scholastic principle of “sola ratione” played an important
role in many, not only philosophical, investigations in the Middle Ages and
Renaissance.

The influence of F. Bacon and G. Galileo on the progress of science was
important in many respects. The origins of modern concepts of rationality lie
in their linking metaphysical rationality to rationality based on empiricism.
A greater influence was exerted by R. Descartes. Knowledge is, according to
him, based on the metaphysical principles of knowledge accumulation that
fulfill conditions requiring absolute clarity and deductive chains leading to
the clearest conclusions. “Cogito ergo sum” is the “fundamentum inconcus-
sum”. Conceptual rationality needs “clara et distincta perceptio”, which is
clearly seen in Descartes’ writings. He also developed cognitive rationality
(intuitive cognition as the basis for episteme – knowledge or understanding),
methodological rationality (strict use of logical and mathematical rules). His
methodological rationality corresponds to a large degree with Pythagoras’
concept of the mathematical structure of the material world. Moreover, his
method of “mathesis generalis” uses the category of order (ordo). This was
taken from analytical geometry, which was developed by him, as well as a
priori and innate concepts related to knowledge based on both autonomous
and empirical reasoning. This category of order covers both cause-effect
relations and the principles of natural laws. B. Pascal went further in his
interpretation of rationality by saying that rationality is not a feature of
reality, but rather a feature of knowledge and science. In turn, B. Spinosa,
considered the world to be fully rational and to better convince readers he
used Descartes’ type of “more geometrico”.

A particularly broad understanding of rationality is seen in G. W. Leib-
niz’s unusually inventive ideas and theories. His semiotic studies (Medita-
tiones de cognitione, veritate et ideis) gave him the possibility of objectifying
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criterion for clarity and improving procedures of proof. Leibniz’s project of
a “lingua universalis” had the goal of freeing reasoning from making errors
and improving tools for acquiring new knowledge and communication. It
should be stressed that his metaphysics is monadological, and ontic struc-
tures, together with the principles of identity, non-contradiction, and suffi-
cient reasoning are the grounds for making progress in science. Searching
for the innate principles of mental ideas and subjects of intellectual ideas is,
according to Leibnitz, the proper way of carrying out philosophical investi-
gations. Reflection is a primary cognitive power. No fact or saying is really
valid if it does not fulfill the principle of sufficient reasoning. The causes of
results are often unknown. The criterion of sufficient reasoning is required
both as a principle based on our surrounding reality and as a principle based
on cognition and action. Thus, Leibniz was a panlogician, i.e. for him the
whole of reality is rational and discoverable, so any studies that respect his
methodological, metaphysic and semiotic principles are rational and thus
the results and objects of studies are also rational. Leibniz’s pupil3 C. Wolff
(1729) was probably the first to give us, in Descartes’ style, an independent
presentation of ontology and metaphysics. According to Wolff, only that
which is defined and determined by its essence and fulfills the principle of
sufficient reasoning is rational.

I. Kant (1781, 1787) proposed a new concept of rationality as an approach
to understanding reality and applying mathematical methods to a philoso-
phy of knowledge and metaphysics. His concept of rationality is strictly epis-
temological, i.e. negates the identity of a logician’s nature of mind, as well as
the subject of analysis as an object of ontology. Kant’s rationalism is based
on the concept of an active subiectum, i.e. a person who is consciously act-
ing and imposing his intellect’s Verstandesbegriffe and principles. A scheme
of concepts is imposed on outside impressions that helps the subiectum to
synthesize them as an object that is observed/experienced. Kant synthe-
sized the empirical approach of D. Hume (Leibniz gave a yet greater weight
to a priori rationality). He distinguished, on one side, analytical and syn-
thetic propositions, and on the other, a priori and a posteriori propositions.
A priori propositions do not need to be observed/experienced. A posteriori
propositions require experience, observation and/or induction. Kant con-
sidered that the beginning of cognizance and knowledge lies in the sensual
experience of an investigator. The temporal and spatial order is universal
and a priori given to a human observer, i.e. bearer of sensual impressions
and intellectual intuition. He distinguished 24 conceptual categories, among
which the most important was the category of causality. Knowledge covers
3 See B. Paź (2007, T. 8 p. 604).
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phenomena, and not cognizable noumens, i.e. things alone in themselves.
When making distinctions between quaestiones facti et juris, he states that
the theory of knowledge deals more with answering the second group of
questions. It is important to recall that he differentiated deduction from
Ableitung (mapping). He understood the second as logical deduction of one
sentence from another and the first as deduction as it was then used in legal
practice.

Note 5.1. Both a priori and a posteriori propositions are used in economic
language, theories and models. They are commonly abstract and hypothet-
ical. Since expectations are prescribed to men’s feelings and thoughts, they
have a variable character in the dimensions of time and particular human
beings. It should be stressed that during Kant’s lifetime, experimental psy-
chology and economics did not exist.

Fichte rejects4 Kant’s concept of things being simply themselves. The
conscience is dependent on other things and knowledge is based on transcen-
dence. He shares the view that deduction is the only source of necessary
truths of knowledge. The principle of the prime importance of the ego is
treated as an axiom in his writings.

According to Hegel, being and mind are always changing in regular ways
that tend in some direction. This means that the transcendental idealism of
Hegel often is called logical, although it is dialectally logical. According to
Hegel, all reality is rational, necessary and dialectically logical. This means
that his approach to cognizance is radically rationalistic and idealistic. As
he understood, the implication relation is not traditionally logical, but is a
special intentional relation based on the dialectic principles of the union of
contractions and development by successive negation. Hegel’s reality is his-
torical with a principle of a built-in period of embracement and this view has
proven to be influential in the humanities, especially in Marxist approaches.
However, he admits the possibility of objectivity without a historical per-
spective, but objectivity needs the transcendental perspective of an Absolute
Spirit, i.e. the last phase of cosmic evolution. Some roots of Hegel’s tra-
dition are seen in Dilthey’s hermeneutics. The roots of Kant’s ideas, in
opposition to Hegalian thought, were revived and developed in neo-Kantian
schools of thought (e.g. H. Cohen, P. Natorp, W. Windelband, H. Rickert
and L. Nelson).

Belief in the full rationality of reality (i.e. metaphysical rationality)
was common to Hegel and the XVII c. rationalists. Hegel understands the
rationality of the world as the existence of Reason (Vernunft), which controls
4 See J. Woleński (2005, p. 32).
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everything and sets goals for everything. The main Hegelian principle is:
“what is rational is real, and what is real is rational”.

Thus Hegelian rationality resembles Heraclite’s rationality from the point
of view of the unity of Logos-Reason and reality which leads to contradic-
tions. Such rationality has a radical nature of processual variability.

In the XX c., classical rationalism5 was the object of criticism, partic-
ularly in continental Europe. Neo-Kantists called its representatives dog-
matists. Criticism was also directed against Hegelian forms of rational-
ity, i.e. existentialism and Marxism. The representatives of life philos-
ophy (e.g. W. Dilthey), existential irrationalism (J. P. Sartre, G. Marcel,
S. Kierkegaard), hermeneutics (H. G. Gadamer, M. Heidegger) and so called
“dialoguers” (E. Lévinas, F. Rosenzweig) were especially loud in their criti-
cism. Radical contesters of post-modernism (J. Derrida, J. F. Lyotard) and
post-Marxism (J. Habermas, T. W. Adorno, H. Marcuse) were also influen-
tial among the criticizers of classical rationalism. In the XX c., an important
role was played in analytical philosophy and science by representatives of ra-
tional criticism and logical anti-irrationalism. K. R. Popper (1935) played a
leading role in the first group, which opposed various forms of irrationalism
(including classical rationalism with its faith in Reason). He did not look
for unshakable sources or principles of cognizance (in the sense of Descartes
and his followers), but focused his efforts on discovering rules for eliminating
errors when acquiring knowledge. Therefore, the criterion of rationality is
not the justification of cognitive findings, but seeking falsifiers of the find-
ings. This kind of rationalism is strongly methodological and strictly con-
nected with the modern understanding of what science is. Both H. Albert
and J. W. Watkins link their own research to Popper’s results. Besides the
critical rationalism of Popper, Watkins and Albert, sceptic rationalism was
formulated by W. V. O. Quine (1951). The main elements of this approach
question the dichotomy of analytical and synthetic truths from the point of
view of neo-pragmatism and the possibility of reducing synthetic sentences
to sentences of observational protocol. He rejects the coherency theory of
truth based on the irrational rationalism of the existence of only one log-
ically coherent distribution of confirmations and negations in an infinite
set of possible judgmental propositions without any conditions concerning
observations and experiments. The Polish substream of analytical philoso-
phy, called logical anti-irrationalism, stressed an anti-metaphysical attitude,
the linguistic part of the clarity of reasoning and strong grounding using
advanced semiotic-logical methods. Representatives of this approach (e.g.
K. Twardowski, J. Lukasiewicz, A. Tarski, K. Ajdukiewicz, S. Leśniewski,
5 See B. Paź (2007).
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T. Czeżowski, T. Kubiński, A. Wiśniewski, J. J. Jadacki, J. Perzanowski)
used forms of conceptual, logical, and methodological rationality. Summing
up, it needs to be said that these metaphysical, methodological, conceptual,
cognitive and linguistic rationalities discussed above are not the only ones.
The axiological rationality of ethical or social norms, values and principles is
well known and discussed. In human activities, it is recognizable rationality
in action.

For the purposes of this chapter, it is also important to consider the
rationality of human expectations.

5.3. Rational expectations and rational predictions

The meanings of rationality discussed in Section 2 throw light on sources
of rationality, as well as its forms and criteria. These sources can be found
in expector(s), expectatis(es) or the interaction(s) between them [includ-
ing intertemporal, intersubjectual, interobjectual interaction(s)]. In recent
times, mankind has developed a group of physical objects termed artificial-
intelligence that can and do serve as technically programmed sensors of
levels and changes in expectatis(es) resulting from rational rules and behave
according to algorithmic rules of rationality. In a sense, they are also “ex-
pector(s)”, although they are not equipped with emotional or human-type
sensual systems connected to a human brain. For human beings, an expec-
tation of something is a state of mind (currently, many would say a state
of his brain) that corresponds to an imaginal projection of a future state
or a trajectory of states or image(s) of expectatis(es). If an individual is
convinced as to the projectional image, then it will be called his/her belief
about the future expectatis(es). A projectional image will be called ratio-
nal if a man-expector is rational. However, a man is rational if he respects
metaphysical, methodological, linguistic, cognitive, conceptual and/or axio-
logical system of rational rules to determine his actions. It would be a great
enticement to expect (to believe, hope or not wonder) that it would be easy
to find a human who follows such rules of rationality for a long period of his
life, but probably only a very small number of humans consistently respect
such rules.

On one hand, there are professions which enforce the use of such rules of
rationality to determine actions, e.g. surgery, bomb disposal, the fire service.
It is said that any representative of such professions who does not respect
the appropriate rules which minimize the chance of not realizing a particular
task is behaving irrationally. Even the selection of candidates for these
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professions should be rationally designed and carried out. However, there
are also professions where the rules determining actions may be much more
relaxed, if not almost irrational. These include the arts, where emotional
stress, in particular exciting life histories of the artist or accidental factors,
decide about the final effect of an artistic work. The same arguments are
valid for the actions of leaders of mystic religions or the activities of some
social workers.

The professional aims of an artist are often unclear, fuzzy. Therefore, it
is difficult to judge whether an artist has reached his goal in a rational or
optimal way from the point of view of the aesthetic value of the final form
of his creation. Perhaps, if the time at which work is completed is the only
criterion, we can judge his actions according to time-efficiency rules. Thus,
from the point of view of an economic observer or merchant, his behavior
will be judged to be irrational or not completely rational if the time taken
was too long. Certainly, saying to him – that time is money – and that by
failing to use this principle he will become economically irrational may not
necessarily convince him that this is really the case. The same argument
also applies to mystics, missionaries and genuine social workers.

This means that the degree of usefulness of rational expectations de-
pends on the profession performed by the expector(s). Each profession re-
quires general and specific skills. The use of both of these kinds of skills
requires the use of rational expectations regarding how the environment will
change in the future and how this will influence expectatis(es) via expec-
tors’ actions, as well as the rationality of choosing a given form of expec-
tations by expectors(s) from a given or any profession. The highest de-
mand for the use of rational expectations is faced by professional expectors.
These are expectors of the following fields of expectatises: demographics,
economics, weather, political events, earthquakes, climate change, social up-
risings, floods, droughts, wars, scientific laboratory experiments, engineering
designs, applied and theoretical models and theories in mathematics, logic,
physics, chemistry, biology, astrophysics, biophysics, biochemistry, physical
chemistry, mathematical economics, mathematical psychology, mathemati-
cal sociology and medicine.

Teachers are another influential group that should use knowledge regard-
ing the rational expectations of pupils and students. In addition, we have
politicians, people with clear political and economic power. They should
have access to the best knowledge or the best advisers who know not only
the actual state of the economy, social ties and tensions, but also the ra-
tional expectations of economic and social agents according to professional,
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social, demographic or economic group, both within one’s own country and
culturally influential countries.

It is felt by many observers that at present in many developed countries
the most influential propagators of rationality could be or are the follow-
ing social groups: parents, grandparents, teachers, journalists, politicians,
policemen and informal leaders of all ages, professions and non-professional
interests. It remains an open question as to what percentage of such individ-
uals really care about always being rational in their actions and in deriving
their expectations? Or how many of them really care about consistent be-
havior or deriving their expectations within a framework of a system which
is perfectly consistent at least with respect to their experience or the expe-
rience of their neighbors, friends or enemies?

Note 5.2. From the point of view of the effect on future trends in expec-
tations, it is especially important to find the distribution of the numbers
of people belonging to the following groups: homo astrictus, homo astutus,
homo avidus, homo frugis, homo faber, homo ignarus, homo ignavus, homo
igneus, homo improbus, homo ludens, homo stultis. Once this is done, it is
necessary to find suitable weights expressing their influence on the level of
expectations of society for a chosen expectatis.

It turns out, however, that the semantic sense of the words “expectations”
and “rational” leads us to many other complex assertions. Some of them are
as follows:

a1) If we assume that “expectation” means an expector’s feeling that some-
thing (an expectatis) is definitely true, and “rational” means an expec-
tor’s feeling that an expectatis is true, then the category of rational
expectations corresponds precisely to true expectatises. Thus without
giving a definition of truth or criteria for its verification, we cannot
provide any clear analysis of the meaning and usefulness of this cate-
gory, in particular with regard to human activities.

a2) Assuming that “expectation” means an expector’s feeling that an ex-
pectatis is good for him or others, and “rational” means an expector’s
or others’ feeling that an expectatis is true, then “rational expecta-
tions” means that an expector feels that an expectatis is good (also
possibly in an axiological sense) and true. Here both “good” and “true”
need further explanation.

a3) Assuming that “expectation” means that an expector has a mental
image of an expectatis and “rational” means that the expector ob-
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tained this image using a scientific methodology, then rational expec-
tation means a scientifically obtained mental image of an expectatis.
In the case of an expector being a computer (with artificial intelligence)
linked to robots, such a mental image would mean the image created
within the computer processor installed inside the robot or linked to
the robot’s processor.

a4) Assuming that expectation means that an expector has the hope that
an expectatis will turn out to be true, then a rational expectation
means that this expectatis will take place if this hope is rationally
justified.

a5) Assuming that “expectation” means that an expector is looking (or
awaiting) for an expectatis to happen, and “rational” means “scien-
tifically justifiable”, then “rational” expectation means a scientifically
derivable and justifiable anticipation that the expectatis will occur.

a6) Assuming that “expectation” means an expector’s assumption that an
expectatis is true and “rational” means that the assumption is sci-
entifically probable, then by “rational expectation” we understand a
justifiable, scientifically probable assumption about the assumed ex-
pectatis.

a7) Assuming that “expectation” means an expector’s notion about the
concrete form of an expectatis and “rational” means respecting the
rules of axiological rationality, then “rational expectation” means an
expector’s axiologically coherent notion about an expectatis.

There are other possible meanings of expectation, such as imagination,
conception, estimation, opinion, judgement, proposition, presumption, con-
jecture, guess or supposition. These have similar, but not identical, mean-
ings. Hence, we omit the formulation of further meanings of the terms
“rational” and “rational expectations”.

It is worthwhile to underline that in scientific studies it is convenient
to use the understandings (a3), (a5), (a6) and (a1) after describing which
definition of truth is used.

Applying the ancient greek term δoξα which meant proposition, opinion,
notion, judgement, conviction and idea, together with the fact that often
δoξα was used as a synonym of ν́πóληψις in e.g. (a6), we obtain a more
flexible formulation of the concept of rational expectation.
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The concepts of “mathematical expectation”, used in probability calculus,
statistics, econometrics, biometrics and technometrics, “prognosis”, “prog-
nostication”, “forecast” and “forecasting” are various types of expectation
used in science. If they were or are prepared by an expector using rational
(i.e. scientific) rules, then we will use the term “scientific prognosis” instead
of “rational expectation”.

It is easily seen that the term “expectation” is closely related to the terms
“prediction”, “forecast” and “prognosis” used in the appropriate literature.

By “prediction”, we understand6 something that is going to happen ac-
cording to somebody’s pronouncement or act of saying what is going to
happen.

By the term “forecast”, we understand a statement of what is likely to
happen in the future, based on the information possessed. The term “prog-
nosis” is understood as a judgement about the future based on known infor-
mation.

The words “forecast” and “prognosis” correspond to specific pronounce-
ments or opinions that are likely or unlikely and take the forms of statements
or judgements based on experience or models for forecasting. Such state-
ments or judgments should be clearly differentiated from something that is
going to happen or the act of pronouncing what is going to happen, since an
act itself is different from the form (judgment or statement) that it takes.
This means that the words “forecast and prognosis” are almost synonyms,
but they have a different meaning to the word “prediction”, which embraces
both the expector’s pronouncement of what will happen and the something
or the meaning of something that will happen. Use of the word “something”
closely corresponds to the meaning of expectatis used in Section 1, where the
term “expectation” was analyzed. Thus, the term “expectation” has common
roots with the term “prediction” in the sense that both terms simultaneously
link the object of expectation or prediction to the person that has an expec-
tation or makes a prediction. For these reasons, it is also convenient to use
the terms “object of expectation or prediction” for the concept of “expec-
tatis” and to sometimes use the terms “rational expectations” and “rational
predictions” interchangably.

The makers of rational expectations will be called rational expectors
and the makers of rational predictions will be called rational predictors.
Let us recall (see §1) that the role of such makers can be played by both
human beings (human expectors or predictors) and artificial intelligence
robots or automats linked to PC-processors and computer programs enabling

6 See 1).
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the processing of information and derivation of mathematical or mathematical-
logical expectations or predictions.

In the case of artificial (virtual) expectors or predictors, the parts of
the PC-programme “responsible” for “expectation or prediction” calculations
translating mathematical – logical formulas (functions), or the functions
themselves (in some fields, e.g. econometrics), may sometimes be called pre-
dictors. In our framework, it seems more natural to call them the expector’s
or predictor’s PC – a programmed mathematical model.

5.4. Adaptive rational expectations and predictions

Up to now it has been assumed that expectors and predictors were not them-
selves learning by making expectations and predictions and using updated
information about their closer and farther environments. Let us now assume
that, due to the influence of endogenous and exogenous factors, expectors
and predictors may and do gradually change the way in which they make ra-
tional expectations and predictions, in order to achieve more flexible (elastic)
and possibly improved expectations and predictions. We exclude the possi-
bility of learning only for the sake of learning without fulfilling the aim of
improving expectations and predictions, using at least cognitive and modern
methodological rules of rationality. In such a case, the use of adaptive (or
adjusted or suited) rational expectations and predictions would mean that
expectations would be better suited to changes observed in the expectatises
or the actual states of the expector’s or predictor’s environments and their
possible interactions. This also means that we assume that both expectors
and predictors, as well as expectatises, behave in adaptive ways.

It is known from biology and psychology that all living organisms, even
viruses, adapt (adjust, acclimate, accommodate) themselves to changes in
their environments, i.e. they learn themselves or learn by doing, in order
to survive and reproduce. Humans also adapt themselves to the changing
conditions of their environment. In the last century, they have both con-
sciously and unconsciously changed some elements of their environment (e.g.
regulating and changing (e.g. in the Soviet Union) the flow of rivers, indus-
trial pollution, creating artificial reservoir systems of water, airports, under-
ground train networks, telecommunication networks, water supply networks,
gas pipe networks, sewage networks, explosions of atomic bombs, the Inter-
net, mega-cities, vacation facilities, the spreading of hypermarkets which are
now becoming temples celebrating the market-culture).



189

A wide range of educational services supplied by schools of all kinds
– from professional through semi – professional to voluntary organizations
help in people’s learning processes, but do not replace independent learning
as probably the most important part of the process of human adaptation.
Adaptive changes of the links between events, phenomena, processes and
quantities result from human activities, which are subjects of our interest
and were already partially introduced in Section 1.

It is instructive to use here the technical or general language of cyber-
netics7 regarding the theory of the actions of automatic adaptation (self-
adjusting or self-adapting) systems. In such systems, the process of au-
tomatic adaptation consists of changing the system’s parameters (i.e. the
features of a system or subsystem), where adaptation takes place either in
an open or automatic regulation (control) system or in a system of auto-
matic search. An optimizer in an automatic optimizing system may act as
an example of this. Using automatic search, it changes the characteristics of
the primary steering (control) instrument in such a way that the instrument
adapts its functioning in the best possible way and the steered system, which
receives the appropriate impulses, also adapts itself into another regime of
functioning caused by recent changes in the system’s features. There is an-
other theory which represents very similar, if not the same, aims and fields
of applications. This is the theory of learning systems, (self – organizing sys-
tems, self – tuning systems). A question arises as to whether it is possible at
all for a living or technical system to adapt itself without adjusting, accom-
modating, learning, self-organizing or self-tuning (independently of whether
the instruments sensing changes are built into the system or they are outside
of it, but sufficiently sensitive to identify changes in the system parameters
and linked to the system in order to transmit control signals).

The author shares the view that there is no adaptation without learning,
self-learning, self-organizing and self-tuning. Therefore, there is no need to
add these words each time we use the term “adaptation” – except when we
want to stress a particular feature of adaptation.

It is obvious that the objects being studied may undergo adaptation via
external influence (effects), adapt themselves autonomously or by a com-
bination of the two. When using technical language, the need to extract
the processes or systems of adaptation appears, due to the difficulties of
describing behavior without them. This follows from, among other things,
a lack of easy access to appropriate information about the internal and ex-
ternal causes of particular changes in a system’s behavior, as well as about
7 See e.g. A. A. Feldbaum (1966), W. R. Ashby (1958), R. Bellman (1961), R. Bellman
and R. Kalaba (1959), L. Couffignal (1963), R. Wagner (1954).
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the internal conditioning of its behavior. These causes and effects include
appropriate means of steering (control) in the form of the sensual organs
of living organisms or of engineering devices fulfilling the role of sensory
instruments built into the system being studied. Control sensors keep sys-
tems functioning under a regime of optimal control (regulation) – (motion)
subject to unknown changes in external or internal physical, chemical and
biological conditions. As is well known, sensors may fail and can be de-
stroyed by internal or external causes. In describing such situations in the
context of adaptive expectations, we should be prepared to find not only
various forms of description, but also advise, as well as predict failure times,
the effects of sensors failing and costs of repair.

Note 5.3. In the above discussion, a technical or biological system may be
replaced by an economic system, e.g. economy, market, firm, household.

Above, we have proposed some simple answers to the following questions:

• who is expecting what?,

• who is forming rational or adaptive rational expectations, why and to
what do we attach expectations?

• what does an adaptation process or system mean?

• how is adaptation related to learning, self-learning, organizing, self-
organizing and self-tuning?

It should be recalled that the idea of expectations is strongly connected
to the field of psychology. This means that it is hard to imagine that there
will be any significant progress in the analysis and modeling of expectations,
prediction or optimal decision making without taking into account crucial
findings regarding the psychology of emotions and stimulus-reaction.

Models that mathematically describe adaptive expectations should cor-
respond in some degree to expectations formed by people in an adaptive way.
Such models may take many mathematical forms defined in deterministic or
stochastic ways.

Besides the use of adaptive human expectation in economics, sociology
and social psychology, the idea of rational expectations formed by people
as decision makers is a very fashionable idea. In the light of the above
conclusions, a question arises as to whether the category of rational ex-
pectations always embraces the category of adaptive expectations or not?
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Another question is whether people’s expectations8 can be irrational if they
are formed in an adaptive way? One final question is whether the effects
of rational or adaptive rational expectations, as reflected by observed events,
phenomena or quantities, can faithfully reflect the structural pattern of the
original expectations? We shall try to answer these questions in the following
chapter.

When discussing notions of links between expectation(s), rationality and
rational expectation(s), it must be remembered that from an ontological
and epistemological point of view – rationality, together with irrationalism,
belongs to the broad stream of philosophical idealism.

We recall that irrationalism includes empirism, fideism, extatic intu-
itionism, voluntarism and emotivism. Rationalism is in opposition to these
forms of irrationalism and, in particular, to sophism and scepticism, shools
of thought initiated by Pyrron, as well as the relativism of cognizance. Rep-
resentatives of rationalism assumed and have been convinced that certainty
and truthful episteme (knowledge) has a reliable, autarchic source, which
is independent of experience. The source is called νoṽς, λoγoς or διανoια
in Greek, Reason in English, and ratio or cogito in Latin. Pythagoras,
Parmenides and Plato were radical rationalists. Critical and empirical ra-
tionalists (such as Descartes, Kant, the neo-positivists, K. R. Popper and
his followers) belong to a more contemporaneous group of rationalists. In
rationalism, the objects of analysis are ideas and concepts. The methods of
analysis it proposes depend on the status of ideas (whether they are inborn,
discovered, or created).

The methods broadly discussed above can be categorized as either being
noetic-eidetic (which penetrate generic ideas and order the world of ideas) or
constitutive (constructive-speculative), ideas which form a basis for various
systemic ontological visions of the world.

Such authors as R. Descartes, B. Spinosa, G. W. Leibniz, J. G. Fichte,
B. Russel and E. Husserl should be mentioned here. Their viewpoints are
ontologically static, whose bases (archetypic ideas) are general, necessary,
invariant and non-contradictory. When ideas come into being in the em-
pirical world, they fulfill necessary ontological or historical rules (see, e.g.,
G. W. F. Hegel, A. Comte, C. Marx, A. N. Whitehead). Unfortunately,
some parts of Hegel’s and Marx’s texts were inspirations of the so called
modernistic ideological movement. In the XX c., some representatives of
this movement used this ideological justification in discussions promoting
communism, fascism and nazism.
8 See, e.g. P. Fisher (1992), H. Blomqvist (1989), G. Shafer (1976), R. G. Miltenberger
(2004), B. F. Skinner (1953), R. G. Tharp et al. (1969).
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Irrationalism is an important school of idealism. According to this stream
of thought, Reason is neither a truthful source of knowledge about the world,
nor is it the last authority regarding the evaluation of knowledge, because
it is not autonomic or experience specific. Some critics of irrationalism say
that, for example, sensualists ignore the existence of genetic links between
Reason and the senses, and intuitionists include unclear presumptions or
suppositions as relevant hypotheses for studies. The main counterargument
against irrationalists is that they formulate judgements which often lead
to internal contradictions, are in disagreement with natural experience and
release humans from the responsibility for their decisions and deeds. It is
an open question as to which economic theories and rational expectations
based on them have roots, at least partially, in irrationalism and what is the
consequence of this with respect to the explanatory and predictive power of
these theories.
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Chapter 6

On expectations. Part II

Summary

In the previous chapter, the category of expectations was extensively dis-
cussed within the broad epistemic background of such categories as ratio-
nalism, rationality and irrationality. This discussion covered the concepts
of rational expectations and rational predictions at a very general level of
gnoseological considerations. Here, our attention is focused on the theoret-
ical issues associated with rational expectations and rational predictions in
the field of economics. This discussion is presented in a synthetic way using
results from the previous chapter.

Keywords: rational economic expectations, rational economic predic-
tions, theories of expectations, theories of rational economic expectations.

6.1. Introduction

Just as there are many theories of rational economic expectations and models
corresponding to them, there are many theories of rational economic predic-
tions and corresponding models1. The term “theory” has many meanings.
According to Aristotle, “θε$%ια” means looking at, observing, considering,
investigating, enquiring contemplating and inspecting the order of nature
through thoughtful speculation that involves appropriately deep, scientific
investigation combined with “innate” methods of confirming truth, as well
as, the knowledge and science obtained as a result of this process of activities

1 For an extensive discussion of the category of a model in relation to categories of
isomorphism, homomorphism and the principles of modeling see Chapter 3 of this book.
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by rationally acting individuals. Its main aim is to find the causes of effects.
In modern times, a “theory” is understood either as a system of propositions,
judgements and views or a set of ideas, assessments, pronouncements and
statements about trends in phenomena studied by scientists. In the nat-
ural sciences, a theory is understood either as a system (set) of theorems,
a system of theorems logically deduced from axioms, a system of theorems
deduced from axioms and definitions, a system of theorems deduced from a
set of conceptual definitions and axioms or a system of theorems deduced
from definitional axioms, theoretical or empirical hypotheses, and laws.

In mathematical logic2, a theory is understood as a Language L together
with the set of sentences and formulas belonging to L which fulfill semantic
and syntactic rules, where true formulas follow from an axiomatic set of
formulas.

The author shares the view that theories may have different degrees of
applicability in practice. There are theories that, at a given time, are com-
pletely abstract and there are theories that are formulated in a way that
includes the need for measurement, data processing and analysis. The lat-
ter type of theories are sometimes called “empirical theories” or theories
that describe empirical objects (see R. Wójcicki (1974) or F. Suppe (1972)).
Theories are characterized by their languages, {Lr}, the sets of their theo-
rems (laws), {thr}, their tools for deriving proofs, {Pr}, their procedures for
measurement and diagnosis, {Mr}, and their systems of empirical objects,
{
∑

T }. Thus a given theory T empirically oriented via MT ,
∑

T , can be
defined by

T ≡
(
LT , thT , PT , MT ,

∑
T

)
. (6.1)

There exist questions regarding the following: distinguishing between
such theories, their identification, validity, confirmation, universality and
invariance in time or space or both, as well as the problem of choosing the
elements of (6.1).

Even if all these problems had been solved, there are plenty of complex
problems regarding the choice of sensible models of these theories. The
general issues of model selection in relation to the principles of modeling
were broadly discussed in W. Milo et al. (2010). The complexity of theories
and model selection will be illustrated in Section 2 on the basis of non-
adaptive rational expectations, and in Section 3 on the basis of adaptive
rational expectations. Section 4 presents chosen problems regarding the
analysis of theories and models of rational economic prediction.

2 See, e.g. R. C. Lyndon (1966) or Chapter 4 of this book.
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6.2. Non-adaptive rational economic expectations:
theories and models

There are plenty of articles and books devoted to the description and analysis
of non-adaptive rational economic expectations (abbreviated to NAREE).
Some of them will be mentioned here in more detail. Others can be found,
e.g. in the literature referenced at the end of this chapter. We begin with the
historical remarks of J. M. Keynes (1936), who wrote in his General Theory
that under great uncertainty economic agents are unable or reluctant to form
expectations about future economic or political events.

Having personal experience as a practitioner, he notes the following3

about expectations:
“ . . . the facts of the existing situation enter, in a sense, disproportion-

ately into the formation of our long-term expectations; our usual practice
being to take the existing situation, and to project it into the future, modi-
fied only to the extent that we have more or less definite reasons for expecting
a given change”.

Earlier, he advised not to attach great weight to very uncertain matters,
but rather to attach appropriate attention to the facts that agents can un-
derstand. In a sense, an agent who takes such advice when taking his actions
is rational in relation to the life-actional criterion of rationality, and at least
partially rational in the sense of respecting the rule of cognitive rationality.

What theory of expectations is presented in Chapters 5 & 12 of Keynes’
book (1936)? The theory given there is intuitive. It consists of the following
assumptions:

ak1) in a given economy, there are the following types of expectors
(which may overlap): entrepreneurs (producers, traders, investors), produc-
tion firms, financial firms, Stock Exchange (SE) brokers, service firms, con-
sumers, buyers and sellers;

ak2) in a given economy, there are the following types of expectatises
(objects of expectations): future prices of consumer goods, capital goods
(e.g. physical, financial, money, stocks, bonds, options) and human capital
goods (in today’s terminology); income from future sales obtained by en-
trepreneurs; a firm’s future level of and demand for labor; future purchases
of physical and financial capital goods; short, and long term expectations
regarding changes; expected income from physical, financial and monetary
capital goods; future liquidity of financial, monetary and SE-markets; liq-
uidity of consumption goods markets; expected yield and income genera-
tion from these markets; expected demand for consumption goods, future
3 J. M. Keynes (1936, p. 148).
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changes in the structure of the markets for physical, financial, human and
social capital; future changes in consumer tastes; expectations regarding the
marginal efficiency of different kinds of capital; future confidence levels of
entrepreneurs and participants in the financial markets; future share of the
number of professional investors in the population of investors;

ak3) all production (output) is for the purpose of ultimately satisfying
consumers;

ak4) each entrepreneur (producer or investor) has no choice but to be
guided by his best expectations about consumer (effective market) demand
when purchasing or producing demanded products, i.e. this time period
may be longer than than the period over which the costs of production are
incurred; the existence of such a period of positive length implies the need
for producers to use expectations;

ak5) entrepreneurs’ expectations about the future prices of “finished”
output on the market are short-term, but their expectations about future re-
turns from purchasing elements of capital equipment in the form of “finished”
products are long – term expectations;

ak6) a mere change in an expectation is capable of producing cyclical
movements in the levels of production, employment, prices and profits;

ak7) both short and long-term expectations are subject to revision.
Revisions of short-term expectations are gradually and continuously carried
out by producers in the light of the production results achieved; in the case
of durable goods and financial goods, a producer’s short-term expectations
are based on the current long-term expectations of the investor, which are
liable to sudden revisions and can be responsible for sudden changes in stock
exchange prices, rates of returns and the level of business confidence;

ak8) producers base their expectations on the assumption that the most
recently realized economic results will continue (inertia), except when there
are definite reasons for expecting a change in them;

ak9) the daily output of a producer is determined by his short-term
expectations about the cost of output at various scales, expectations of the
revenue from this output and his current expectations of prospective costs;

ak10) knowledge of the long and medium-term expectations of other
market participants will largely determine both the short-term expectations
of producers about their future purchases of capital equipment and distrib-
utors’ demands for products;

ak11) each state of market expectations has its corresponding level of
long-period employment, i.e. the steady level of employment attained under
the sufficiently lengthy influence of the current state of expectations;
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ak12) a change in entrepreneurs’ expectations will, in general, induce
various daily changes in stock prices, profits and employment; the economic
effects of revisions of such expectations occur over a period of time;

ak13) employment depends more on entrepreneurs’ expectations about
the future than on the present level of sales or production;

ak14) there are no changes in the interest rate; changes in the values of
investments are solely due to changes in the expectations of investors about
the prospective yields from investments;

ak15) the existing economic state of affairs will continue indefinitely,
except in cases where we have specific reasons to expect a change in this
state; entrepreneurs assume this, though they do not believe in the fulfill-
ment of this assumption in real life;

ak16) any existing market valuation of an investment, however arrived
at, is uniquely correct in relation to our knowledge of the facts influencing
the yield of that investment and this valuation will only change in proportion
to changes in this knowledge;

ak17) given assumptions (ak15) and (ak16), investor risk purely results
from the possibility of news (new information appearing) in the near future;

ak18) a speculator has unlimited command tin (0, T ) of access credit or
invest money at the market rate of interest and is satisfied with the prospects
of investments he plans to make;

ak19) investment markets which are liquidity and gambling oriented,
such as stock exchanges (SE), should be constrained by government through
appropriately fixed transaction fees and a transfer tax on all transactions
aimed at reducing the number of mega speculations on stock exchanges and
the risk of financial crisis;

ak20) a merely monetary policy cannot cure a low rate of investment
resulting from entrepreneurs having negative expectations;

ak21) government expenditure plans can change entrepreneurs’ expec-
tations about future prices on consumption goods markets and financial
markets, as well as expectations concerning the marginal efficiency of in-
vested capital, yields on investment goods, employment, production, costs
of production, consumption, stocks of physical capital and confidence in the
prospects of the financial and consumption goods markets;

ak22) the population structure of households, firms, investors and pro-
ducers is constant in the short-term, but variable in the long-term;

ak23) the sum of fixed costs and known expected costs of the use of
items of capital are constant during the lifetime of these items, although
users may revise their expectations of these costs;
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ak24) the marginal efficiency of capital depends on current capital in-
come, the expected future income from capital (future yield from capital),
expected replacement costs of capital, expected wages and rate of innovation,
as well as the expected rate of sales;

ak25) the relation between fluctuations in the marginal efficiency of
capital to fluctuations in the interest rate is an important indicator for stud-
ies of business cycles;

ak26) entrepreneurs and consumers can freely choose between physical
and financial goods;

ak27) the proportion of capital owners that accumulate capital goods
for the sake of accumulation itself and not for investment purposes is marginal
and does not have an important influence on the functioning of markets and
the expectations of other participants in the market;

ak28) the expectations of professional expectors’ are not decisively dom-
inant in the formation of the expectations and decisions of non-professional
expectors’;

ak29) access to important economic and political, current and past in-
formation and predictions is available free of charge;

ak30) the role of the economy is to order and coordinate production,
the distributions of income and wealth, exchange of goods, circulation of
goods between owners and economic units, accumulation of goods, growth
in the levels of factors of production, and production itself, as well as to
promote culture.

It can be seen from the list of 30 assumptions in Keynes’ theory of expec-
tations that the associated theory will be very complex and rich. Some of the
assumptions listed above are implicit (i.e. not introduced in Keynes’ book
(1936)). These include ak1, ak2, ak22 and ak26–ak30. Others may appear
to be rather descriptive propositions for the behavior of market participants
appropriate to Keynesian ideas regarding the effects of events, phenomena
and facts in individuals’ lifetimes (e.g. ak4–ak10, ak12, ak13). They also
include highly unrealistic assumptions, where Keynes adopts a conventional
belief that entrepreneurs adopt assumptions that are implicit in their daily
business, although they know that these assumptions are not fulfilled in
practice (e.g. ak15–ak18). The following are assumptions with theoreti-
cal foundations: ak3, ak11, ak14, ak23–ak25). This group of assumptions
is related to Keynes’ convictions about appropriate economic policies (see
ak19–ak21). These assumptions can also be treated as conclusions or de-
scriptive opinions about real life economic situations. The implicit axioms
of Keynes’ theory are as follows:
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ax1) entrepreneurs, consumers, financial investors and policy makers
usually take decisions which are rational in the economic sense based on the
information they have (which may be limited or even very limited);

ax2) the share of irrationally taken decisions is not significantly influen-
tial.

From assumptions ak1–ak30 and axioms ax1–ax2, the following propo-
sitions may be formulated. They represent the consequences of the above
assumptions and axioms (Keynesian theory) expressed in a synthetic way,
which illustrate a number of new features of the behavior of markets. Their
form is as follows:

pk1) a firm’s, industry’s, economy’s function of the total value of unit
supply is defined by the ratio between the sum of net income from sales and
the expected costs of equipment use for a given level of employment to the
level of production corresponding to the stable level of employment;

pk2) the estimates of the unexpected losses of a firm applied in cost
analysis and predictions depend on the accounting rules describing fixed
costs, as well as the assumed and revisable expectations of the costs of
equipment use;

pk3) the propensity to invest is strongly dependent on the marginal effi-
ciency of capital (MEC), which, in turn, is a function of the expected income
from a unit of capital bought at time ta, current capital income, the func-
tion of expected replacement costs, rate of expected sales from investment
in such capital and relative efficiency of capital objects of different ages;

pk4) falling MEC-values, resulting from decreasing variation in the effi-
ciency of capital according to age, can cause a fall in entrepreneurs’ profits;

pk5) the prices of capital objects always adapt themselves to changes in
the expectations of the future purchasing power of money;

pk6) expectations of an increasing MEC, lead to increases in the prices
of capital goods and a decrease in the interest rate which, in turn, decrease
the MEC and increase fluctuations in the MEC that may cause business
cycle fluctuations in other spheres of the economy;

pk7) the MEC–transmission channel of expectations is stronger than
the interest rate channel;

pk8) the ratio of expected fluctuations in the MEC to expected fluctu-
ations in the interest rate is a leading indicator of BC (business cycles);

pk9) the willingness to invest depends on the MEC, as well as the risks
of incurring debt and changes in the purchasing power of money;

pk10) changes in the money supply and demand aimed at speculation
depend on the influence of operations on the open market, expectations
about future changes in the monetary policy of the Central Bank (CB), the
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liquidity of the financial markets, revisions of expectations, the difference
between the current interest rate R and the rate that is safe for making
investments, as well as the interest rate Reql equilibrating the labor market;

pk11) if the interest rate fulfills R > Reql, then the long–run Rlr depends
on current monetary policy, the financial markets, expectations and the rules
of the monetary policy;

pk12) any trend in R which is considered by market participants as
probably permanent or persistent will be persistent;

pk13) the owners of capital K buy and keep K due to the expected
income from K;

pk14) the expectations of the yield on new marginal investments grow,
not because of the goal of increasing wealth, but because of an expected
growth in demand for capital goods;

pk15) savings that do not increase expected yields do not cause growth
in investment, but enforce transfers of capital assets;

pk16) positive income from investments with uncertain expectations re-
garding the investment yield can occur if R ≥ 0;

pk17) the expected income from capital K can be expressed in non-
monetary units;

pk18) if there exist “narrow bottle necks” in an economy, a sudden
growth in inflation can occur; but under high unemployment, even a modest
growth in aggregate demand (AD) will lead to a growth in employment with
a small rise in prices;

pk19) economic booms are evoked by optimistic (or overly optimistic)
expectations as to the future earnings from K–goods; economic crises, in
turn, are brought about by large falls in the values of MEC and R not
increasing;

pk20) the effects on employment of changes in short–or long–term ex-
pectations are distributed over a long future period;

pk21) the expectations process is always changing and there is always
an overlapping of the results of expectations that complicates assessing the
effects of expectations for individuals, firms, the CB and governments;

pk22) at any time, the level of employment depends not merely on the
existing state of expectations, but also on previous expectations, which are
partly embodied in the present level of capital;

pk23) there is a large overlap between the effects on employment of the
sales revenue from recent output and those of the sales revenue expected
from current input;



203

pk24) the expectations as to the prospective yield on an asset are partly
based on facts known to various degrees of confidence and partly on forecasts
of future events;

pk25) it would be foolish, in forming expectations, to attach great weight
to matters which are very uncertain, and it is reasonable to be guided to a
considerable degree by facts about which we feel confident;

pk26) the way in which long-term expectations are used as a basis for
decisions does not solely depend on the most likely outcome according to
our forecast, but also on the confidence in this forecast;

pk27) the rate of investment depends on the MEC, the level of confi-
dence of a businessmen in the future and their interaction;

pk28) estimates of prospective yields on capital are uncertain due to the
real life complexity of the links between real and nominal economic variables,
expectations as to their future states and their possible interrelationships;

pk29) in the past, the economy was dominated by firms owned and man-
aged by one person or family, which meant that prospective yields (profits)
were equally or less important than the power of entrepreneurship. The share
of reversible (e.g. stock exchange) investments was insignificant in relation
to the economy as a whole. At present, the share of reversible investments
is growing, which makes the use of expectations calculus indispensable, in
order to reduce the effects of risk and increase the stability of an economic
system;

pk30) even small-scale entrepreneurs play decision games on the SE to
earn speculative profits from daily news, traces of changing trends in people’s
and investors’ expectations and changing sources of uncertainty on the SE,
as well as financial and commodity markets;

pk31) the share of possibly irrationally made investments in stock cap-
ital Ks is growing (due to an increase in the share of unprofessional Ks–
investors who have no special knowledge and skills in the field), which in-
creases uncertainty in investment markets;

pk32) the day-to-day fluctuations in the profits of existing investments
have a growing influence on various investment goods markets;

pk33) sudden fluctuations in opinions are weakly connected with invest-
ments, due to the herding effect in the psychological emotions and behavior
of investors with limited knowledge, which can lead to rapid changes not
only in conventional valuations of capital, but even cause changes in the
rules of valuating;

pk34) professional experts and investors are not interested in making re-
vised capital evaluations or buying “to keep”, but in being the first to detect
the moments at which trends change, i.e. turning points in prices and their
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expectations, in profits and their expectations, in wages and their expecta-
tions, in production and its expectations, in savings and their expectations,
and in interest rates and their expectations, placing an accent on recognizing
patterns of changes in opinions, which resembles patterns of evaluations in
a beauty contest;

pk35) investment on the stock exchange resembles casino gambling and
promotes the development of gambling instincts, propensity to gamble, in-
vesting quickly on the basis of technical graphical analysis and short-term
expectations, and preferring quick positive rates of return from shares in not
necessarily productive companies;

pk36) weakening the confidence of either speculative investors or cred-
itors may be a factor of a collapse in equity prices and a big fall in the
MEC, but increasing the confidence of both such investors and creditors is
necessary in ensuring an economic recovery;

pk37) the USA–investment markets are rooted in the high level of con-
fidence of American investors, especially non–professional ones, in the long-
term efficiency of US–banking, the stability of credit systems and the suc-
cessful organization of “liquid” investment markets; while the English system
has higher transactions costs on the SE, diminishing SE-liquidity is a less
significant danger to the market;

pk38) a high level of speculation, liquidity and attracting more and more
monetary capital decreases investment in physical capital goods and pro-
ductive services, which in the medium to long–term can have very negative
effects on business cycles, employment, production and aggregate demand
and supply, as well as stimulating the propensity of households and firms to
hoard large amounts of money;

pk39) a large proportion of the positive activities of economic agents
follow from spontaneous expectations, as well as emotions of optimism and
confidence, rather than on mathematical expectations, whether moral, he-
donistic or economic. These emotions are often animalistic and prompt
individuals to action rather than inaction;

pk40) the community benefits from enterprising activities, even if they
depend on expectations (hopes) supported by the natural instinct of en-
trepreneurship and rational business calculations;

pk41) economic prosperity and investment prospects depend on ratio-
nal and irrational expectations, actions stimulated by a socio-political atmo-
sphere congenial to common trends in opinions that determine spontaneous
optimism or pessimism, the confidence of investors and consumers, the busi-
ness and investment climate, and even reactions to the weather;
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pk42) human decisions affecting future events and phenomena (per-
sonal, economic and political) do not depend on strict calculations of math-
ematical expectations, but on the innate urge of economic players to take
actions and choices which are as good as possible and consistent with their
motives, sentiments and assessment of chances;

pk43) the effects of wrong predictions or expectations are weakened by
using compound interest in calculations, in long–term contracts for long–
term building investments by transferring risk from the investor to the oc-
cupier based on the continuity and security of tenure, by state guarantees
and monopoly rights to charge defined rates from the use of investments in
public utilities, in state investments by not applying the assumption that the
mathematical expectations of their yields are at least equal to the current
interest rate;

pk44) long–term expectations depend on their short–term changes as
distinct from changes in the rate of interest, and influence the rate of invest-
ment, but steering changes in the interest rate based merely on monetary
policy is likely to be less effective than policy that uses expectations or pre-
dictions of the MEC as a means of diminishing future fluctuations in the
MEC for different types of capital.

This list of pronouncements and statements rooted in J. M. Keynes’
(1936) theory of expectations can be treated either as his opinions on the
role and place of expectations in his theory of the short–term behavior of a
given economy or as hypotheses subject to empirical confirmation both for
the period of the first half of the XX c., as well as for later periods for the
UK–economy or other market economies. It is an open question as to which
formal models (that may be formulated on the grounds of listed assumptions,
axioms and statements) are more or less consistent with empirical statistical
data for chosen economies. The author does not know of any fully extended
studies in the literature covering all of the listed elements of our reconstruc-
tion of Keynes’ theory of expectations, although some elements of his theory
can be seen in other theories of expectations. It should be stressed, however,
that Keynes’ attention was focused on the expectations of labor market par-
ticipants, as well as on participants in the markets for money and security
papers. It should be stressed that the expectations of the latter group of
market participants are also the subject of H. Working’s theory of economic
expectations that is presented below.
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6.2.1. H. Working’s theory of rational economic expectations

Another interesting theory of rational economic expectations was developed
by H. Working (1934, 1949, 1958). His theory mainly concerns the com-
modities and securities markets, especially the behavior and mechanisms
of price formation on these markets. We begin with a presentation of his
assumptions. They are as follows:

aw1) there exist the following types of expectors: participants of com-
modities markets (for eggs, potatoes, wheat, cotton, etc.), participants of
stock exchange securities markets, futures markets, consumers, investors,
employees of local or central government institutions, politicians, market
makers, traders, economic advisers of firms, banks, governments, dealers,
speculators, buyers, sellers and producers;

aw2) the expectatises covered by this theory are: commodity prices, the
normal or equilibrium prices of security papers (such as stocks and futures),
price fluctuations, expectations of consumer demand, expectations of supply;
the sentiments, beliefs and emotions of optimism and pessimism of market
participants, degree of “haggling and bargaining” in the markets, expecta-
tions of investor demand, consumers’ and investors’ incomes, consumers’
and investors’ expenditures; the utility functions of consumers, producers,
dealers, speculators, investors and politicians;

aw3) the problems faced by market institutions and the regulatory role
of competition are important, both theoretically and practically;

aw4) all the prices considered are influenced by expectations and are
anticipatory (see also F. Taussing (1921));

aw5) supply and demand do not precisely determine market prices (see
also F. Taussing (1921));

aw6) A. Marshall’s (1890) view of short-period fluctuations around “nor-
mal”, i.e. equilibrium, market prices is an important part of the price for-
mation process embracing “speculative maneuvers” in futures markets;

aw7) expectations are an important ingredient in the process of demand
formation;

aw8) in order to make current and future decisions, consumers must
predict prices and their future income;

aw9) a realistic model of an anticipatory market assumes that, at a
given moment, supply is fixed, reservation prices determine demand, prices
may be set from moment to moment, “short” and forward sales are possible
and influence the present spot price;

aw10) the holdings-demand schedule is based on expected consumption
demand and opinions about existing supplies;
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aw11) the population structure of expectors and decision makers is known;
aw12) the quality of information is sufficiently good to make predictions

of market features with precision not far from measurements made in the
future;

aw13) traders, producers, consumers, investors do not haggle (negotiate
prices);

aw14) traders have various levels of knowledge, skills, experience, intel-
ligence, abilities and different opinions;

aw15) the share of inept traders and their trading is not significant in a
market;

aw16) prices are always formed through the medium of the decisions of
economic agents based on the information available to traders;

aw17) the markets considered are similar to real markets;
aw18) the number of traders in the market excludes the possibility of

the significant influence of particular traders, and traders do not collude;
aw19) the information available is not corrupted by manipulators;
aw20) most of the traders are able, emotionally stable, equipped with

pertinent knowledge and skilled in its use, and devoted to the profession of
trading;

aw21) price changes have two components: gradual and non-gradual;
they can be recognized statistically based on statistical data, both histor-
ical and regarding expectations, in particular using the theory of random
processes and analysis of correlations.

These assumptions give grounds for the following axioms:
axw1) most market participants behave rationally in most situations;
axw2) by making expectations and predictions, market participants of-

ten improve their consumption and investment decisions;
axw3) when professional traders and investors make informational noise,

this is quickly detected by others, and in the medium or long-term is non-
effective on a large scale;

axw4) political and social events do not destroy market institutions;
axw5) there are no traders who become too influential based on the size

of their capital.
The following are statements based on Working’s theory of expectations:
sw1) some of the institutional reforms of the markets in the USA have

been conceived in error and administered under delusions;
sw2) the statement following from Taussig’s theory that fluctuations in

prices are usually limited in scale and cannot be explained purely by supply
and demand is, in general, correct;
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sw3) the statement resulting from Marshall’s theory that the normal
price is determined by the normal supply and demand is correct if we replace
the term normal by periodical average in each appropriate position;

sw4) excluding intermediaries between producers and consumers and
assuming exchange to be based on a grand auction merely forces consumers
to become speculators and apply the idea of anticipatory prices;

sw5) the common trend of expectations indirectly driving the decisions
of market participants strongly depends on the population structure of mar-
ket participants;

sw6) transfers of ownership between market participants, the quality
and breadth of market information and speed of absorption of information
determine both price fluctuations and the quality of the decisions of market
participants;

sw7) differences between expectations concerning prices, demand, sup-
ply, income, profits, market trends and the quality and significance of new
information – are important sources of much trading both in notional and
real markets;

sw8) a local abundance of information induces traders to offer special-
ized services and be market “predators”, due to the existence of ill-informed
and unskillful traders acting as “prey”;

sw9) traders who obtain pertinent market information the most quickly
anticipate events more skillfully and by realizing quick transactions they
obtain quick profits (sometimes losses), and also increase the frequency and
scale of price changes;

sw10) according to Working’s theory, price changes are in general unpre-
dictable, unless new information leads to expectations that change gradually,
or information is not available to certain traders;

sw11) price changes which are too slow generate a small degree of short-
term predictability into such price changes and the danger of possibly large
changes in prices with a given probability;

sw12) ill-qualified traders more often choose an investment strategy
based on swimming with the market trends, but well-qualified traders often
choose moves in the opposite direction using expectations and predictions
based on models of random processes and the correlations between the prices
and supplies of commodities or stock exchange securities, i.e. historical em-
pirical correlations, as well as estimates of the correlations between expected
prices and supplies.

Summing up our reconstruction of H. Working’s theory of economic ex-
pectations, it must be said that:
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• both Working’s and Keynes’ theories are qualitative and descriptive,
rather than aimed at uncovering economic laws;

• like Keynes’ theory, Working’s theory does not clearly introduce the
assumption that economic agents – as creators and bearers of eco-
nomic expectations – are rational agents, although the assumptions
and statements presented above clearly indicate that the majority of
agents are rational, and even those who are ill-informed or ill-qualified
can learn the basic rules of economic rationality, at least rules learned
empirically from real life,

• as in our reconstruction of Keynes’ theory, the reconstruction of Work-
ing’s theory of expectations presented above is far from being perfect.
It is discussable whether the choice of the form and content of the
assumptions, axioms, and statements are sufficiently distinctive, logi-
cally ordered, disjoint, complete and consistent;

• both Keynes’ and Working’s theories are much broader in content and
descriptive in form than the later theory of J. Muth (1961), which is
more mathematically oriented in form.

6.2.2. J. Muth’s theory of rational economic expectations

The bibliography of J. Muth (1961) shows that his theory of economic ex-
pectations – intertwined with price theory – is connected with some con-
cepts used earlier by J. Keynes, H. Working, H. Simon, F. Modigliani and
M. Nerlove. His theory is not, however, intuitive (like the theories of Keynes
and Working), but a quite formal one. Muth’s theory makes the following
assumptions:

am1) there exist the following types of expectors: farmers, entrepreneurs,
isolated market participants, managers of firms, forecasters, predictors, spec-
ulators, households, producers, consumers and traders;

am2) there exist the following types of expectatises: price movements
(fluctuations), market structure, demand and supply functions for farms,
firms, sectors, market equilibrium, entrepreneurs’ predictions, public predic-
tions, income effects on demand, cost effects on the supply from firms, cross-
sectional differences in the expectations of market participants, expectations
of aggregate prices, inventory levels, speculative and non-speculative de-
mand, speculative inventories, households’ accumulation of inventory, losses
or gains, aggregate demand (AD), the AD-function, the upper and lower
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saturation level of inventories, effects of inventory speculation, market sta-
bility, elasticity of demand with respect to price, government forecasts, the
variability of inputs, outputs, mean income of consumers and speculators,
producers’ revenue, consumer expenditure, frequency of business cycles, the
magnitude and patterns of price autocorrelations, models of prices, demand
and supply;

am3) economic expectations regarding future events are essentially the
same as predictions resulting from the relevant economic theory and, as such,
are rational;

am4) economic expectations as to the values of economic variables may
be subject to error;

am5) economic expectations are rational, modelizable and useful;
am6) economic agents, generally, do not waste information;
am7) markets are isolated, market participants are able to speculate

and production may not be instantaneous, which influences the choice of
methods of analysis by economic agents;

am8) economic expectations depend, in particular, on the structure of
an economy and markets;

am9) changes in information systems or the structure of economic sys-
tems lead to changes in the way expectations are formed and requires up-
dating the relative importance of various expectations;

am10) dynamic economic theories and their models do not assume suf-
ficient rationality;

am11) expectations of the managers of firms are random functions (or
variables) which have a subjective probability distribution of outcomes that
is close to the distribution proposed by a relevant economic theory;

am12) the results of entrepreneurial activities cannot be perfectly mod-
eled, and their expectations are different and not perfect;

am13) models of isolated markets at equilibrium are linear and stochas-
tic with normally distributed disturbances, where the theory covers goods
markets;

am14) the variables used in the model denote deviations of the values
of given variables from the equilibrium values of these variables;

am15) the expected market price at moment t is calculated at moment
(t− 1), so only one period ahead rational expectations are taken into ac-
count;

am16) there is more than one producer and more than one market par-
ticipant acting as a consumer or buyer, and the expectations of firms and
consumers are summable;



211

am17) the mathematical expectation of the original uncorrelated distur-
bances, ε, is assumed to be zero, and the aggregate expectation of prices held
by firms is equal to the predicted prices according to the economic theory
of the behavior of markets;

am18) the market price is expressible as a linear function of the price
expectation and vice versa, although in the latter case the expression will
be non-linear with respect to the structural parameters;

am19) we only consider models based on the theory of rational expec-
tations that consider price expectations;

am20) based on a basic linear, stochastic model of the equilibrium in a
market for a single consumer good, the demand for consumption depends
only on the current market price of the good, and its supply, in physical units,
only depends on the expected market price, which is unknown, random and
usually unpredictable at the time of production decisions, but known at the
time a product is purchased;

am21) this basic model may be extended by allowing income effects on
demand and effects of the prices of alternatives on supply and the possi-
bility to estimate the original exogenous disturbances {ε}, as well as later
disturbances {U} based on the model;

am22) direct disturbances in supply Ut are expressible as an infinite
series of random variables {εk−i} with weights {wi} enabling correspondence
to any given correlogram of Ut;

am23) the market price pt can be expressed as an infinite series of ran-
dom variables {εk−i} with weights {wi} and the expected market price pet
is representable as an infinite series of observable prices {pt−j} and weights
{Vj};

am24) the time at which information is accessed/becomes available is
important;

am25) speculative manipulations of the inventory level generate profits
independently of the storage and transactions costs, as well as the inter-
est rate, and the utility of profits and the expectations of this utility are
expressible in terms of Taylor’s series about the origin;

am26) the conditional variance of the price is independent of the ex-
pected price, and the square of the expected price change is small in relation
to this conditional variance;

am27) the AD (aggregate market demand) depends on the population
structure of inventory holders (firms, intermediary traders, households), i.e.
on the aggregate inventory based on this structure;

am28) a model of such a market with speculative transactions includes
an equation describing speculative inventories which depend only on the dif-
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ference between the expected (at time t for time t+ 1) prices and observed
current prices, together with a reformulated equilibrium condition that de-
mand for consumption is satisfied by the current inventories and supply is
satisfied by inventories from previous periods;

am29) there exist easily findable conditions for dynamic stability under
the basic and extended models;

am30) Ezekiel’s, Goodwin’s and Nerlove’s prediction formulas for the
expected price are reasonable short time devices which are helpful in checking
the REH (rational expectations hypothesis).

We leave open the question as to whether our reconstruction of Muth’s
assumptions in his theory of rational expectations is a full description. It
could probably be improved in its formulation. It would be interesting to
see how coherent this set of assumptions is and whether they are disjoint.

A list of explicit statements resulting from J. Muth’s theory of expecta-
tions is as follows:

sm1) the Stockholm School’s theory of market fluctuations is limited;
sm2) the character of dynamic market processes is typically very sensi-

tive to the way in which expectations are influenced by the processes them-
selves;

sm3) the structural forms of models of markets are informationally very
helpful in analyzing changes in such structures;

sm4) the averages of the expectations of industrial firms are more accu-
rate then the expectations from naive models and as accurate as expectations
from elaborate econometric models based on large systems of equations, al-
though there are considerable cross-sectional differences;

sm5) reported expectations generally underestimate the extent of changes
that actually take place;

sm6) expectations are rational if they are, as informed predictions of fu-
ture events, the same as the predictions resulting from the relevant economic
theory;

sm7) since economic agents have limited access to information, generally
they do not waste it;

sm8) the way expectations are formed depends specifically on the struc-
ture of the relevant economic theory or its model;

sm9) adopting Grunberg and Modigliani’s concept of public prediction
will have no substantial effect on the operation of a market or economy
(unless it is based on inside information);

sm10) in the supply equation, disturbances are normally distributed,
since exogenous shocks are also normally distributed;
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sm11) under the market equilibrium, current market prices are linearly
dependent on the expected prices and supply disturbances;

sm12) the mathematical expectations of equilibrium prices based on a
model/theory are proportional to prices expected by the firms;

sm13) there exists a constant of proportionality that equalizes the aggre-
gate expectation of firms and the theoretical prediction of the expectation;

sm14) the rationality of economic agents implies that the proposed basic
linear equilibrium model based on Muth’s theory leads to equality between
the theoretical expectations and firms’ expectations only in the case of equal-
ity between the coefficients of the market prices and expected market prices
in the demand and supply equations;

sm15) if the mathematical expectations of the supply disturbances for
a given model are non-zero and the corresponding expectations of the equi-
librium price are equal to the expected market prices, then the latter expec-
tations are proportional to the expected disturbances, but with the opposite
sign;

sm16) the weights {Wi} in the infinite series representation of the cur-
rent price and weights {Vj} in the infinite series representation of the ex-
pected price are linearly dependent via a triangular linking matrix;

sm17) if all the weights {Wi} of the supply equation disturbances {Ut}
are equal to 1, then the expected price is a geometrically weighted moving
average of past market prices based on Nerlove’s formula;

sm18) speculative transactions are profitable, but reducing the variance
of prices reduces opportunities for speculation;

sm19) a Taylor’s series expansion about zero profit enables approxima-
tion of the utility function based on profit and the expected utility function
in a valid way within a small range of variation in profits;

sm20) based on the assumption that the first derivative of the utility
function is positive and the second derivative is negative, the approximation
of the level of a speculative inventory is an increasing ratio type function,
where the numerator of this function depends on the variance of price fore-
casts;

sm21) introducing storage costs and a positive interest rate may con-
strain the aggregate market inventory and cause nonlinearity in the AD-
function, such that there exists a fixed upper “saturation” level of inventories,
and a lower level which approaches zero;

sm22) given that the level of speculative inventory is proportional to
the difference between expected, for moment t+1, prices and current prices,
the conditions for dynamic stability hold and the exogenous market distur-
bances are independently distributed, then the expected price is positively
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correlated with the previous price. When the level of inventories do not play
an important role, this correlation should be close to zero;

sm23) if P et = λ1Pt−1, then the supply and speculation inventory equa-
tions are more restricted and more parameterized. The effects of inventory
speculation can be seen by comparing the standard deviations of prices, ex-
pected prices and output, as well as by comparing the means of producers’
revenues, speculators’ revenues and consumer expenditure;

sm24) the effect of inventory speculation on the welfare of consumers
and firms is not obvious and is dependent on changes in the coefficient in
the inventory equation;

sm25) the rationality principle and rational expectations of entrepreneurs
and consumers are unifying roots for many methods of analyzing market
economies and such a framework gives grounds for including the effects of
systematic biases, incomplete or incorrect information and the imperfect
memory of economic agents on the behavior of particular markets;

sm26) empirical applications of the REH (rational expectations hypoth-
esis) are more consistent with historical data for the USA commodity mar-
kets than the results of fitting these data using the COBWEB – cycle type
models of Schultz, Goodwin and Nerlove; that is to say that the price ex-
pected (by firms), P et , is an unbiased consistent prediction of the actual
market price;

This list of statements seem to be consequences of the assumptions of
Muth’s theory of rational expectations. It remains to check whether this
is the case and whether the sets of both assumptions and statements are
complete, disjoint, logically coherent and empirically valid. It should also
be remembered that it is possible to formulate many models based on this
theory and that Muth’s formalized theory is not the only one.

6.2.3. R. E. Lucas, Jr.’s theory of rational economic
expectations

It can be easily seen that despite the fact that J. M. Keynes (1936) presented
quite a rich theory of economic expectations, his followers did not try to
verify it empirically or discuss its extensions based on their modifications of
Keynes’ macroeconomic theory. An awakening came in the 70’s of the XX c.
when two shocks in aggregate supply resulted from oil crises and a period of
high inflation, not only in the USA. Great discussion among different streams
of economists was evoked by R. E. Lucas (1972, 1973), who described the
inefficiency of monetary and fiscal policies aimed at curbing inflation and
increasing the growth and employment rates. He underlines the role of the



215

expectations of economic agents within a stochastic equilibrium approach
linked to problems related to so called “output–inflation tradeoffs” and the
“natural rate of real output”. Presenting his theory of rational economic
expectations, he explicitly or implicitly assumes the following:

al1) there exist the following type of expectors: market participants, i.e.
suppliers of goods and labor, buyers, firms, traders, producers and consumers
belonging to two generations, as well as, policy makers;

al2) there exist the following types of expectatises: inflation rates, equi-
librium inflation rates, prices on two markets, growth rates of nominal and
real output, public psychological expectations, growth in the money supply,
relation between the inflation rates in two markets, long–run neutrality of
money, intergenerational transfer of money, pre– and post–transfer monetary
balances, individual demand for future consumption and employment, dis-
tribution function for prices and for monetary transfers, demand for goods,
economic state, interest rates, real supply shocks, real and nominal shifts
in demand, normal aggregate real demand and supply, the cyclical compo-
nent of market supply, the effects of fooling suppliers and demanders and
the degree to which this occurs, current and normal rates of unemployment,
relation between the volatility of aggregate demand (AD) and the general
index of prices;

al3) economic agents are rational, base their decisions on imperfect in-
formation about relative prices which is available to all and behave optimally
according to their chosen objectives and economic expectations;

al4) there are scattered, competitive markets, such that the demand for
goods and acceptable price changes are unevenly distributed over them;

al5) the equilibrium processes of the commodity, labor and monetary
markets are isolated;

al6) the economy behaves stochastically and a lack of price information
for some market participants does not exclude them from making rational
decisions;

al7) “rigidities” in the short–run supply from suppliers are due to a lack
of, or incomplete, information about prices on other markets;

al8) nominal output is given by Y (t) = Y̌ (t) · P (t), where Y̌ is real
output, P is the general price level, although it should be noted that P (t)
is dependent on suppliers’ decisions and market demand;

al9) the elasticity of aggregate demand with respect to price is 1;
al10) each log− level of market supply Y s = Y s,n · Y s,c is the log-

product of the normal level of supply, common to all markets, and a cyclical
component of supply which varies according to the type of market;
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al11) the “normal” log-component ys,n ≡ log (Y s,n) follows a linear trend,
but the “cyclical” log–component ycz varies according to the perceived differ-
ence between the present z–market price Pz, the mathematical expectation
E (Pt|Iz) of the general price index Pt conditional on the information Iz and
the log–value of ycz at lag one, ycz (t− 1 );

al12) the information Iz (t) covers the history of yn and yc of unsatisfied
demand and helps to determine a prior, common to all markets, distribution
function FP (t) of Pt, denoted by FP,N

(
P (t) , σ2

)
, P (history of yn, yc);

al13) the actual z-market price Pz (t) = P (t) + P̃z (t), where P̃z (t) ∼
N
(
0, σ2

z

)
, P̃z independent of P , and suppliers observe Pz and

{
P (t− z)

}
;

moreover, suppliers use this decomposition of Pz (t) to estimate the correct
conditional normal distribution of P t|Pt (z),

{
P (t− τ)

}
with conditional

mean E
(
P t|Iz (t)

)
= (1− θ)Pz (t) + θP (t− τ), τ = σ2

z/
(
σ2 + σ2

z

)
, and

conditional variance θσ2;
al14) there are shocks4ydt in the nominal log demand, ydt = y̌dt +pt, pt =

lnPt, where y̌dt ∼ N
(
δ, σ2

yd

)
, pt is not observed, but expected or predicted

at time t; although the demand function is unknown to suppliers;
al15) only unanticipated shocks, 4ydt , may cause changes in output,

4yst , by “fooling” suppliers (according to this model of the theory of expec-
tations, these changes are assumed to be constant);

al16) fluctuations in relative market prices are caused by the stochastic
nature of traders’ allocation across markets and stochastic changes in the
money supply, 4M s;

al17) the only source of (imperfect) information on the current state of
real and monetary disturbances is through market prices;

al18) the hedging behavior of agents results from the short run non-
neutrality of monetary shocks, 4M s

t , and real shocks in supply;
al19) equilibrium prices and supplies are possible vector states of the

economy numerically fixed as the solution of the dynamic programming
problem;

al20) economic agents belong to 2 generations, where the first produces
non-storable goods and the second consumes non-storable goods;

al21) fiat money (i.e. currency that is treated as legal tender, but does
not have any backing in the form of a physical commodity) is not inheritable
by family members, and for a given assignment of persons to markets, it is
not possible to switch or communicate between markets, in which trading
takes the form of an auction;
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al22) the pre-transfer cash balances of individuals, ms,pre, are known to
all agents, but the post-transfer balances of individuals are unknown, except
for the part revealed by the current Pt;

al23) in each period, the monetary transfers, x (t), and agents’ alloca-
tions to markets, θ (t), are statistically independent, and their probability
densities are continuous and known;

al24) at any moment t, the state of economy is entirely described by the
triple σ (t) ≡ (ms,pre(t), x(t), θ(t));

al25) transitions of the state of the economy, σ (t)→ σ (t+ 1), are given
by the probability densities fX , fθ and

ms,post (t+ 1) = ms,pre (t) · x (t) ;

al26) the utility of the members of the older generation prefer is strictly
increasing in consumption, and their U (ms) = 0;

al27) each of the economy’s agents select current c and (expected) fu-
ture ce consumption to maximize the sum of two strictly concave and con-
tinuously twice differentiable known utility functions U (c, nem) and U (ce),
which are both increasing in c, ce;

al28) there is a known, conditional on the level of current prices and the
amount of money an agent holds, distribution function F of future prices and
inter-generational money transfers, x (t), as well as of the expected income
of agents and price level;

al29) the price index is a function of the economy’s current state, (m,x, θ),
and the equilibrium price index is a continuous, nonnegative function of the
state, where this function fulfills the following condition: the marginal cost
of acquiring cash by an individual must be equal to the marginal benefit of
that individual in terms of the units of expected future utility gained;

al30) allocations of economic resources are made according to k–percent
M. Friedman rules, and that the optimality rules take the market and infor-
mation structure of the economy as a physical datum.
Assumptions (al16)–(al30) are taken from Lucas (1972).

The following are implicit axioms of Lucas’ theory:
axl1) economic agents wish to maximize joint utility;
axl2) the influence of the disutility resulting from the quantity of some

goods being in excess is not significant.
From these axioms and assumptions, R. E. Lucas derives the following

statements:
sl1) the expectations of individual suppliers about future demand and

prices is, in general, different from the aggregate market expectations or the
expectations of outside observers;
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sl2) the cyclical component of log-supply ys,cz is linearly related to log-
supply in the previous period and the difference between the price index in
market z and its mathematical expectation given the information Iz;

sl3) the log-supply function for market z is a linear function of ys,n,
ys,cz (t− 1) and the difference Pz (t)−P t and is summable with respect to z;

sl4) the equilibrium price index is a linear function of current and lagged
demands, as well as lagged supplies and the current normal log-supply in
the markets; the solution is expressible as a function of nominal demand;

sl5) the expectation of the general price level E (Pt) is a linear func-
tion of lagged demands, lagged supplies, current normal log-supply and the
expectation E (Po);

sl6) the economy’s log-supply ŷs (t) is a function of the change in log-
demand, 4yd (t), as well as ys (t− 1) and ys,n (t);

sl7) the function ŷs,c (t) depends on4yd (t) and ys,c (t− 1); the function
4P̂t describing inflation depends on 4yd (t), 4yd (t− 1) and 4ys,c (t− 1);

sl8) the lag pattern of the equilibrium solution may produce periods of
simultaneous inflation and below average real output; these periods arise due
to shifts in supply which result from changes in demand not being perceived,
but not from autonomous changes in the cost structures of suppliers;

sl9) these equations indicate the existence of a natural rate of output;
changes in the average rate of nominal income growth will have no effect on
average real output;

sl10) unanticipated shifts in demand have effects on outputs resulting
from suppliers being “fooled”;

sl11) the prediction that the average deviation of output from the trend
does not depend on demand policy is not testable, since this average is zero
by definition;

sl12) empirical results for the USA based on the period 1953–67 show
a short-term tradeoff between inflation and real output which is not seen
in Argentina; the higher the variance of average prices, the less favorable
is the observed tradeoff and the higher the variance of demand, the more
unfavorable are the terms of the Phillips’ tradeoff between inflation and
unemployment;

sl13) excluding “monetary illusions” and assuming that all prices are
market clearing, all agents behave optimally according to their objectives
and expectations, and there exists a systematic short-run relation between
inflation according to nominal prices, real output and changes in the money
supply;
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sl14) in the long-run, changes in the money supply are neutral with
respect to inflation, and the real output and money supply are independent
of the nominal output, interest rate and expectations of the interest rate;

sl15) the approach of dynamic stochastic programming is more suitable
for analyzing the relation between information and expectations than the
approach of adaptive rational expectations;

sl16) the utility functions based on current and expected consumption
are summable and it is possible to derive the current consumption, produc-
tion and income that maximizes the utility function based on current and
future consumption;

sl17) the price equilibrium function, a solution based on a model of
equilibrium, is monotonic with respect to the ratio between the intergene-
rational transfer of money and market allocation variable, x/θ, in addition,
the product representation with respect to this ratio is continuously differ-
entiable and unique; this representation can be simplified if θ = 1 or x = 1;
more particular forms of solution and properties can be derived by analyzing
the density function f (z, θ) obtained from the density functions f (x) and
g (θ);

sl18) periods where xt > x are good if y̌t > y̌;
sl19) if a monetary rule prescribing ξ-percent growth in the money

supply is followed by markets participants, the competitive allocation rule
[c (θ) , n (θ) , c· (θ)] will be Pareto optimal with respect to the rule [c (θ) , n (θ) ,
c· (θ)]; the merging of markets improves allocations;

This reconstruction of R. E. Lucas’ (1972, 1973) theory of rational eco-
nomic expectations is probably not precise, due to his specific style of writ-
ing, and unclear mathematical notation. It should be stressed that the main
paper, Lucas (1972 JET), broadly considered models of expectations where
the expectors and expectatises are objects which belong to an extremely
abstract, theoretical economy similar to the abstract economy considered by
P. A. Samuelson (1958).

6.2.4. T. J. Sargent’s theory of rational economic
expectations

T. J. Sargent (1973, 1977, 1986, 1993) presented a less intuitive theory
than those of J. M. Keynes and H. Working, but formally more coherent
than J. Muth’s or R. E. Lucas’ theory of rational economic expectations.
His theory makes the following assumptions:
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as1) the following types of expectors exist: market participants, sup-
pliers of labor and goods, owners of bonds and equities, monetary policy
advisers, decision makers in central banks, consumers;

as2) the following expectatises exist: unemployment rate, general price
level, inflation rate, interest rate, real interest rate, money supply, M s, and
demand, Md, optimal money supply, prices, AD (aggregate demand), AS
(aggregate supply), production capacity, unexpected part of price changes,
CB’s feedback rule for setting the interest rate, CB’s feedback rule for setting
the money supply, distribution functions of the output, money supply and
demand, distributions of shocks in AD, AS, M s, Md;

as3) each person’s behavior can be described as the outcome of maxi-
mizing an objective function subject to perceived constraints, so behavior is
rational;

as4) the constraints perceived by individuals in the system are mutually
consistent, i.e. individuals’ beliefs about others’ decisions in a given economy
are mutually consistent;

as5) there is a large number of identical firms which treat price p and
output y of the “average” firm in the industry as given;

as6) in the static case, producers maximize profits at real level of output
y̌∗, the price level p equals the unit marginal cost c′ (y̌) = p; i.e.
y̌∗ = argmaxy̌ {p · y̌ − c (y̌)}; where y̌ ≡ h (y) = y;

as7) in the dynamic case, any agent (e.g. a producer) chooses a plan
{y̌∗t }, such that:

{y̌∗t } = argmaxy̌

{
E

∞∑
t=0

βtR (y̌t, y̌t−1, pt) |y̌t = h
(
y̌t−1, yt−1, Ut

)
, pt = p (yt, Ut)

}
,

where yt = H
(
yt−1, Ut

)
, {Ut} is a sequence of i.i.d. random variables,

β ∈ (0, 1) is the discount factor, E denotes mathematical expectation; so the
actual law of motion of the aggregate state yt is given by y∗t = H∗

(
yt−1, Ut

)
,

where the perceived law of motion is yt = H
(
yt−1, Ut

)
, and H∗ = T (H),

and so the law defining a rational expectations equilibrium is the fixed point
law H∗,re = T (H∗,re);

as8) real demand for money is a linear function of the ratio P et,t+1/Pt,
where P et,t+1 denotes the expectation of the price level at time t + 1 made
at time t, and given knowledge of µ, defined by M s

t+1 = µM s
t , and γ, λ, c

from Pt = γM s
t + λtc, the rational expectation P et,t+1 = γµM s

t + λt+1c is a
good estimate of P et,t+1 in the equation for Md/P ;

as9) there exist relations between the parameters of the real demand,
supply and price functions that enable calculation of equilibrium values for
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prices and money supply, as well as a non-unique equilibrium price in terms
of the current nominal supply of money;

as10) in the case of two economies, a constant exchange rate e and
the same ratio between expectations for the two currencies, there are well
established relations between the parameters of the equations for prices,
expectations, real demand for money and equilibrium conditions;

as11) in the corresponding static model, under adaptive rational expec-
tations, the equilibrium values of y∗ are given by a relaxation mechanism of
the form y∗i = y∗i−1 + λ ·

(
yi − y∗i−1

)
, where i denotes the iteration number,

λ ∈ (0, 1) and y∗i is the expected value of y at iteration i;
as12) in the framework of bounded rationality, it is assumed that the

agents take decisions and use methodological rules in the same way as econo-
metricians model a given economy, i..e. they try to eliminate systematic
errors in prediction (referred to by T. J. Sargent as “forecast errors”);

as13) there is no good theory of how economists behave and learn about
the world, although models based on artificial intelligence should be a useful
starting point;

as14) the assumption of bounded rationality prevails in both scientific
and everyday activities;

as15) models of rational and boundedly rational expectations are a basis
for deriving useful decision functions mapping the information held by indi-
viduals into decisions and for making abstract experiments which simulate
regime changes based on the effects of “pre-reform” and “post-reform” rules
on market participants;

as16) public expectations are modeled either using autoregression of a
given order with respect to the variables being forecasted or objective math-
ematical expectations of the formal expressions representing the relations
between these variables;

as17) the probability distribution functions of the following are known:
real output, the money supply, AD, AS, production capacity, disturbances in
output supply, output demand, money demand and supply, exogenous vari-
ables, measurement errors for these variables, surprise changes in demands,
supplies and prices;

as18) the following are known: parameters describing the relations from
(as17), the ad hoc loss or objective function used by policy makers, feed-
back rules defining interest rates and the money supply, the psychological
expectations for one or two periods ahead, the reduced linear form of the
structural linear model of the economy;

as19) the authorities may hold the same or richer information than the
public, and it is not assumed that there exists an effective systematic rule
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that affects the unexpected part of the price level or disturbances to the
economy;

as20) the information held by the monetary authorities differs from the
information held by the public.

From the explicit and implicit assumptions described above, T. J. Sar-
gent draws the following conclusions:

ss1) the REH (rational expectations hypothesis) sufficiently restricts in-
dividuals’ perceptions about the behavior of other people to make reasonable
predictions about expectatises; the bounded version of REH makes this even
easier;

ss2) if people’s perceptions are inconsistent, then there will exist unex-
ploited utility, possibilities for generating profit within a given economy and
room for market disequilibria;

ss3) the requirement that y̌ = h
(
y̌
)

= y̌ means that no competitively
acting firm has an incentive to deviate from the average output that others
adopt;

ss4) the assumptions regarding optimal behavior and the representative-
ness of each firm induce a mapping H∗ = T (H) from the perceived law of
motion y̌ = H

(
y̌t−1, ut

)
to the actual law H∗; also, knowledge of the equilib-

rium conditional distribution F
(
Pt+1|y̌t

)
is vital when deriving the optimal

prices and outputs, P ∗t+1, y̌∗t+1;
ss5) it is possible to extend Cagan’s model of the money market and

prices to include the REH and to show the non-uniqueness of equilibrium
paths for prices and money demand, to discuss linear models of two economies
with fiat money and the resulting prices under a constant unrestricted ex-
change rate between the two currencies without specifying how agents ac-
quire their beliefs;

ss6) an iterative relaxation algorithm for computing the equilibrium un-
der the REH, y̌∗, needs some empirical experience in modeling using Cagan
and Friedman adjustment (adaptive) expectations, which vary according to
the model of prices and money applied;

ss7) J. Muth’s REH is optimal if y̌t = y̌t−1 + εt − λεt−1, where ε is a
Martingale process (i.e. the expected value of ε is constant over time) and
λ is Friedman-Cagan’s parameter describing the strength of people’s beliefs;

ss8) it is possible to revise entire expectation-generating functions in
response to deviations between actual outcomes and predictions according
to H∗i = H∗i−1 + λ

(
T
(
H∗i−1

)
−H∗i−1

)
;

ss9) assuming that the behavior of economic agents being modeled is
similar to the behavior of economists who are modelers leads to either self-
referential loops and consequences or feedback type decisions;
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ss10) bounded rationality is used to reduce the multiplicity of equilibria
computed according to general equilibrium theory using a game-theoretic
approach;

ss11) REH-theory is difficult to use in finance under situations corre-
sponding to “a lack of trade” when diversely informed traders extract in-
formation from equilibrium prices so efficiently that no trade can occur
at any equilibrium or under situations where the policy regimes of various
economies change or commitments are fixed;

ss12) under REH, if a government really chooses its targets sequentially
(regime change) in time and inconsistently with RE, the response of an
associated market would change in ways that depend on the government’s
motives, when its targets and policies are announced and private agents’
beliefs about them;

ss13) REMM (rational expectations monetary models) are good tools
to analyze changes between two regimes in macroeconomic policy, e.g. the
end of hyperinflation, RE-equilibria under 2 alternative full-commitment
monetary-fiscal regimes [i.e. a pre-reform regime with permanently large
net-of-interest state budget deficits constantly financed by high growth in
the money supply, but less by Government bonds, a regime where inflation is
expected to be permanently high and a post-reform regime of a permanently
balanced PV (state budget deficit) with no money being printing to finance
it and zero-inflation]; hence consistency with REH is not assumed during
hyperinflation, but rather that hyperinflation is not too costly;

ss14) regimes based on a “real bills” policy and “quantity theory” show
how using REM in “impure” ways that do not fully impose the principles of
individual rationality and consistency of expectations provides ample free-
dom to explain empirical facts which are hard to explain under REH;

ss15) bounded rationality models (BRM) restrict the decision rules of a
collection of agents to forms which are easier to encode and update when
new information flows in and apply to behavioral schemes of agents based
on artificial intelligence;

ss16) under non-bounded REM, when public expectations are mathe-
matical expectations of the variables being forecast which are dependent,
among other things, on known policy rules:

a) the probability distribution of real output is independent of the deter-
ministic money supply rule;

b) assuming that the loss function is a quadratic function of the general
price level, we obtain the case of an optimal money supply rule that
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enables equating the expected value of the price level in the next period
to a chosen target value;

c) if the CB fixes the interest rate period by period (regardless of how it
behaves), the equilibrium price level in an economy is not unique;

ss17) if REM takes the adaptive form of autoregressive schemes, then
I. Fisher’s and A. Phillips’ tradeoffs between output and inflation are dedu-
cable and based on (ss16.b) – this case has the form of a well-defined dynamic
problem that leads to both a unique optimal deterministic feedback rule for
M s or interest rate R, and to a unique period-by-period equilibrium under
a given R;

ss18) switching from AR-expectations to mathematical RE based on
T. Sargent’s economic model may mean that for some situations Friedman’s
rule of X-percent money growth would be foolish into one in which such a
rule would be the best for the CB;

ss19) the CB may induce fluctuations in real output only through an
unexpected change in the general level of prices; however, if the CB and
consumers share the same information, under the rationality of expectations,
the unexpected part of price changes is independent of the expected part of
M s, so the CB has no decision rule which can affect this unexpected part;

ss20) under a rule that determines the interest rate, economic agents
correctly predict the actions of the CB, and the REMM does not give any
suggestions as to how and where to anchor the quantity Et−1Pt, so there are
no indications of how to associate the interest rate with a determined price
level;

ss21) if there is an asymmetry of information between the CB and the
public, then the tradeoff between real output and the price index is com-
plex, due to, e.g. the complexity of assessing the discrepancy of information
between the CB and the public;

ss22) systematic countercyclical macroeconomic policies are fairly ro-
bust to changes in the model of the AD schedule and the portfolio balance
condition, as well as to switching from an adaptive AR-rational expectations
scheme to a non-adaptive RE-scheme;

ss23) the short-run response of the interest rate R and employment to
an exogenous shock in endogenous expected inflation affecting AD according
to an IS-LM-Fisher-Phillips type model is distributed over time;

ss24) the Phelps-Friedman hypothesis of a natural rate of unemployment
is true, and no systematic monetary or fiscal policies can evoke a permanent
effect on the U-unemployment rate; together with the REH, this leads to the
statement that the real Ř is independent of the systematic or expected part
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of the M s, so expected inflation Πe only determines the nominal interest
rate;

ss25) the adaptive REH of Cagan in the form P et,t+1 =
∑∞

i=0 εiPt−i
adapted to the linear equations for the AS, AD(IS) portfolio balance leads
to a linear stochastic equation for the nominal interest rate that is useful in
verifying Fisher’s theory of the real interest rate being independent of the
systematic part of M s;

ss26) the current log-real AS gap, (y̌st − y̌s,eq), is linearly dependent on
the error of public expectations in the previous period, Pt − P et−1,t, and the
error in model specification; the current real log-AD-gap is linearly depen-
dent on the actual nominal interest rate corrected by the current error in
public expectations, the joint influence of exogenous factors and the speci-
fication error; the real money supply depends on the current demand based
on national income, the nominal Rt and the specification error; hence, the
AS and AD are linked by the price expectations of the public;

ss27) Sargent’s model differs from the standard Phillips-Fisher model
by replacing fixed-weight, extrapolative or adaptive rational expectations
by non-adaptive RE which does not systematically differ from the model’s
predictions and:

ss28) the rate of output being independent of the systematic parts of
M s and the fiscal policy variables,

ss29) the real Ř being independent of the systematic part of M s,
ss30) no equilibrium price exists under a policy of fixing R,
ss31) the set of lag coefficients for monetary income are variables which

depend on, e.g. the M s -rule , so when a policy changes, this set of lags also
change;

ss32) according to Sargent’s model (1973 BPEA), equilibrium prices
depend on the following: the current and historic values of log M s, nor-
mal production capacity, policy variables and errors in model specification;
these equilibrium prices implicitly define the future prices conditional on the
systematic part of historical policies;

ss33) the properties of Sargent’s model where the AS-gap is related lin-
early to the “surprise” component of the prediction error for the current
price level minus the amount by which the average of price expectations in
n future periods is revised due to receiving new information – are similar to
the properties of Sargent’s original model (1973);

ss34) replacing the capacity gap equation by its counterpart in the form
of an AR(q)-gap linear equation leads to a capacity gap equation where
the conditional prediction errors of the weighted distributed lags can be
represented using an infinite series approximation;
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ss35) the surprise, random, part of the inflation rate has a much larger
effect on the unemployment rate, U, than the systematic part does, although
this effect is often statistically insignificant;

ss36) the relation between U and Πsuprise ≡ Πsur is less stable than the
relation between U and Πe (in the short-run);

ss37) there is no valid empirical proof that any given model of the hy-
pothesis of a natural level of unemployment is best, so it is reasonable to
design employment policies on the basis of the expected value of unemploy-
ment rate;

ss38) the equation resulting from the hypothesis of a natural rate of un-
employment based on expected and unexpected price changes is empirically
valid, but the corresponding equation for wages is empirically rejected;

As in the case of previous reconstructions of theories of rational economic
expectations, this reconstruction of Sargent’s theory was based on papers
cited below. Due to editorial constraints, it is not possible to make deep
comparisons of the theories discussed above or to analyze any unclear issues.
It is worthwhile to underline that their theoretical and practical usefulness
will be confirmed if it can be proved that they are necessary for very good
ex ante predictions of real ontic subjects and objects such as, e.g., nominal
prices, employment, unemployment, supply of consumer goods, supply of
given minerals, wages of employees, profits of owners.
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Chapter 7

On expectations. Part III

Summary

Part II described reconstructions of theories of rational economic expec-
tations, including the theories of Keynes, Working, Muth, Lucas and Sar-
gent. The present chapter gives a critical assessment of these theories which
enables defining extensions and, possibly, syntheses of them, as well as mod-
ifying the models of these theories.

Keywords: Keynes’ theory of expectations, Working’s theory of ex-
pectations, Muth’s theory of expectations, Lucas’ theory of expectations,
Sargent’s theory of expectations, economic expectations, rational economic
expectations, theory of expectations

7.1. Introduction

In Part II, attention was focused on the reconstruction of the economic
theories of expectations presented by J. M. Keynes, H. Working, J. Muth,
R. Lucas and T. Sargent. The choice of these theories was dictated by
their influence on Western economic thought and the economic decisions of
important economic agents, especially governments and central banks. It is
worthwhile to recall, as was broadly discussed in Part I and partly in Part II,
that the category of rational economic expectations covers many dimensions
of criteria for rationality, namely metaphysical, methodological, linguistic-
semiotic, conceptual, cognitive, axialogical and life-actional. Each economic
being may be conscious or unconscious of the direct or indirect influence of
the use of these criteria on their expectations, predictions and decisions.
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An analysis of the influence of these aspects of rationality on individuals
can be carried out thanks to current observations of events by independent
observers only in the case of expectations, predictions, decisions that were
made in the past. In the case of groups of individuals, this influence can
only be roughly enlightened by the use of questionnaires.

Section 2 gives a critical assessment of J. M. Keynes’ and H. Working’s
theories of rational economic expectations. Section 3 presents an assessment
of the theories of rational economic expectations given by J. Muth, R. Lucas
and T. Sargent.

7.2. Remarks on J. M. Keynes’ and H. Working’s
theories of expectations

It is easily seen that Keynes’ theory of economic expectations is one of the
least formal ones, but contains rich economic content. It is also relatively
easy to find gaps of varying importance in this theory. We list them in
the order used in Part II when presenting the assumptions, axioms and
propositional sentences of the theory.

The remarks corresponding to assumptions ak1–ak30 are as follows:

ak1) the list of expectors does not cover: politicians, journalists, artists,
religious leaders, etc.;

ak2) the list of expectatises does not directly embrace: future supplies of
consumer goods, Kph-physical capital goods, Kh-human capital goods,
insurance goods, forward contracts and futures, BC (business cycles),
political cycles, timing of stock exchange crises, currency crises, bank-
ing crises, financial crises, economic crises, the sentiments and con-
fidence of consumers and investors, unemployment rates in the Kph

and Kf goods market, the potential and equilibrium value of GDP
and GNP and their growth, market sizes and pressure, the average
efficiency of the use of capital goods;

ak3) not all output serves to “ultimately satisfy a consumer”; part of it
serves to invest, to save or to hoard goods for speculative reasons, or
simply to keep things;

ak4) entrepreneurs have a choice. They can use their expectations not only
about the potential number of future consumers and effective demand,
but also with regard to people’s future demand for investment; they
may also order professional predictions of these demands;
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ak5) these expectations may be extended to unfinished goods, to future
returns from Kf -financial capital goods, Kh-goods and Kari-author
rights and intellectual capital goods;

ak6) unfortunately, not only changes in expectations, but also unexpected
or expected earth-quakes, draughts, floods, volcano eruptions, wars
and revolutions may produce BC-effects;

ak10) these long-run expectations are unknown and impossible to measure
precisely; producers can only order or evaluate predictions from pro-
fessional forecasters;

ak12) expectations may or may not induce changes in: production, inven-
tories, sales, investments, consumption, the marginal and average effi-
ciency of capital used, the level of competition, consumer and investor
confidence, attitudes to technical and social progress;

ak13) it is rather the case that employment now and in the near future
depends on entrepreneurs’ expectations about the “future”;

ak14) changes in the values of investments depend not only on the expec-
tations of investors, but also on their predictions and, especially, the
decisions based on them;

ak15) it is rather the case that agents often do not believe in the persistence
of the present state of things;

ak17) it is not only new information regarding the near future that de-
termines the level of risk of an investment, but also changes in the
investor’s actual and future competitive position, belief in his abilities
to carry out business, and belief in good fortune;

ak18) unlimited access to credit is an abstract assumption and in real life
situations is non-fulfilled;

ak19) even when brokers are not physically present at the SE (each investor
has an Internet link with a SE-mega-computer), progressive taxes on
capital transactions together with safety systems cannot eliminate SE-
crises due to the possible activities of computer hackers and the im-
possibility of always balancing demand and supply;

ak24) the form of capital is not specified; in the case of human, social and
intellectual authorship rights, this list of determinants of the marginal
efficiency of capital is too restrictive.

A question arises as to whether the listed assumptions were effectively
used by Keynes in formulating the listed propositions. It will be possible to
answer this question from the following remarks:

pk1) the only assumption that can be indirectly attributed to pk1 is ak23;
pk2) corresponds to ak7 and ak23;
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pk3) is indirectly related to ak9, ak14, ak20, ak26, ak29 and directly to
ak24, ak25;

pk4) follows from pk3;
pk5) has no direct relations with the listed assumptions;
pk6) follows from pk3, pk4, and is linked to ak6;
pk7) is obvious in the context of ak14, pk3, pk4 and pk6;
pk8) contradicts ak14 and ak25;
pk9) is only indirectly connected with ak14;
pk10) has no links to the assumptions listed;
pk11) is related to ak20;
pk12) if ak14 means that4R = 0, then it contradicts pk12, but if it means

that there are no changes in the trend of R, then pk12 follows from
ak14;

pk13) indirectly corresponds to ak24;
pk14) has no direct links to the listed assumptions;
pk15) has no direct relations to the listed assumptions;
pk16) has no direct links; under the second interpretation of pk14, it is

indirectly linked to ak14;
pk17) and pk18 have no direct links to the assumptions;
pk19) connects pk18 with ak25;
pk20) is related to ak12 and ak13;
pk21) is partly connected with ak7, ak28 and ak29;
pk22) and pk23 complement ak11, ak13, pk20 and pk23;
pk24) pk25, pk26, pk27 and pk28 are not directly linked to any listed

assumption;
pk29) this description of the evolution of the market from being dominated

by family businesses is based on Keynes’ opinion about the state of
economic life rather than a conclusion stemming from the listed as-
sumptions;

pk30) – pk44) are descriptive pronouncements regarding the possible or
factual states of the capital markets, as well as the actions and policies
of governments and central banks.

The above remarks on Keynes’ theory of expectations show that this
theory is not economically or mathematically complete, neither is it logically
ideally coherent, and has assumptions, axioms and propositions of theses
which are densely and directly connected. Fortunately, these features leave
a broad space for possible reformulations, corrections and rectifications that
will serve as an admissible basis for defining formal models of new versions
of Keynes’ original theories.

Similarly to Keynes’ theory, H. Working’s theory of economic expecta-
tions is broad in its economic content and descriptive in form. The following
remarks are useful comments on the assumptions aw1–aw21:
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aw1) this list of expectors does not directly cover: journalists, artists, reli-
gious leaders, leaders of influential youth movements, etc.;

aw2) this list of expectatises does not directly cover: future supplies of con-
sumer and investment goods, Kh-goods, insurance goods, phases of the
BC, political cycles, phases of other (SE, currency, trade, banking sec-
tor, financial sector, economic) cycles, unemployment rates in the Kph,
Kf -goods market, the effect of inertia and friction on consumer com-
modity markets, financial markets, the level of entrepreneurship and
competition, etc.;

aw7) expectations are not only an important determinant of demand, but
also of supply, profits, costs, saving, economic efficiency, market effi-
ciency, etc.;

aw8) not only consumers must take their expectations into account when
making decisions, but also investors, politicians, etc.;

aw9) this model of an anticipatory market might be realistic only for SE-
market goods;

aw10) such holdings-demand schedules are only valid for participants in the
consumption goods market;

aw11) the population structure is only known up to the present day. The
future structure is unknown;

aw13) the assumption of no haggling is very strong;
aw14) the assumption of various levels of knowledge and skill is generally

a very acceptable assumption. Its consequences may be unexpected
depending on the proportion of non-average influential rational or ir-
rational traders;

aw15) the assumption that the proportion of inept traders is small follows
from the assumption of group rationality;

aw17) , aw18, aw19 and aw20 are implied by the assumption of group
rationality, but not always fulfilled in reality.

aw15)–aw20) are linked directly or indirectly with axioms axw1–axw5,
derived from Working’s theory.

The following are remarks on the statements of Working’s theory of expec-
tations:

sw1), sw2) report facts of economic history;
sw3) is a correction of Marshall’s statement indirectly linked to the theory

of expectations;
sw4) is linked indirectly to aw3, aw9, aw14 and aw17;
sw5) is linked directly to aw4, aw7, aw9, aw11, aw13–aw15 and aw20;
sw6) is linked to aw4, aw6, aw12, aw14, aw16 and aw19;
sw7) is connected with aw1, aw4, aw7, aw8, aw10, aw12 and axw2;
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sw8) is connected with aw12, aw14 and aw20;
sw9) is related to sw8 and aw21;
sw10) is related to sw8 and sw9;
sw11) is related to sw10 and aw6;
sw12) is related to aw21, aw6, aw14 and axw2.

It can easily be seen which assumptions and axioms are not connected
with statements sw1 – sw12. These are aw2, aw5, aw18, axw1 and axw3
– axw5.

7.3. Remarks on J. Muth’s theory of rational
expectations

Muth’s theory of rational economic expectations is written in a language that
uses concepts from probability, statistics, economics and finance. Looking
more carefully at the assumptions and axioms presented in part II, it can
be seen that there are some links between them and the sentences of the
theory. The following remarks are worthwhile for further use:

am1) this list of expectors does not cover: journalists, politicians, trade
union members and leaders, artists, religious leaders and priests, pro-
fessional elites;

am2) this list of expectatises does not include: AS (aggregate supply),
AS-functions, AD-shocks, AS-shocks, liquidity (at micro, meso and
macro-levels), Kph, Kf , Kh, Ks, Kari – supply and demand (factual
and expected), investments in capital, supply of and demand for dif-
ferent categories of money, taxation policy, monetary policy, public
debt, household debts, firms’ debts, public investments, the level of
entrepreneurship and competition, etc.;

am3)–am6) these assumptions are consistent with the methodological and
cognitive criteria for rationality;

am7) the isolation of markets (see also am13) is a theoretical postulate; the
assumption of production not being instantaneous is obvious;

am8) markets structure is embedded into economy’s structure;
am9) the assumption that changes in information or economic systems lead

to changes in the way expectations are derived has both assumptive
and predictive consequences;

am10)–am12) are more inferential than assumptive;
am11) does not directly assume that the expectations of consumers, in-

vestors, etc. are economically rational;
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am13), am19), am21)–am23), am26), am29)–am30) contain the formal the-
ory and the assumptions of any model of it;

am20), am24)–am25), am27)–am28) deal with the theory of expectations
and assumptions specifying models of this theory.

It can also be seen that the degree of coherence of the assumptions is
reduced by the disjointness of am3–am6 from am7, am10, am11, am13,
as well as, in particular, am19 from am11 and am25. Group coherence is
easily seen in the sets of assumptions am3–am6 and am8–am9.

The following comments on the list of statements in Muth’s theory are
useful:

sm1 this judgement on the limits of a particular system of thought is suit-
able to any theory;

sm2 the sensitivity of processes to the way in which expectations are formed
is a propositional judgement linked to am8, am9;

sm3 is indirectly linked to am9;
sm4 is linked directly or indirectly with am3–am6, am8 and am11–am12;
sm5 that expectations underestimate the changes which actually take place

is a factual statement based on empirical observation;
sm6 is essentially just am3;
sm7 almost follows directly from am6;
sm8 is a mapping of am3;
sm9 is not linked to the listed assumptions;
sm10 is not directly linked to any assumption;
sm11 is partly linked to am18;
sm12 is not linked to any of am1–am30;
sm13 this is a fuzzy statement, which hinders making any correspondence;
sm14 is weakly linked to am3;
sm15 is not directly linked to any of am1–am30;
sm16 is linked indirectly to am23;
sm17 follows from sm16;
sm18 is indirectly linked with am28;
sm19, sm20 are connected with am25;
sm21 is linked to am25 and am27;
sm22 is linked to am28 and am29;
sm23’, sm24’ are linked with am28;
sm25 is linked to am4, am5 and am12;
sm26 statement based on the analysis of empirical data.

These remarks show that the assumptions am7, am10, am13–am17,
am19–am22, am24 and am26 were not apparently used by J. Muth in
presenting the statements of his theory.
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7.4. Remarks on R. E. Lucas’ and T. Sargent’s
theories of rational economic expectations

7.4.1. Lucas’ theory

Lucas’ papers (1972, 1973) testify that his theory of rational economic ex-
pectations is focused on the macroeconomic aspects of expectations. The
provocative and categorical style in which Lucas wrote, especially his state-
ments that monetary policies are useless in steering an economy and that
evaluation of previous econometric policy is the wrong way of doing it,
evoked great discussions among economists and econometricians and made
Lucas’ name well-known. Regarding the assumptions of his theory, it should
be said that:

al1) this list of expectors does not include: managers of firms and banks,
the elite among capital owners, the culture elite, journalists, educa-
tionalists and scientists, practitioners and employees of the medical
industry, members of the uniformed services (military, police), black
market leaders, show business leaders, religious leaders etc;

al2) this list of expectatises does not include: expected interest rates, ex-
pected credit risks, stocks prices, bond prices, option prices, prices of
raw materials, energy prices, exchange rates, investments, liquidity,
market developments, insolvency, earthquakes, wars, draughts, floods,
volcano eruptions, epidemic diseases, level of entrepreneurship, mea-
sures of technical progress and expectations of its changes, monetary
value of the demand and supply of human and social capital, changes
in the structure of financial capital, phases of economic, trade and
political cycles, financial crises, currency crises, banking sector crises,
etc.;

al3) the lack of an explicit quantifier makes the postulate about the ratio-
nality of agents a little fuzzy;

al4) this assumption of the scattered nature of markets could be either an
abstract or protocolar-type postulate;

al5) the isolation between these markets is an abstract postulate;
al6) the postulate of the randomness of an economy recognizes that we

do not have precise knowledge of how an economy works, so rational
decisions without information about prices means that either the role
of prices is insignificant when taking decisions or even that rationality
corresponds to random chance;
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al7) since it is not said how these “rigidities” might manifest themselves and
only prices on other markets are considered as key decision variables,
this postulate is unclear;

al8) this is a narrow, abstract postulate, which additionally restricts any
practical applications of Lucas’ theory of expectations, due to its links
to statements al6–al7;

al9) this is not a clear postulate. If it originates from the equationM ·V ≡
P ·Q, then the price elasticity of real ˇGPP ≡ Q, P ≡ ǍD aggregate
demand is equal to P

Q ·
∂Q
∂P = −1; if it comes from the Cassel-Cobb-

Douglas production function then, at equilibrium, the price elastic-
ity of real output is also equal to −1; if P · Q = PC · QC + PIQI ,
C–consumption, I–investment, QC–real consumption, QI–real invest-
ment, P , PC , PI are the appropriate general price indexes, then the
elasticity of real output Q with respect to the general price index P is
also equal to −1, yet this is not the case if one computes the elasticity
of Q with respect to CPI ≡ PC or with respect to IPI ≡ PI , when
the absolute values of these elasticities are both less than 1;

al10) this is a definition of the normal level of supply and the cyclical com-
ponent of supply;

al11) these are theoretical postulates about the ex ante prediction of ys,n

and ys,c;
al12) this is an unclear theoretical postulate about the possibility of linking

Iz (t) and the theoretical distribution of prices FP,N (·);
al13) these are theoretical postulates, which require concretization to es-

tablish interesting results (even theoretical ones);
al14) if pt, y̌dt and yd are unobserved at time t at macro level by both sup-

pliers and consumers, then, indeed, they can only make expectations
and predictions. This postulate seems reasonable. For micro level,
particular goods and local markets, this is not the case;

al15) constant changes 4yst may mean 4yst =: 4ys or 4yst = a0 + a1t,
where a0, a1 are fixed parameters; it is unclear which meaning was
used;

al16) CB–governors and traders would be surprised that their decisions
about 4M s or acting in a given market are described as random de-
cisions; this evokes doubt regarding this postulate;

al17) why is it assumed that statistics on firms and household credit, public
debt, interest rates, exchange rates, supply and demand shocks, etc.
do not give any information about monetary disturbances?;

al18) hedging behavior also results from the awareness or knowledge of busi-
ness risk, the propensity to hedge risk and/or awareness that such
behavior is economically rational;
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al19) this is a methodological postulate regarding the equilibrium state;
al20) why is it important that non-storable goods are consumed only by the

second generation of agents and not by the first? what about other
goods? what is the share of non-storable goods in the whole output?
this seems a very restrictive postulate;

al21) according to this postulate, fiat money cannot be a source of capital
accumulation; auction trading is very restrictive in a real economy;

al22) this is a very strange postulate. Without introducing both time and
a socio-economic-political system, it is difficult to understand such a
switch from an instant of time where there is full open information for
all agents in an economic system to an information system which is
fully closed to all agents. Was such a state conquered by agents from
outside?

al23) is an abstract, statistical postulate about the distribution of transfers
and agents’ allocations to the market;

al24) this state vector reflects only part of the monetary situation of an
economy;

al25) this postulate expresses only how the monetary situation of an econ-
omy evolves;

al26) this corresponds to al21;
al27) this corresponds to al21, together with the assumption of additivity

of the utility functions;
al28) implicitly, there is no postulate of the existence of a statistical depen-

dence between expected prices, money transfers, the expected incomes
of agents and prices;

al29) current and equilibrium prices are assumed to be functions of only
the monetary side of economy, where equilibrium prices additionally
satisfy the constraint that marginal costs and benefits must be equal;

al30) the allocation of resources depends only on the k-percent rule (M. Fried-
man’s rule stating that the money supply should be increased by the
same percentage each year);

Summarizing these comments, it should be said that the assumptions
al5, al16–al18, al21–al25 and al28–al30 are directly linked to the monetary
theory of economics.

The assumptions al2–al3, al11, al13–al15, al27–al29 are directly related
to expectations. Hence, 21 assumptions and two axioms are not related to
expectations. More comments are needed as far as Lucas’ theory of expec-
tations is concerned. They should be devoted to the applicability of the
assumptions when reformulating the theory’s statements. The statements
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sl1, sl2, sl5, sl13–sl16 have direct logical relations to Lucas’ theory of ex-
pectations, i.e. approx. 37% of all the statements. The following remarks
on particular statements might be useful for those studying Lucas’ theory:

sl1) is indirectly connected with al3, al11, al14 and al28;
sl2–sl3 are directly connected with al11;
sl4–sl5 have no direct connections;
sl6) has no direct connections;
sl7) has no direct links, but is indirectly linked to al15;
sl8–sl9 is directly related to assumptions al5, al11, al19;
sl10) follows from al15;
sl11) has no direct links to any of the postulates;
sl12’) these are factual statements based on empirical research;
sl13) is partly related to al3;
sl14–sl15 have no direct relations to postulates;
sl16) is indirectly linked to al27;
sl17) is linked to al23 and al28–al29;
sl18) is linked indirectly to al23 and al27–al29;
sl19) is indirectly related to al30 and al27.

Hence, only the assumptions al3, al11, al15, al23, al28 and al29 were
used directly, i.e. 6 assumptions from 30, i.e. 20% of them.

Of these 6 assumptions, only 3 belong to the group of 9 dealing with
expectations. Moreover, among the 7 statements directly related to expec-
tations, only statement sl2 is connected directly with al11 and sl13, as well
as partly with al3. Thus 5 of 7 expectation oriented statements were not
logically connected with expectation oriented assumptions. This shows that
Lucas’ theory of rational expectations is not very strongly connected, logi-
cally or in terms of economic theory.

7.4.2. T. J. Sargent’s theory

T. Sargent’s publications are more carefully written than those of J. Muth
or R. Lucas. However, it is still instructive to present some remarks on the
assumptions and statements of his theory. We begin with some comments
on the assumptions:

as1) this list of expectors does not include: elites (political, military, judi-
cial, medical care, industry, trade, banking, academics, artists, media
owners, journalists, managers and owners of firms), investors, con-
sumers, etc.;
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as2) this list of expectatises does not cover: the equilibrium unemployment
rate, expected unemployment rate, supply of and demand for physical,
financial, human and social capital, expected inflation for consumer
goods and investment goods, domestic supply and demand, exchange
rates (nominal, real, effective, equilibrium), expected exchange rates,
expected (nominal, real, equilibrium) interest rates, rates of growth
of GDP, real GDP, GNP, real GNP, Ks

ph, K
s
f , K

s
h, K

s
s , investments,

investment rate, saving rate, productivity of various forms of capital
(including labor); the level of entrepreneurship and competition, mar-
kets, measures of pressure, etc.;

as3) since no distinction is made between consumption or investment, indi-
vidual or social behavior and the objective function is undefined, this
postulate is very general and abstract;

as4) the consistency of perceived constraints is a very important postulate
for Sargent’s theory of expectations with far reaching consequences,
which are only modestly exposed by the author. He did not spec-
ify whether the statement “the constraints perceived by everybody
are mutually consistent” means that the constraints are algebraically
consistent, ensuring the existence of a solution to the corresponding
constrained optimization problem, or that specific real or virtual eco-
nomic (or socio-economic or socio-economic-political) restrictions oc-
cur or are assumed, which are not contradictory in their meaning or
intention. These restrictions may take the form of: state legal reg-
ulations, the decisions of managers or owners of firms, banking or
national guidelines, the financial budgets of economic agents. Treat-
ing these perceived constraints as “perceptions/beliefs about others’
decisions (that) are mutually consistent” is an overstatement. Firstly,
people’s expectations about others’ decisions and people’s perception
of the constraints on their own behavior and on the behavior of others
are not the same sets of designates. Secondly, mutual consistency of
everyone’s expectations might mean an expectation commonly shared
by everyone regarding all the future decisions of others (consumers,
investors, politicians, professionals, etc.). This interpretation seems to
be obviously false. A postulate in which “all” is replaced by “some”, the
relation between “some” and “others” is specified in percentage terms
and the list of expectatises is short would be cognitively more prag-
matic. In such a case, it will be possible to at least infer the direction
of the influence of expectations;

as5) this postulate implies that the owners and managers of many identical
firms understand the theory of a representative firm that is treated as
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a source of expectations. This is an elegant, but purely theoretical,
assumption;

as6) this postulate means that producers behave according to the rule that
marginal profits are equal to zero, i.e. that they are price takers and
so act as if markets are competitive. It is a pity that the author did
not mention that the task of maximizing profits is solvable, at least
in theory, by specifying the shapes of the demand, cost and profit
functions. As, e.g., H. Varian (1984) and H. Brems (1968) show, this is
not always the case, even when the shapes of these functions are very
simple. Implicitly, there is an assumption that the producer knows
these functions and their arguments and thus there is no uncertainty;

as7) the consequences of assuming that producers have different motives
(as well as, implicitly, consumers, investors, etc., which strongly dis-
tinguishes as7 from as6) are important. Agents maximize the condi-
tional expected total value of their discounted revenues under formally
highly demanding restrictions on the level of activity. Here, random-
ness play a fundamental role. The concept of rationality obtained in
this way is more methodological than cognitive or axial;

as8) this is a model-type postulate about the theoretical measurement of
price expectations and their use in the equation describing the real
demand for money;

as9) an assumption of a model of monetary theory;
as10) similar to as9;
as11) describes a model of adaptive rational expectations that give equilib-

rium production levels of Cagan-Nerlove type;
as12) an implicit assumption of Muth type expectations;
as13) a methodological postulate of how economic theory is formed; implic-

itly, this is indirectly linked to Muth’s theory of expectations;
as14) the assumption of the prevalence of bounded rationality in day to day

life is a reasonable postulate;
as15) see as14;
as16) this is a useful operative postulate indicating ways in which expecta-

tions can be modeled;
as17) knowledge of these distribution is a highly formally demanding and

theoretical assumption;
as18) the assumption that these parameters and the objective functions of

agents are known is theoretically elegant, although abstract;
as19) this assumption recognizes the role of surprise changes in prices and

the lack of precise knowledge about an economy;
as20) the assumption that the monetary authorities possesses different in-

formation to the public is a pragmatic postulate.
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It can be easily seen that of these 20 assumptions, 8 (i.e. 40%) are
directly involved with expectations, and of these 8, only 4 directly refer to
rational expectations. The other 4 of these 8 assumptions implicitly refer
to rational expectations. Hence, it implicitly follows that in all 8 postulates
the author considers methodological rationality.

We have listed here 35 statements describing Sargent’s theory. Among
these, 24 (i.e. about 69%) are directly connected with his theory of rational
economic expectations. This is a remarkable degree of compactness and
logical connection, at least in comparison to the theories of Keynes, Working,
Muth and Lucas.

To be more concrete regarding particular statements about the expecta-
tion oriented assumptions, we have:

ss1) is directly linked to as11 and as15;
ss2) is directly related to as4;
ss5) has no direct connections;
ss6) is connected with as11;
ss7) is connected with as11;
ss8) is directly related to as7;
ss11–ss14 have no direct connections;
ss16–ss20 are only indirectly linked to as16 and as18;
ss22, ss24–ss27 are indirectly related to as15 and as18;
ss28) is indirectly related to as18;
ss33, ss35 have no direct connections.

In the case of statements that are not linked to the concept of expecta-
tions, it is worthwhile to mention:

ss3) is linked to as5 and as6;
ss4) is linked to as7;
ss9) is linked to as12 and as13;
ss10) is linked to as12;
ss15) is linked to as13;
ss21) is connected with as19 and as20;
ss23) is indirectly related to as17;
ss28) has no direct links;
ss29) is indirectly linked to as17 and as18;
ss31) has no direct links;
ss32) has no direct links.

Summing up these remarks on the statements of Sargent’s theory of
expectations, it should be said that:
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• only assumptions as4, as7, as11 and as15 from the group of 8 ex-
pectation oriented assumptions were used directly in formulating the
expectation oriented statements of Sargent’s theory;

• only assumptions as5, as6, as7, as12, as13, as19 and as20 from the
group of 12 non-expectation oriented postulates were directly used in
forming 9 non-expectation oriented statements.

Therefore, amongst all of the five analyzed theories of rational economic
expectations, Sargent’s theory of rational economic expectations has the
greatest degree of usage of its assumptions in formulating statements re-
sulting from the theory, as well as the highest share of expectation oriented
assumptions in the number of all assumptions.
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Chapter 8

Methodological problems of
choosing the instruments and
effects of monetary policy

Summary

This chapter contains an exploration of possible means and ends of mon-
etary policies as conducted by central banks. The literature on this subject
is, even when restricted just to the English language, very rich and varied
with respect to the scope of studies, their spectrum from abstractness to
empiricism, precision of reasoning, as well as in the theoretical or practical
usefulness of the conclusions. Here, we only discuss certain tools and effects
of monetary policies. These effects are strictly connected with the aims of
these policies, which are discussed in the introduction to this chapter. Six
types of monetary policy tools and twelve groups of effects of such policies
are considered. These groups of tools and effects are not exhaustive, both in
terms of studying past socio-economic events, as well as the eventual study
of future events. Most of included reflections and remarks were originated
from both the literature enclosed with this chapter and author own empir-
ical experience of the last 25 years in meso- and macromodeling of Polish
economy.

Keywords: monetary policy, rules of monetary policy, discretion in
monetary policy, instruments of monetary policy, effects of monetary policy.
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8.1. Introduction

In the XX c., XXI c. both consumption and financial goods price inflation
has been a central focus of interest to economists, politicians, businessmen,
consumers and investors. The peak inflation levels, during the financial cri-
sis in the first half of XX c., have enforced the USA, UK and later other
countries governments and parliaments to introduce the law acts that radi-
cally increased the role of CB (i.e. Central Banks) and their monetary policy
rules in influencing the states of considered economies. One of the results
of these acts was the increase of the numbers of research projects that were
aimed at studying effects of using different policy instruments (by the FRB
of USA, and later main CBs of Europe, Canada, Australia) to impact infla-
tion levels. It turned out that misuse of the policy tools can be harming for
employment of different forms of capital, as well as, for real output, incomes
of different groups of participants in the considered economies. This is why
we treat problems of empirical choice of the statistical measures of policy
instruments and their effects as the fundamental part of successful macro-
modeling of studied economies, as well as, forecasting their future growth.

The concept of monetary policy covers the set of actions of the Central
Bank (CB) (for a given country and period of time). These actions are
performed in order to realize chosen goal(s) of the CB. The final actions of
the CB take the form of formal decisions of the appropriate statutory organs
of the CB, such as the CB-Board, CB-council or CB-chairmen, acting in the
name of the CB, after establishing a joint position on policy formulation.
These decisions are preceded by the evaluation of appropriate statistical
data, preparatory research studies, discussions between the members of the
appointed organs, the research staff of the CB and/or other researchers.

It should be stressed that, in any country, the selection of candidates for
the most influential posts in the CB is carried out by the most influential
persons from the ruling party (parties), financial institutions and intelligence
agencies. The margin for independence in decisions on CB-monetary policy
varies from country to country, and is determined by the actual configuration
of the balance of power in the institutions mentioned above and their leaders,
as well as their relative power to influence each other. Besides these factors,
there are other factors comprising internal and foreign financial institutions
(such as banks, stock exchanges, social security funds, insurance companies),
trade and industry companies, media agencies (TV, internet, newspapers),
and the activities of foreign governments. It is common knowledge that the
objectives or roles of the CB are as follows:
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o1) to be a depository for reserves of money, and for clearing the balances
of depository institutions,

o2) to be a provider of additional currency, as well as credit for banks and
other depositories,

o3) to coordinate necessary reforms of the financial system,

o4) to superintend the functioning of the financial system,

o5) to organize and perform open market operations (OMO) when necessary
to fulfill the requirements of monetary policy,

o6) to be a depository, fiscal agent and safety-tap for the government trea-
sury, as well as performing important subtreasury operations,

o7) to maintain, develop and stabilize the domestic money market,

o8) to be (if needed) a participant in coordinating actions of the Interna-
tional Monetary Fund (IMF) andWorld Bank (WB) aimed at stabilizing
world financial markets,

o9) to keep price inflation either close to a target level or in a target interval,

o10) to sustain economic growth close to a target level or in a target interval.

While aims o1–o7 belong to the group of aims that CB fulfills within the
usual strict role of realizing monetary policies, aims o9–o10 go beyond these
roles. The realization of goal o8 is sometimes not in the interest of a given
economy or its banking system. If fully realized, the last three objectives
may cause many problems both in realizing the monetary policy of the CB
and the fiscal policy of the government, due to the inducement of endoge-
nous and exogenous factors shaping the behavior of consumers, investors,
households and politicians. Reactions may be especially strong if CBs, such
as the Federal Reserve Bank (FRB), European Central Bank (ECB), Cen-
tral Bank of China (CBCh), Bank of Japan (BJ), Bank of England, have to
radically change their policies concerning o8–o10.

For many reasons, studies of the degrees to which particular objectives
in the set o1–o10 are achieved, both individually and as a group, are very
difficult. This is due, among other reasons, to a lack of reliable, complete
data for the objects studied that cover long periods and a large number
of economic variables. For example, it is hard to find and gather data
concerning profits, flows of different forms of financial capital, the degree
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of utilization of different forms of capital, productivity of capital, or the
expectations of consumers, investors, households and politicians. This will
be clearer after a presentation of both the tools and the effects of monetary
policy.

The scope of the text is limited to the possible effects of decisions made
by the CB connected with aims o1, o2, o5, 06, 07, o9 and o10.

Section 2 describes six sets of instruments of monetary policy, denoted
t1–t6, where t2 and t6 are direct tools, and t1, t3, t4 and t5 are indirect
tools.

Section 3 contains a presentation of the possible effects of monetary
policy as seen in many economic, financial, and social variables. The list of
these variables includes 10 groups.

It should be underlined that the literature on problems related to mon-
etary policy is very rich in all major languages, especially in English. This
literature includes monographic papers, books, reports of CBs, or parts of
books or articles devoted to more general problems of economic analysis. The
following books and papers remain inspirational and instructive in the devel-
opment of modern theories and applications of monetary theory: W. Jevons
(1875), E. Böhm-Bawerk (1891, 1906), J. B. Clark (1888), K. Menger (1892),
I. Fisher (1930), K. Wicksell (1936), J. Keynes (1936), J. Hicks (1935) and
D. Robertson (1922). However, these authors also used older ideas and em-
pirical facts. Some of these ideas had already been expressed in classical
Greece, e.g. by a famous poet (see “Frogs” by Aristophanes who underlines
“abuse in the choice . . . of coins for common use made of . . . useless cop-
per” [instead of] the old truly valuable gold coins), or in Xenophon’s work
“Oikonomikos”, and, in particular, by Aristotle in his books on ethics, pol-
itics and economics. In the case of Aristotle, we may find a description of
the roles of money such as: a unit of measurement of value for goods to
be exchanged, a medium of exchange, a store of value and legal source of
purchasing power, a legal nomisma (coinage). Notes on the relation between
money accumulation and the types of socio – political systems present in an-
tiquity and types of state income, expenditure, and the relative role of trade
and financial speculation in the practice of market makers are also particu-
larly interesting in this regard. To an interested reader who wishes to study
a broader discussion of authors from the Middle Ages and Renaissance, such
as Oresme and Gresham, the books of T. W. Balch (1908) and F. W. Fetter
(1932) are highly recommended. In this respect, it is important to recall the
famous writings (in Latin and Polish) of M. Kopernik (N. Copernicus):
N. Copernicus (1517): “N. C. Meditata”,
N. Copernicus (1519): “Tractatus de monetis”,
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N. Copernicus (1519): “De estimatione monete” (also edited in German as
“Modus cudendi monetam”),
N. Copernicus (1528): “Monete cudente ratio”.
N. Copernicus writings formulated the following views, among others:

ϕ1) the degradation (vilitas – cheapness, low price, demeaning, debasement)
of a currency leads to extinction (misfortune, pestilence, loss, perdition)
for a country,

ϕ2) ϕ1 acts slowly, secretly and non-violently,

ϕ3) coinage is a universal measure of the value (of goods),

ϕ4) the intrinsic value of a coin, v̂al (coin), is different to its nominal (face)
value, val (coin),

ϕ5) v̂al (coin) ↓ if the number Nc of coins grows too fast,

ϕ6) v̂al (coin) ↓ if the share of gold or silver in it is lowered,

ϕ7) It is erroneous to introduce into circulation new “bad” coins when there
are simultaneously “good” coins of the same nominal value, but higher
intrinsic value, still in circulation, because the worse coins would infect
the good coins, and even more, the worse coins would drive out the
good coins, i.e. they would win the competition with (destroy, force
out, oust, supplant, expulse) good coins,

ϕ8) In Prussia, the process of bad coins ousting good coins was constant,
i.e. the process of Moneta “expugnavitium” was long-term and occurred
without any interruptions; the main questions posed were: “what would
happen with coinage in the future? How should the circulation of money
be reformed?

ϕ9) Bad coins do not help poor or medium-income people, but they promote
laziness in society; it is better to have uniform coinage provided by one
mint,

ϕ10) It is good to have a small number of different coins, each with their
own nominal value.

Note 8.1. The law that coins made from valuable metal have a tendency to
be replaced by cheaply made coins is now known as the Copernicus-Gresham
law. Thomas Gresham lived in 1519–1579, so he could not have written on
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this subject before 1530. However, as Edward VI’s financier in the 1550s, he
used such principles to great practical effect in wiping out the king’s debts
at the expense of his creditors.

A question arises as to whether Copernicus’ views expressed in ϕ1−ϕ10
remain correct, not only in the case of money, but also for other goods, e.g.
consumption and investment goods, or even for statistical data, scientific
models and theories.

8.2. Tools of monetary policy

Money is a specific commodity (token, instrument) that can be used in the
following roles (see, e.g. W. Jevons (1875), K. Wicksell (1936), E. Böhm-
Bawerk (1891) and I. Fisher (1930), where some of the roles are discussed):

mr1) as a medium for the exchange of goods and services,

mr2) as a store of value and source of purchasing power,

mr3) as a unit of economic and financial accounts,

mr4) as a medium and units of payments (current or deferred),

mr5) as a form and medium of market liquidity,

mr6) as a unit of measurement of various kinds of capital (physical, financial,
human, social, cultural, intellectual) and natural resources (including
human-beings),

mr7) as a legal tender, nomisma, introduced by the state.

There have been many forms of money in the history of mankind. In an-
cient Egypt, China, Greece, Italy, Israel, Assyria, Persia and India, money
took the form of metallic coins (silver, gold, bronze, copper, or metal al-
loys). Metal alloy coins remain in use today. In the XVIII and XIX c.,
paper money was used simultaneously with metallic money in France, USA,
UK, Italy and Germany. Later, in the XX–XXI c., paper money expulsed
metallic coins, in accordance with N. Copernicus’ law. It is possible that
electronic-accountance money will oust paper money. In the XX c., paper
money took the form of government notes or banknotes. The notes issued
by a government’s mints are secured by either gold reserves or governmen-
tal security papers or take the form of unsecured fiat money. Banknotes, in
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turn, are secured by gold reserves, government securities, commercial papers,
general assets or combinations of these assets.

From the point of view of durability and malleability, metallic coins are
superior. However, the portability, divisibility, recognizability and homo-
geneity of paper money favor it in comparison to metallic coins.

The roles mr1–mr7 vary over time and space, as well as with respect
to technical progress (the introduction of telegraphs, telephones, computers,
the Internet, smartphones, facebook, twitter, television) and the creation of
big data sets which are easily accessible to almost every consumer, investor,
household, politician, pupil, educator and scientist. Each of these inventions
had different implications regarding the behavior of people. Probably the
latest advances in information and communication technology have had the
greatest force of influence through the hands of investment banks, commer-
cial banks, insurance companies, governmental agencies, international cor-
porations, political parties’ committees and journalists selling their services
by the use of press, TV portals, activists in new movements and scientists,
as well as through the actions of criminals, together with the participants
and organizers of black markets. The scope of these impacts depends on
the income distribution in a nation, which is partially determined by the
structure of society in terms of the shares of people who are, appropriately,
homo astrictus (responsible), homo astutus (shrewd), homo avidus (greedy),
homo canis (followers), homo faber (artisans), homo ignavus (lazy), homo
improbus (dishonest), homo opportunus (opportunistic), homo stultis (lack-
ing in intelligence).

There are other human characteristics that are recognized by psycholo-
gists and have influence on homo economicus and changes in the degree of
importance of mr1–mr7. These are e.g. the short memory of most people
about facts, events and processes, especially about social, political, economic
and cultural events, as well as the demographic structure of slow and fast
thinking people. Some of these features enable grand scale manipulation
of human consciousness and behavior by professional influence animators.
It seems that the roles mr2, mr4, mr5 may be especially sensitive to such
influences.

The central bank (CB) may have a very important impact on all of the
seven roles of money mentioned above. The CB has the following tools of
monetary policy:

t1) CB – interest rates,

t2) obligatory reserves of paper money and coins in the CB and other banks,
together with CB-reserves in the form of gold,
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t3) the open market operations (OMO) of CB,

t4) CB – deposit operations,

t5) CB – credit (secured by credit bonds, stocks, certificates of deposit and
other securities),

t6) money supply.

The group of t1)-instruments contains:

t11) the CB – lombard interest rate Rλcb(t),

t12) the CB – discount and rediscount interest rates Rδcb(t), R
ρδ
cb (t),

t13) the CB – OMO – interest rate (CB-reference rate), Romocb,l (t),

t14) the CB – deposit interest rate, Rdcb(t).

The CB – lombard interest rate, Rλcb(t), is a periodic, percentage, mon-
etary payment for the short-term use of lombard refinance credit loaned
by the CB to other banks based on the pledge of specified security papers
(such as: bonds, CD, CP, TB and BOE, where CD denotes – certificates
of deposits, CP – commercial papers, TB – treasury bills, BOE – bills of
exchange). Usually, the value of lombard credit comprises 3

4 of the value
of the pledged paper and the rate Rλcb(t) can be very high during periods of
mega-inflation. It is always the highest CB – interest rate.

The CB – Rδcb(t) rate is the Rcb interest rate at which banks may borrow
monetary funds from CB – reserve money for short periods. This rate is
treated as the cost (or price) of borrowing the CB’s reserve – money. The
CB – discount rate “window” is linked to the CB – rediscount rate “window”,
and the CB – OMO interest rate, Romocb (t), is now the most commonly used
rate by many CB-s.

The CB – rediscount interest rate, Rρδcb (t), is the Rδcb(t) discount interest
rate that is charged by CB for rediscounting (i.e. discounting for a sec-
ond time) CDs, CPs, BOEs, industrial or agricultural security papers or
other legal securities. Such rediscounting enables banks to obtain refinance
rediscount credit from the CB.

The OMO – interest rate, Romocb,i (t) or Romol,i (t), are the CB’s or bank
l’s price for purchasing Rpi or price for selling Rsi of security paper ”i” at
time t on the open market for money or securities. The subindex “i” con-
cerns e.g. treasury bills, bankers’ acceptances, foreign currencies, CB – bills,
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CB –bonds. Purchases and sales are executed under the conditions of repur-
chase agreements (so called REPO). A REPO transaction assumes that one
party of an agreement sells security “i” to another party, and at the same
time, it commits itself to repurchase an identical type of security on a date
and at a price specified in the agreement. Thus the borrower delivers secu-
rities of type “i” and receives cash from the lender at the repo rate, which
remains constant during the period of agreement.

It would be instructive, therefore, to also use the symbols Rp,omocb,i (t) and
Rs,omocb,i (t). It can easily be seen that the CB – as the biggest market par-
ticipant – can strongly influence both of the rates Rp,omoi and Rs,omoi . For
the theoretical and practical aims of economic and financial analyses, it is
useful not only to use the interest rates defined above, but also averages
based on them. These include arithmetic averages obtained by averaging
over types {j} of transactions, types of securities or other financial goods
{i}, banks {l}, and moments of time {t}. This means that we can calculate
such averages as (the line over the letter R denotes average):
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ν∑
t=1

Rl(t), R
λ
cb =

1

ν

ν∑
t=1

Rλcb(t), R
δ
cb =

1

ν

ν∑
t=1

Rδcb(t), R
ρδ
cb =

1

ν

ν∑
t=1

Rρδcb (t),

R
p
i = ν−1

ν∑
t=1

Rpi (t), R
s
i = ν−1

ν∑
t=1

Rsi (t), R
omo
i (t) = N−1

tr

Ntr∑
j=1

Ri,j(t),

R
omo
i = ν−1

ν∑
t=1

Romoi (t) , R
omo

= m−1
m∑
i=1

R
omo
i , R

omo
cb, i = ν−1

ν∑
t=1

Rcb,i (t) ,

R
omo
cb = m−1

m∑
l=1

R
omo
cb,l (t) , R

omo
cb,i = N−1

tr

Ntr∑
j=1

R
omo
cb,i,j .

Besides these CB – rates, there is also the CB – deposit interest rate
Rdcb(t), i.e. the CB – interest rate that is paid by the CB on various types
of deposit accounts held by other banks, e.g. overnight, week, 2 week BC
– rates of interest. Recently, the rate Rdcb(t) has most often determined the
lower bound (limit) on market fluctuations in the overnight rate. It should
be stressed that the rates (Rλcb (t) , Rdcb(t)) are used to define the corridor
of fluctuations in the overnight market rate of interest which is symmetric
with respect to (Romocb (t) , Rcb,i(t)).

Collecting the possible interest rate tools of the CB together at moment
t, we obtain the following configuration (vector) of CB – interest rates:

Rcb (t) =
(
Rλcb (t) , Rδcb (t) , Rρδcb (t) , Rdcb (t) , Rp,omocb,{i} (t) , Rs,omocb,{i} (t)

)
. (8.1)
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Note 8.2. In empirically based models for the optimal control of monetary
policy, many authors use either Rρδct or RLIBOR on the assumption that they
accurately reflect both the direction and scale of changes in the monetary
policy of the FRB or Bank of England. The author is not aware of any
publications using 8.1 as a basis for formulating monetary policy variables
(treated here as steering variables).

Note 8.3. In studying the effects of the monetary policy of the CB, it
would be important to empirically establish the degrees of impact of par-
ticular component interest rates from 8.1, as well as the whole collection of
rates from 8.1, not only, e.g. on the market rates LIBOR, LIBID, FIBOR,
FIBID, WIBOR and WIBID, but also on the volumes of transactions on
stock exchanges and foreign exchanges (FOREX), as well as other economic
quantities in both financial and non-financial spheres.

The second kind of instrument, t2), of CB – monetary policy is the legally
required value of reserve money in the form of compulsory domestic and for-
eign currency deposits by depository financial institutions in CB – accounts,
as well as in the form of a percentage of the monetary value of the turnover
from transactions involving securities (including OMO – repo, sell-buy-back
transactions between the CB and other banks, saving – credit cooperative
banks). In practice, representatives of CB-s, economists and politicians all
prefer using the concept of a minimal reserve ratio, i.e. the ratio of the
monetary value of reserves to deposits and trade volume for securities. It
should be underlined that different CB-s use different practical definitions of
the ratio further denoted here by MRRcb(t). These measures vary in their
universality, uniformity, frequency of use, effectiveness in shaping and main-
taining the liquidity of the financial sector, degree of differentiation between
domestic and foreign deposits, assets or liabilities.

Note 8.4. ChangingMRRcb(t) drastically has significant deleterious effects
on the performance of the financial sector, and through this, on the whole
of an economy. Milton Friedman once proposed to fix MRRcb(t) = 100%.
However, reasons of prudentiality suggest that during booms or active phases
of the business cycle this ratio should even be as low as 30%.

The third family, t3), of monetary tools embraces both the interest rates
already discussed,

{
Romocb, i (t) , R

omo
cb (t) , R

omo
cb

}
, and CB purchases and sales

of government securities (treasury bills and bonds, as well as other short-
term securities), bankers’ acceptances, foreign currency transactions, e.g.
cable transfers, swaps that are executed in the form of repurchase agree-
ments. The OMO helps the CB to contract or expand the volume of excess
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reserves within the banking system and affect its credit rating, to help the
government in its debt trading, to affect FOREX markets (if such opera-
tions are carried out by the FRB, ECB, BE, CBCh or BJ) and to ease the
mobility of financial capital, Kf . OMO – operations, together with the rates
{Romocb }, are considered by many economists to be the most flexible instru-
ments of CB – monetary policy, although they do not have such uniform
and strong effects, according to them, as the appropriate changes in legal
reserve requirements imposed on banks.

The fourth group t4) of CB – monetary tools involve the interest rate
for deposits made by other banks, the government and possibly other fi-
nancial institutions. By using the CB – deposit interest rate, Rdcb, included
in the system 8.1 of interest rates, the CB can additionally induce changes
in the liquidity of particular financial institutions, causing it to fall or in-
crease, as appropriate.

The fifth t5) group of CB tools consists of the CB giving loans (credit)
to the government, banks or other financial institutions. Granting such
credit depends upon the CB’s confidence in a particular debtor based on
an evaluation of the character of their business, attitude to risk, capacity
to repay (business risk) and collateral capital (property risk). The FRB,
for example, provides loans in the form of short-term adjustment credit
and extended credit to depository financial institutions, in order to enable
borrowers to meet short-term business needs (not needs for speculation).
The FRB and its borrowers base their operations on the spread between Rδcb
and market loan rates Rc, where “c” denotes credit. Extended credit is given
to banks that serve important goals of public interest, but have problems
with obtaining funds for their activities. Here, Rδcb denotes the cost of credit
usually without surcharges and with more lenient repayment schedules.

The sixth t6) group of CB – tools covers money supply aggregates. By
money supply, we understand the amount of money (cash) in circulation
(coinage and paper money), together with bank deposits (i.e. bank reserves
that are readily accessible to customers, although this is not treated as
money but as credit papers). There are no universally accepted classifica-
tions of monetary aggregates, even for a single economy, groups of economies
or relatively short period of time. The most often used labels for monetary
aggregates are M0, M1, M2 and M3.

In Great Britain, M0 is given by the value of notes and coins in circulation
plus banks’ non-statutory deposits with the Bank of England. In Germany
in the 1990s, M0 covered the cash in circulation and the reserve money
held by banks. In the USA, M0 denoted the liabilities of the FRB and
its currency, including the deposits of member banks, which together were



256

called the monetary base. It is often accepted that by performing open
market operations or changing the required reserve ratio, a CB changes the
money supply in an economy.

Recently, the aggregates M1, M2 and M3 have been more popular in
defining monetary policies. The ECB’s definitions of the monetary aggre-
gates M1-M3 in the Euro zone are given1 in Table 1.

Table 8.1. Liabilities of the money – issuing sector and central government of a
monetary character and held by the money – holding sector

M1 M2 M3
Currency in circulation X X X
Overnight deposits X X X
Deposits with an agreed maturity period of
up to 2 years

X X

Deposits redeemable with a period of notice
up to 3 months

X X

Repurchase agreements X
Money market fund (MMF) shares/units X
Debt securities up to 2 years X

Source: European Central Bank

Note 8.5. M1, as defined in Table 1, is called “narrow money”. The aggre-
gate M2 is referred to as “intermediate money”. The deposits within M2 are
treated as liquid. The aggregate M3 is called “broad money”. The last three
components of M3, due to their high degree of liquidity and price stability,
make these component instruments of M3 close substitutes of deposits and
stabilizers for the aggregate M3. These definitions are at present generally
respected in EU countries that do no belong to the Euro zone.

In the USA, at present M1 covers currency and demand deposits (since
1971), M2 includes M1 plus fixed time deposits, saving deposits and non-
institutional MMFs (Money Market Funds). Thus, M2 is equivalent to the
previous definition of M3, and the current definition of M3, given by M2
+ deposits in mutual savings banks, savings and loans with credit unions,
resembles the previous definition of M5. This shows that changes in the
definitions of particular aggregates make it difficult, not only to trace the
historical evolution of these aggregates, but also even to make economic and

1 See: https://www.ecb.europa.eu/stats/money/aggregates/aggr/html/hist.en.html.
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financial comparisons of the effects of monetary policies in a single country
using cross – sectional time – series data covering a long period of time.

To see how uncertain international comparisons would be in this respect,
it suffices to compare how different the definitions of these aggregates are
and how often they are changed in such countries as Australia, Canada,
Japan, South Korea, India, China, Brazil and Russia.

It should be remembered that orthodox monetarists criticized the use of
multiple targets, due to the non–transparency of their effects. It was P. Vol-
cker who successfully introduced a procedure to use non–borrowed reserves
to control the growth of M1, M2 in order to reduce inflation. After this,
the FRB’s monetary policy did not give a central role to monetary or credit
aggregates, despite Milton’s recommendation to link growth in the money
supply with output growth being generally accepted. However, a fashionable
policy trend of deregulation, financial innovation, the growing influence of
the Internet and new telecommunications devices has given open access to
data, together with increased manipulation of society’s expectations and of
the behavior of investors on financial markets, especially on the influential
New York and London Stock Exchanges and National Association of Securi-
ties Dealers Automated Quotations (NASDAQ). In the mid 1970s, when the
Federal Open Market Committee (FOMC) was using guidelines for growth
in monetary supply, estimates of M1 based on demand equations were not
useful, due to the resulting inaccurate forecasts of monetary growth, that
resulted, as stated by S. Goldfeld, from “the case of the missing money”.
Probably, mainly financial innovations had destabilized the economic rela-
tionships between the discussed monetary aggregates and other economic
quantities that are the effects of the use of tools of both monetary and fiscal
policy. These symptoms of instability can also be observed in the year to year
percentage changes in the M1 supply. The biggest fluctuations occurred in
Japan (in the periods between successive recessions) and the second biggest
in the UK (from 1988). The USA takes third place in this ranking (starting
in 1988) and the fluctuations in M1 growth were smallest in the Euro zone,
which started to increase after 2004. The biggest increases in M1 volumes
are observed (after 2002) in Japan, and then, in decreasing order, for the
Euro zone, USA, UK. The results for M2 growth after 2008 are similar.

It would be worthwhile to carry-out broad studies of the hypothesis that
large changes in M1, M2 and M3 in the Japan, the UK, the Euro zone coun-
tries, as well as China, India, Brazil, South Africa, Russia, Canada, Australia
and Poland were affected by the structure of their balance of payments, their
exchange rates with the US dollar, dictated by the fact that between 45%
and 65% of US currency is circulating abroad, and, in particular, the grow-
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ing number of financial instruments. For further information see, among
others, F. Bredon and P. Fisher (1996), T. Sargent, et al. (1973), E. Phelps,
J. Taylor (1977), K. Wicksell (1907), R. Barro (1976), S. Fischer (1975),
R. Fair (1994), W. Poole (1970), C. Woelfel (1994), M. Choudhry (2001),
J. Tobin (1998), A. Elbourne, J. de Haan (2009), C.D. Romer, D.H. Romer
(1997), B.M. Friedman (ed.) (1999), M. Brzoza-Brzezina (2011), M. Góra-
jski (2017), M. Górajski, M. Ulrichs (2016), W. Milo et al. (2002, 2003,
2006, 2010) and the literature included in these works.

8.3. Effects of monetary policy tools

It is important, when studying the roles of monetary policies, to distinguish
between the following kinds of effects of monetary policy tools:

e1) observable and non – observable,

e2) measurable and non – measurable,

e3) quantitative and qualitative,

e4) equilibrium and disequilibrium inducing,

e5) stabilizing and destabilizing: with regard to production, exchange, dis-
tribution, circulation, accumulation of goods,

e6) evoking and not evoking: financial, economic and social turbulence,

e7) synergetic and non – synergetic with the effects of taxation policy, i.e.
inducing stronger and weaker joint effects on the state of the economy,

e8) synchronous and asynchronous with the effects of the taxation and cus-
tom policies of a government,

e9) pro – growth and anti – growth: with respect to the economy,

e10) short – term, medium – term and long – term,

e11) micro – level, meso – level and macro – level in their influence,

e12) permanent and transitory,

e13) stimulating and restricting: innovation, entrepreneurship, competition
in the domestic economy,
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e14) strengthening and weakening: economic robustness to shocks in de-
mand and supply.

The above list of types of effects may be extended. Some of the descrip-
tive characteristics of effects e1–e14 can be ascribed to the economy studied
(or part of it) in a given period relatively easy. This applies to the charac-
teristics of effects e1–e3. Practical use of the types of effects e4–e12 needs
further explanation and argument as regards non – uniqueness of definition,
as well as the quality of measurement for both the tools used and the chosen
forms of effects of monetary policies.

Note 8.6. There are general and particular dependencies between pairs,
triples and larger subsets of {ei}, i = 1, . . . , 14. These dependencies have
both theoretical and empirical forms. It should be noted that due to con-
straints on statistical data, many theoretical and empirical pronouncements
are more imaginative, hypostatic and/or hypothetic in form than judgements
which are empirically well confirmed on the basis of clear and extensive data
sets. �

The 14 types of effects of monetary policy presented above can be linked
to or observed in many factual economic, financial, social, political, legal
and cultural events or processes that take quantitative or qualitative forms.
Our attention, henceforth, will focus on economic and financial effects. Thus
we assume that a CB may use any of its monetary tools {tj}, j = 1, . . . , 6,
to realize the following type of aims:

a1) controlling nominal price inflation π (t) ≡ Ṗ (t) ≡ 4P (t)
P (t−1) , so that it lies

within a given interval:

I. Ṗ (ta + τ) ∈ [Ṗcb (ta + τ) , (1 + α)Ṗcb (ta + τ)],
II. Ṗ (ta + τ) ∈ [Ṗcb (ta + τ) , (1 + α) Ṗ excb (ta + τ)],
III. Ṗ (ta + τ) ∈ [Ṗcb (ta + τ) , (1 + α) Ṗ ex (ta + τ)],
IV. Ṗ (ta + τ) ∈ [Ṗcb (ta + τ)− εcb, Ṗcb (ta + τ) + εcb],
V. Ṗcb (ta + τ) ∈ [Ṗ excb (ta + τ)− εcb, Ṗ

ex
cb (ta + τ) + εcb],

VI. Ṗcb (ta + τ) ∈ [Ṗ excb (ta + τ) , (1 + α) Ṗ excb (ta + τ)],
VII. Ṗcb (ta + τ) ∈ [αṖcb (ta + τ) , (1 + α) Ṗcb (ta + τ)],

where 4P (t) = P (t) − P (t− 1), ta denotes the present time, τ > 0,
Ṗcb ≡ πcb – target inflation level fixed by the CB, α ∈ [0, 2; 0, 4], “ex”
denotes expected or forecasted level of inflation, εcb fixed change of CB-
target inflation,
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a2) controlling the economic growth rate Ẏ (t) = 4Y (t)
Y (t−1) , 4Y (t) = Y (t) −

Y (t− 1), so that it lies within a given interval:

I. Ẏ (ta + τ) ∈ [Ẏcb (ta + τ) , (1 + a)Ẏcb (ta + τ)],
II. Ẏ (ta + τ) ∈ [Ẏcb (ta + τ) , (1 + a) Ẏ ex (ta + τ)],
III. Ẏ (ta + τ) ∈ [Ẏcb (ta + τ)− ηcb, Ẏcb (ta + τ) + ηcb],
IV. Ẏcb (ta + τ) ∈ [Ẏ ex

cb (ta + τ)− ηcb, Ẏ
ex
cb (ta + τ) + ηcb],

V. Ẏcb (ta + τ) ∈ [Ẏ ex
cb (ta + τ) , (1 + a) Ẏ ex

cb (ta + τ)],
VI. Ẏcb (ta + τ) ∈ [aẎcb (ta + τ) , (1 + a)Ẏcb (ta + τ)],

where the symbols used here have analogous roles to those used above
concerning price inflation, but correspond to the production growth rate
Ẏ , e.g. GDP, GNP, or NI (national income);

a3) impacting the range of average values of CB-exchange rate values Ēcb(ta+
τ), τ > 0, to belong to the optimal range [E∗cb(ta+τ), (1+αE∗cb(ta+τ))],
where optimality is defined with respect to the CB-chosen objective
function, f. ex. for chosen α, γ ∈ [0, 1],

ϕ1(γ, Ēcb(ta+τ)) = max{γBOP (Ēcb(ta+τ))+(1−γ)BOT (Ēcb(ta+τ))},

ϕ2(Ēcb(ta + τ)) = max{FDI(Ēcb(ta + τ))},

and where BOT , BOP , FDI denote balance of trade, balance of pay-
ments, foreign direct investments;

a4) restoring and/or sustaining the stability of the financial system of the
economy, i.e. constraining the ratio of the total value of credit to the
total value of system assets to fluctuate in a defined safety zone;

a5) maximizing the productivity of the total value of the economy’s capital
K, K (t) = Kph (t)+Kf (t)+Kh (t)+Ks (t)+Kiar(t), and, in particular,
the productivity of financial capital, where these productivities are given
by the ratios Y (t)

K(t) ,
Y (t)
Ki(t)

, and i ≡ ph, f, h, s, iar denotes the following
forms of capital goods: physical, financial, human, social, intellectual
and authorship rights;

a6) diminishing or augmenting the share of investment or consumption in
the aggregate demand of the economy;

a7) diminishing or augmenting the share of profits or wages in the aggregate
supply of the economy;
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a8) minimizing the degree of non-exploitation of production means;

a9) maximizing various types of productivity, Ki (i ≡ ph, f, h, s, iar), in
the production or service sector of the economy;

a10) aiming simultaneously at ai) and aj); i, j = 1, . . . , 9, i 6= j, or ai), aj)
and ak), i, j, k = 1, . . . , 9, i 6= j 6= k and so on.

a11) The realization of aims a1)–a10) are, to varying degrees, observable,
measurable, quantifiable and equilibrium inducing. Additionally, they
stabilize particular parts of the economy and, to some extent, produce
effects e6)–e10). Since the estimates of eachKi, i ≡ ph, f, h, s, iar, are
very uncertain, and the estimates of Y are also uncertain, on both the
demand and supply side, the estimates of the productivity or generation
ability of each type of capital (or total capital) are also uncertain.

There exists a vast literature devoted to a description and discussion
of some of the above aims and their manifestations in data sets. Among
others, the following are recommended to interested readers: R. Froyen and
A. Guender (1998); G. Eggertsson and M. Woodford (2003); M. Woodford
(2003), B. Friedman (1998), W. Milo, Z. Kozera, et al. (2003), W. Milo et al.
(2006), W. Milo et al. (2010). The first four of these works mainly reference
aims a1) - a2), and the practical effects of monetary policy manifested in the
empirical facts corresponding to these aims. The last three consider aims
a4) and a5), as well as a1) and a2), and empirical facts which either confirm
or do not confirm that these aims have been realized.

Traces of the effects of the use of monetary policy tools may be found not
only in the above discussed aims and the corresponding quantities, but also
in many other quantities which are connected with the objectives a1)–a10)
to varying degrees. This implies that, for example, each quantity appearing
in the formulations of a1)–a9), can be expressed by a decomposition into
two components, a cb – part, which is achieved only due to the action of the
monetary policy tools of the CB, and the off – part, which is achieved due to
the actions of other forces or factors. For example, in the case of inflation,
we have:

Π (t) = Π̂cb (t) + Π̂off (t), where “ ˆ” denotes that the corresponding
quantity is estimated by the use of an appropriate model. For t < ta this
estimate would be an ex post forecast, and for t > ta it would be an ex ante
forecast, since ta denotes the present moment of time, where Π̂cb denotes
the CB – generated part of Π, and Π̂off denotes the part of Π generated
by other forces and factors.
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Using decompositions of other economic quantities that are affected by
tools of monetary policy, we can derive the following estimates: Ŷcb (t) ,̂̇Y cb (t) , Êwcb (t) , ÛKcb (t) , ÛKicb (t) , i ≡ ph, f, h, s, iar. In more detail, we
may define the following effects of the use of CB – monetary policy tools:

ea1) Π̂cb (t) , ̂̇Πcb (t) , Π̂ex
cb (t) , Π̂eq

cb (t) , Π̂pot
cb (t) , Π̂end

cb (t) , Π̂st
cb (t) , Π̂rob

cb (t) ,
where: ex≡expected, eq≡equilibrium, pot≡potential, end≡endurable,
st≡stable, rob≡robust;

ea1i) ̂̇Π+

cb (t) , ̂̇Π−cb (t) , Π̂zb
cb (t) , Π̂cpi

cb (t) , Π̂ppi
cb (t) , Π̂gdpd

cb (t) , Π̂fgpi
cb (t) ,

Π̂opt
cb (t) , where: + ≡accelerating, − ≡ decelerating,

zb≡zero bounded, cpi≡consumer price index,
ppi≡producer price index, gdpd≡GDP-deflator,
fgpi≡financial goods price index, opt≡optimal;

ea2) Ŷcb (t) , Ŷ ex
cb (t) , Ŷ eq

cb (t) , Ŷ pot
cb (t) , Ŷ end

cb (t) , Ŷ st
cb (t) , Ŷ rob

cb (t) ;

ea2i) the rates of growth of the quantities from ea2);

ea2ii) Ŷ d
cb (t) , Ŷ d,ex

cb (t) , Ŷ d,eq
cb (t) , Ŷ d,pot

cb (t) , Ŷ d,end
cb (t) , Ŷ d,st

cb (t) ,

Ŷ d,rob
cb (t) ;

ea2iii) Ŷ s
cb (t) , Ŷ s,ex

cb (t) , Ŷ s,eq
cb (t) , Ŷ s,pot

cb (t) , Ŷ s,end
cb (t) , Ŷ s,st

cb (t) ,

Ŷ s,rob
cb (t) ;

I – expenditure on private investment, G – government ex-
penditure, A – amortization+materials+energy, W – wages,
Z – profits, d – demand, s – supply, Y d – aggregate demand,
Y s – aggregate supply;

ea2iv) Ĉcb(t)

Ŷ dcb(t)
, Îcb(t)
Ŷ dcb(t)

, Ĝcb(t)
Ŷ dcb(t)

, B̂OT cb(t)
Ŷ dcb(t)

;

ea2v) gr
(
Ĉcb(t)

Ŷ dcb(t)

)
, gr

(
Îcb(t)

Ŷ dcb(t)

)
, gr

(
Ĝcb(t)

Ŷ dcb(t)

)
, gr

(
B̂OT cb(t)

Ŷ dcb(t)

)
,

where gr ≡ growth rate;

ea2vi) Âcb(t)

Ŷ scb(t)
, Ŵcb(t)

Ŷ scb(t)
, Ẑcb(t)
Ŷ scb(t)

;

ea2vii) gr
(
Âcb(t)

Ŷ scb(t)

)
, gr

(
Ŵcb(t)

Ŷ scb(t)

)
, gr

(
Ẑcb(t)

Ŷ scb(t)

)
;

ea3) ̂̇Y cb (t) , ̂̇Y +

cb (t) , ̂̇Y −cb (t) , ̂̇Y d

cb (t) , ̂̇Y s

cb (t) , ̂̇Y ex

cb (t) , ̂̇Y eq

cb (t) , ̂̇Y pot

cb (t) ,̂̇Y end

cb (t) , ̂̇Y rob

cb (t) , ̂̇Y st

cb (t) , ̂̇Y opt

cb (t) ;
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ea3i) grgr
(
Ĉcb(t)

Ŷ dcb(t)

)
, grgr

(
Îcb(t)

Ŷ dcb(t)

)
, grgr

(
Ĝcb(t)

Ŷ dcb(t)

)
, grgr

(
B̂OT cb(t)

Ŷ dcb(t)

)
;

ea3ii) ̂̇Y K+
i

cb (t) – growth of Y generated by the increase in capital K+
i

due to monetary policy, where i ≡ ph, f, h, s, iar;

ea3iii) ̂̇Y ser

cb (t)- gr(Y ) generated by the increased share of services due
to the CB;

ea4) Êwcb (t) , Êw,eqcb (t) , Êw,excb (t) , Êw,potcb (t) , Êw,stcb (t) , Êw,robcb (t) , Êw,endcb (t),
Êw,optcb (t) , Êw,cccb (t) , Êw,ffcb (t) , where cc ≡crisis contagion part,
ff ≡financial fragility part;

ea5) D̂Hcb(t)

ÂS
H

cb(t)
,
D̂PFcb (t)

ÂS
PF

cb (t)
,
D̂FScb (t)

ÂS
FS

cb (t)
,
D̂GScb (t)

ÂS
GS

cb (t)
, where D̂H

cb denotes the total debt

of households (H) originating from the CB – monetary policy, ÂS
H

cb

denotes the total assets of household created by CB – monetary tools,
analogously, PF ≡ denotes private firms, FS ≡financial sector, GS ≡
government sector;

ea5i) R̂ES
FS

cb (t)

ÂS
FS

cb (t)
, R̂ES

FS

cb (t)

ĈR
FS

cb (t)
,
D̂eccb(t)

Ŷcb(t)
,
ÎFScb (t)

D̂eccb(t)
,
ÎFScb (t)

D̂ec(t)
, where RESFS denotes

the value of reserves in the FS – financial system, ec – economy;

ea5ii) IKi (t)
Dec(t) ,

IKs (t)
G(t) ,

Îcb(t)

Ŝavcb(t)
, Sav ≡total savings;

ea6) Ŷcb(t)

K̂cb(t)
, Ŷcb(t)

K̂cb,i(t)
,
Ŷ
Ki
cb (t)

K̂cb,i(t)
;

ea6i) Ŷ excb (t)

K̂ex
cb (t)

,
Ŷ eqcb (t)

K̂eq
cb (t)

,
Ŷ endcb (t)

K̂end
cb (t)

,
Ŷ potcb (t)

K̂pot
cb (t)

,
Ŷ stcb (t)

K̂st
cb(t)

,
Ŷ robcb (t)

K̂rob
cb (t)

,
Ŷ optcb (t)

K̂opt
cb (t)

;

ea7) X̂σ
cb(t)

Y d(t)
, where σ ≡ ec,+; ec,−, and X ≡ I, C, Î, Ĉ;G, Ĝ;

Xσ
cb(t)

Ŷ d(t)
, X, σ

as above;

ea7i) Ẋσ
cb(t)̂̇Y cb(t) , X, σ as above; gr

(
Xσ
cb(t)

Ŷ dcb(t)

)
, X, σ as above;

ea8) X̂σ
cb(t)

Y s(t) ,
Xσ
cb(t)

Ŷ scb(t)
, X ≡ A, Â, W, Ŵ , Z, Ẑ , σ as above;

ea8i) gr
(
Xσ
cb(t)

Y s(t)

)
, gr

(
Xσ
cb(t)

Ŷ s(t)

)
, X ≡ Â, Ŵ , Ẑ; ŴFS , ŴPF , ẐFS ,

ẐPF , σ as above;
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ea9) Ẑcb(t)

Ŵcb(t)
, Z

FS(t)
Zec(t) ,

ẐFScb
Ẑeccb (t)

, W
FS(t)

W ec(t) ,
NFS(t)
Nem(t) ,

[
ZFS(t)

NFS(t)

]
[
Zec(t)
Nem(t)

] , where NFS , N em denote

employment in the financial sector and the whole economy, respec-
tively;

Let Ui denote the degree of non – exploitation of factor “i” of produc-
tion. Then, for i ≡ Kph, Kf , Kh, Ks, Kiar, Technology, in a given
economy, we have:
U ec (t) = 6−1

∑6
i=1 Ui(t) and Û eccb (t) = 6−1

∑6
i=1 Ûcb,i(t);

ea10) êff
ec

cb (t) =
[
U ec (t)− Û eccb (t)

]+
denotes the positive impact of the use

of CB – monetary tools.

Note 8.7. These propositions for indices measuring the results of the use of
monetary policy tools use two kinds of symbols – those without and those
with the sign “ ˆ” placed overhead. The latter signifies quantities that need
to be computed by the use of suitably chosen reasoning and formulas. Such
formulas may be complex, since the palette of monetary tools is rich, and
the choice of the weights of influence of particular tools will not be easy,
either theoretically or empirically.

The above discussion does not exhaust the list of possible effects of the
tools of CB – monetary policy. It could be interesting to consider, both theo-
retically and empirically, traces of the consequences of using CB – monetary
tools with respect to qualitative and quantitative features of the following
quantities and qualities:

Possible effects of the tools of monetary policies

ed1) differences between the supply of non-used capital goods and demand
for them (e.g. unemployed people and job vacancies);

ed2) differences in the degrees of mobility of capital goods of type Kf , Kh,
Kph, Kiar;

ed3) differences in the intensity of domestic or international innovations,
entrepreneurship, competition;

ed4) differences in prolonging or shortening the duration of BC – phases;

ec1) changes (reinforcement or weakening) in the strength of trade unions;

ec2) changing (reinforcement or weakening) of built-in mechanisms of eco-
nomic stabilization;
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ec3) changing patterns of expectations among consumers, investors and
politicians;

ec4) changing patterns for the setting of prices, wages, interest rates, trade,
investments, production, services, state budgeting and credit;

ec5) changing the rate of increase or decrease in wages, profits and produc-
tion gaps;

ec6) changes in the costs of inflation or deflation, rates of capacity utiliza-
tion, inefficiency of monetary tools from the point of view of future
generations of people, measured e.g. using the values of sacrificing
ratios connected with them or welfare costs;

ec7) changes in the short, medium and long-term effects manifested in the
discussed quantities and qualities;

ec8) changes in policies which favor or disfavor recent or future goods of
type Ki, i = ph, f, h, s, iar;

ec9) changes in the neutrality or non-neutrality of monetary policy tools
with respect to chosen effects;

ec10) changes in or invariance of the following trade – offs: U � π, Y̌ → π,
σ2
Y̌
→ σ2

π, cost (π)→ cost
(

ˇ̇Y
)
, st(Y̌ )→ st(π), N em � π, π → Ṅ em,

π → V oltrade, π → IR, π(t − j) → lgN em(t), π → Y sol, π → Z,
Romocb → Inventories in the economy; Y̌ real value of Y ; Y sol denotes
sold production;

ec11) changes in the robustness of the effects of monetary tools with respect
to supply and demand, domestic or foreign shocks;

ec12) changes in monetary policy and tools due to radical economic or
geopolitical shocks;

ec13) changes in endogenously and exogenously varying parts of the real and
financial spheres of the economy due to interactions between inflation
and personal income tax (PIT) or corporate income tax (CIT), inflation
and capital gains tax (KfIT ) or intellectual property tax (KiarIT ) or
interactions between π = 0 inflation and CPI, CIT, KfIT = 0;

ec14) changes in the medium or long run patterns of C, I, Sav, accumula-
tion of goods of type Kph, Kf , Kh, Ks, Kiar;
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ec15) changes in the indices of credibility, uncertainty, accountability, time
consistency (or inconsistency) of monetary policy tools used either in
the form of rules or individual decisions;

ec16) changes in the roles of M0, M1 as measures of value, means of pay-
ments, stores of value, mediums of exchange, units of accounting;

ec17) changes in trends or fluctuations around trends of studied quantities
due to changes in monetary tools;

ec18) changes in the correlation structure of the following quantities: π, Y̌ ,
πex, Y̌ − Y̌ targ

cb , Rcb − Rtargcb , Rcb (t+ τ) − Rcb(t+ τ)targ, Ui, 1 − Ui,
N em, ex, Y̌ ex, Y ex, Ecb, Eex, Rδcb, R

ρδ
cb , R

omo
cb , Rex, omocb , BOT , SB,

BOP , Ui rate of unemployment of Ki; targ corresponds to CB-target,
SB denotes State Budget;

ec19) changes in the values of liquidity measures and their correlations with
Romocb , Rδcb, R

ρδ
cb , M

res, π, π̌, Ẏ , ˇ̇Y , Ui, Inv ≡Inventories; π̌ – real
inflation;

ec20) changes in the values of citizens’ wealth, the structure of financial
poverty, the domestic structure of citizens’ liquidity preferences.

8.4. Final remarks

This chapter has given a brief presentation and discussion of the main theo-
retical and empirical problems related to the specification of the aims, tools,
and effects of monetary policies conducted by central banks, which are de-
pendent to varying degrees on the national government. The lists of these
aims, tools and effects may be extended to include historical, current and
possible future forms of monetary policies, both imagined or implemented
in real life. This chapter has also considered some of the possible relations
(logical, substantial) between (as individual groups) the aims, tools and ef-
fects, as well as between particular aims and tools, aims and effects, or tools
and effects. From the point of view of modeling and forecasting, the most
essential goal is to analyze the theoretical and empirical relations between
empirically measurable tools and effects that can be empirically confirmed
or falsified as models of chosen theories.
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The above proposed empirical measures of monetary policy tools and
effects may be used in the following extension of, f.ex., Taylorian type equa-
tion:

Rcb(t) = Req(t) + aπ · (Π̂cb(t+ τ)− Π̂eq(t+ τ)) + ay · (Y̌ (t)− Y̌ targ
cb )+

+ aE · (Ew(t)− Ewcb(t) · (Π̂(t+ τ)− Π̂cb(t+ τ)) + εcb(t),

Π̂(t+ τ)− Π̂cb(t+ τ) =

= aR · (Rcb(t)−Req(t))(Rcb(t)−Recb(t)) +ay · (Y̌ (t)− Y̌ pot(t)) + επ(t+ τ)

where the sign “ ·̂ ” over the symbol denotes ex ante predictor, “ ·̌ ” denotes
statistical correction enabling better comparability of statistical analysis re-
sults (called by economists transformation to the “real” values of economic
data), Y̌ pot denotes potential value of Y̌ , aπ, . . . , ay denote model parame-
ters, εcb, επ denote random specification errors.

The theoretical and their empirical counterparts of these relations may
take linear or non-linear form, stochastic or deterministic form, one-equational
or multi-equational form within the descriptive – behavioral approach with-
out explicitly given optimality rule of CB or with the explicitly included
optimality rule in the mathematical form. The first case received, f.ex., the
forms analysed by J. Taylor, Ch. A. F. Goodhart, D. Henderson, W. J.
McKibbin, J. C. Fuhrer, W. Milo. The second case embraces the model
forms analysed, f.ex., by M. P. Giannoni, M. Woodford, J. J. Rotenberg, F.
Smets, R. Wouters, M. Brzoza-Brzezina, M. Górajski, M. Ulrichs.

It is an open question, what would be the result of extensive empirical
use of our empirically oriented measurements propositions for the analysed
monetary policy instruments and their effects in the case of ad seriatim and
feedback approaches relating instruments with effects, Frm the cognitive
point of view, especially important would be finding the results of interaction
between groups of instruments, and groups of effects when there is included
time lagging.
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Chapter 9

Calculus of potentials in
physics, mathematics and
economics

Summary

This chapter presents elements of the calculus of potentials, which are used
in physics, mathematics and economics. The last section presents some
problems related to the calculation of theoretical economic potentials based
on R. Solow’s model.

Keywords: potential, potential energy, potential force, field potential,
logarithmic potential, potential of a kernel, Solow’s model, economic growth
potential.

9.1. Introduction

“Potentia” in Latin1 denotes: possibility, contingency, feasibility, compat-
ibility, capability, attainability, accessibility, permissibility, conceivability,
natural ability, degree of power. These words most often mean that some-
thing is, mental, not existing in factual being, but may, under appropriate
conditions, come into existence. According to Aristotle’s school, potential

1 In modern English the word “potentia” has been replaced by the Latin adjective “po-
tential(is)”. Unless, the text refers directly to the use of this concept in classical times,
the modern word “potential” will be used. This English word is more flexible, since it can
be used as both an adjective and a noun.
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(in Greek: δυναµις) means – what is possible to happen, but has not yet
occurred, or, what can come into existence, but does not yet exist.

In physics, e.g. potential is a quantity characterizing fields of the forces
of gravity, electricity, inertia, pressure, resistance, friction and elasticity, as
well as different forms of energy, motion, impetus, speed and acceleration.

In mathematics, potential means the solution of an appropriately posed
mathematical problem involving partial differential equations. J. Lagrange
(1773, Oeuvres VI, p. 335) was the first to introduce this concept, which
was extended by Laplace (1782), Poisson (1813), Green (1828), d’Alambert
(1743), Gauss (1840), Dirichlet (1898), Neumann F. (1887) and Robin (1886).

In Section 2 there is a brief discussion of the concept of potential, espe-
cially from the point of view of physics.

Section 3 contains descriptions of several approaches to this concept from
the point of view of mathematical disciplines.

Section 4 includes a brief discussion of problems connected with measur-
ing economic growth potential.

The most difficult, especially from a practical point of view, is to establish
basic principles for measuring potentials, as well as fundamental principles
for the calculus of potentials that can be used in both the natural and social
sciences, in particular in economics.

9.2. The measurement and calculus of potentials in
physics

The classical era gave us a very broad scope of meanings of potentia. In
Aristotle’s school, potentia, denoted here by Π, had the following meanings:

p1) source or cause of motion, change, rest that is attributed to a given
thing, person, set of things or set of persons;

p2) ability, capacity of a person, thing to be subject, liable, dependent to
motion effected by an exogenous cause or cause per se;

p3) possibility, capacity of person, thing to realize a given goal according
to one’s own or someone else’s will, need, necessity or enforcement;

p4) states of things or their surroundings to be robust to disturbances;
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p5) capacity to develop, fall, create, auto-destruct, or the principle of tran-
sition from development to fall;

p6) possession of states of capacity by person(s), thing(s), system(s).

These meanings are so general that they may refer to many modern fields
of science, such as physics, chemistry, biology, engineering and economics.

In the context of modern formulations of Π, references to these fields
would be quite interesting in content and form. Below, we focus our atten-
tion on two kinds of meanings of potential, i.e. those that are used in physics
and mathematics.

Let us start from the meanings of this word in physics. They can be found
in many books and articles published in well-known journals and book se-
ries devoted to physics. Detailed comparisons of the different meanings of
potential used in physics are very important for historians of scientific de-
velopment, although they are time consuming, due to the vast international
literature in many languages, varying notation of both the appropriate vari-
ables and parameters in the models which are used as the basis for calculat-
ing the magnitude of potentials. Most often, the word “potential” is found
together with such words as: energy, force, field, work, velocity, accelera-
tion, momentum. Thus2 we can find: potential energy Ep, potential force
Fp, potential field φp, potential work Ap, potential velocity Ṙp, potential
acceleration R̈p, potential momentum Mp. Here, the word potential is used
as an adjective.

However, regardless of whether this word is used as an adjective or as
a noun, it can be seen that the designates of the concept of potential are
attributed to many categories of physical quantities. This means that we
can define potential Π as follows:

d1) ΠE

(
t, R (t) , Ṙ (t)

)
≡ Ep

(
t, R (t) , Ṙ (t)

)
= ϕ1

(
t, Ṙ (t)

)
d2) ΠṘ

(
t, R (t) , Ṙ (t)

)
≡ ϕ2

(
Ṙ (t) , t

)
d3) ΠF

(
t, R (t) , R̈ (t)

)
≡ ϕ3

(
t, R̈ (t)

)
d4) ΠΦ (t, Φ (t)) ≡ ϕ4 (t, Φ (t))

d5) ΠA

(
t, Ṙ (t) , A (t)

)
≡ ϕ5 ( t, A (t))

d6) ΠM (t,M (t)) ≡ ϕ6 (t, M (t)).

In the above notation, t denotes time, R (t) denotes the vector of the
positional coordinates of a given point or group of points or a whole physical
2 Perhaps it would be more instructive to say, e.g. the potential of energy or energy’s
potential Ep, and similarly for other kinds of potential.
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body represented geometrically by a set of points, e.g. R (t) ∈ R3, and
R3 denote three dimensional Euclidean space. The symbols {ϕi}61 denote
appropriate functions known from physics, e.g.

ϕ1

(
t, Ṙ (t)

)
≡ m ·

(
Ṙ (t)

)2
, Ṙ (t) = ‖R (t)‖ .

In the case of gravitational fields, many authors also underline that the
potential of energy can be defined as ΠE ≡ −A, where (−A) comes from
the German word “Arbeit”. This potential is the scalar quantity of work
done by a body due to its kinetic force Fk , when this motion is exchanged
for a growing potential force Fp until it reaches Fmax

p when the body comes
to rest. The potential energy Ep of the physical system of bodies S can be
interpreted as the accumulated kinetic energy which, under some appropriate
conditions, may by released or regained as kinetic energy Ek.

The conversion of Ep → Ek or Ek → Ep is due to the replacement of Fp

by Fk or Fk by Fp, respectively, although it must be said that, physically, Fp

in gravitational fields is the kinetic force of gravitation of the (first) body that
attracts more strongly than another (second) body that is “raised, shifted”
by a third body3. The source of Ep, Fp, Ap could be in the internal physical
constitution of the system S, i.e. in the physical and chemical features of
the matter belonging to S that are called the elasticity, compressibility or
strength of that material. These properties determine the reaction of a
material to the external force Fk, ex based on an internal field of forces
acting within S.

It is known that the value Π ≡ Ep = −A depends on the value of the
position vector r = (x, y, z) ∈ R3 of S. Hence, our real scalar functions
Π,Ep, A are in fact functions Π (r), Ep (r), A ≡ A10 (r1, r0) = Π (r1) −
Π (r0), r1, r0 ∈ B3, and A01 = −A10, A (s) = Fp · s, s= r0r1, where Fp is a
potential force vector.

The most fundamental and computationally useful definition used in the
calculus of potentials by physicists and mathematicians is

Fp (r) ≡ (±) Π̇ (r) , Π̇ (r) ≡ OΠ (r) ≡ (∂Π (r) /∂ (r)) , (9.1)
where Fp (r) is here interpreted as the rate of change of potential Π at the
position (place) r of the body or system considered.

The convention defined by (9.1) means that given the analytical form of
Π (r), we may calculate the analytical form of the potential force function
3 If this third body, apart from raising the second body, gives constant support to it,
then the conversion of Fk → Fp → Fk and Ek → Ep → Ek may take place only after the
support supplying the anti-gravitational force that was keeping the second body in place
ceases to act.
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Fp (r) or, reversing the problem, given the analytical form of Fp (r), we may
calculate the analytical form of Π (r).

To illustrate such a calculation and the interpretation of results, we first
consider elasticity fields and their potentials.

Example 1. Assume that elastic potential force Fel satisfies

Π (Fel) ≡ Ep (Fel) =2−1kx̃2+c. (9.2)

Then, given

.) r (x, y, z) is such that x0 = 0, x1 = x, x̃ = x1 − x0, and c, k are
constants,

we have
..) Fel (r) is an elasticity force with y, z = 0, and x as given in (.),

...) for ∂Π/∂y=∂Π/∂z= 0→ ∂Π/∂r= (kx̃, 0, 0) =Fp,el (r) , (9.3)

where x̃, is the velocity (a function of t).
In the case of gravitational potential, we have

Π (Fp,gr) ≡ Ep (Fp,gr) = −mgz + c, (9.4)

where

.) x, y = 0 in r= (0, 0, z)
..) m, c are constant in time; m is the mass of an object,
...) Fp,gr (r) is the gravitational force at r, g= ‖g‖ is the rate of acceler-

ation for the free fall of any body in a given region. We obtain the
following implication:

.v) for ∂Π/∂x=∂Π/∂y= 0→ ∂Π/∂r= (0, 0, −mg) =Fp,gr (r) . (9.5)

Note 9.1. In (9.2), x0 may denote, e.g. the S-equilibrium value, S-stability
value, S-robustness value, or S-fragility value. For these, possibly different
values of x0, we may obtain, very practically important values of Π, Ep, A
that measure potential, potential energy or the work of a system of bodies
S originally not in these specific states x0 of S. For x0 = 0, the proposed
interpretations are not of practical use.

Note 9.2. If we replace (9.2) by

Π (Fel) ≡ Ep (Fel) = 2−1
(
kx̃2 + κx̃

)
+ c, κ 6= 0, (9.6)
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then

∂Π/∂y =∂Π/∂z = 0⇒ Fp,el (r) ≡ ∂Π/∂r= (kx̃+ κ, 0, 0) . (9.7)

Thus the non-zero coordinate of the elasticity force vector will have an
additional additive constant, κ.

Replacing (9.4) by

Π (Fp,gr) ≡ Ep (Fp,gr) = −mgz + 2−1mω2%z + c, (9.8)

it is easy to find that

∂Π/∂x = ∂Π/∂y = 0⇒ Fp,gr ≡ ∂Π/∂r = (0, 0,−mg + 2−1mω2z), (9.9)

where 2−1mω2z is the part of Fp,gr that reflects a Coriolis type effect.

Note 9.3. For the potential of a gravitational field

Π (Fp,gr) = m−1Ep (r) = −m−1gr−1mM = −gr−1M,

where M is a mass that attracts a smaller mass m, r = dist (M,m), g is the
acceleration of the motion of m. Hence, we obtain

Fp,gr = ∂Π/∂r = (0, 0,−gM) . (9.10)

Note 9.4. Forces with any combination of arguments t, r, ṙ, r̈, e.g. the
forces F (t, r, ṙ), F (t, r, r̈), F (t, r, ṙ, r̈) are not potentials in the sense of
the convention (9.1), but such a convention may be relaxed.

Note 9.5. If Fel (r) =− k2r̃, where r̃=r−r∗ and r∗ is the equilibrium posi-
tion, then

Π (Fp,el (r)) = 2−1k2r2 + c. (9.11)

Note 9.6. For the logarithmic potential, Π (Fgr) = −Ep,w,

Π (Fp,gr) = 2cσln (% (r)) + Υ, % =
(
x2 + y2 + z2

)1/2
. (9.12)

The potential force is given by

Fp,gr=∂Π/∂r=2cδ
(
x2+y2+z2

)−1 · r, r=
(
x2, y2, z2

)T
. (9.13)

Note 9.7. It is known that if

F = Fp (r) =⇒ rot (Fp (r)) = 0,Fp (r) = −OΠ (r) (9.14)

and the field potential force is a no-whirling field.
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Note 9.8. In all cases, if

Ep (r) =Π (r) = 0 =⇒ r = r∗ = req and r̈=0.

Moreover, for Π (r∗) =Ep (r∗), the values of Π, and Ep are minimal,
togeether with the property that r∗ is a stable equilibrium, i.e. for small
changes in ∂r, ∂ṙ the system returns to the equilibrium position r∗, which
follows from Dirichlet’s theorem.

There are also other formulas for potentials proposed within, e.g. ther-
modynamics, quantum mechanics and Lagrange-Hamilton mechanics. These
are not presented, due to constraints on the length of the book and it is not
necessary to complicate the description of the foundations of the calculus of
potentials.

However, It would be instructive to show the consequences of departures
from the definition of Ep ≡ Π = 2−1kx̃2 + c. Firstly, suppose

Π (Fel) ≡ Ep (Fel) =2−1kx̃2+2−2k2x̃4, (9.15)

then for

∂Π/∂y = ∂Π/∂z = 0⇒ Fp,el (r) =
∂Π

∂r
=
(
kx̃+ k2x̃3, 0, 0

)
.

Secondly,

Π (Fel) ≡ Ep (Fel) =2−1k1x̃
2+k2lg|x̃|−1+c⇒

Fp,el (r) = ∂Π/∂r= (k1x̃+ k2x̃, 0, 0) = ((k1 + k2) x̃, 0, 0) . (9.16)

Thirdly,

Π (Fel) ≡ Ep (Fel) =kx̃2lg|x̃|−1+c⇒

Fp,el (r) = ∂Π/∂r=
[
kx̃ ·

(
2lg|x̃|−1 + x̃2

)
, 0, 0

]
. (9.17)

Note 9.9. The consequences of additive shifts in the shape of potential
functions are the corresponding additive shifts in the non-zero coordinate of
the vector of potential force. In the case of such shifts to (9.16), when k2

is an arbitrarily small real number, the small shift in the potential forces
causes a corresponding shift of magnitude k2lg|x̃|−1 in the potential energy.
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Note 9.10. Additive – product compositions of the non—zero coordinate
of the force vector cause less complex products from composition in the
potential function.

Note 9.11. It is an open question as to whether such shifts in the values
of the force functions change their extreme values or cause changes in the
extreme values of the energy potential (with respect to the state of extreme
values from (9.2)).

The above discussion refers to physical situations in which the energy
or force of kinesis (motion) is appropriately determined by the velocity or
acceleration of a body in motion and the mass of the body taken together in
the form of a product. This approach has brought useful results in solving
many problems from engineering, chemistry or biophysics. However, in this
approach, there are such outside factors as: time as argument of velocity
function, variability of velocity and acceleration in time, mass that varies
over time, transfer of energy from a body to another body with greater po-
tential or vice versa, hysteresis of movement effects, the potential of systems
of bodies with different degrees of interactions between the bodies, calculus
of potentials without Newtonian mechanics, resonant systems with inertia,
gravitational, elasticity and kinetic forces.

There are views (see e.g. I. Bouhalov (2009)) that in the XXc the impor-
tant problem in physics of unifying general relativity theory
(GRT) and quantum fields was not solved. The main obstacle to such a
unification is the universal interactive force called gravity which all kinds of
matter participate in.

Recently, even Einstein’s Ether (EE) hypothesis has been studied, de-
spite his rejection of the idea of ether. It can be seen that the idea of a
vacuum in QFT (quantum field theory) has replaced the role that ether pre-
viously played. Therefore, the adherents of GRT are searching for the limits
of the use of EE and trying to design experiments that would validate or
reject these claims.

Thus, if one assumes that a vacuum is a specific form of matter (so it is
not “nothing”, but is “something”), then it can be interpreted ontologically
as the basis of matter. If we do not assume that it is a form of matter, then
the concept of a vacuum will only play the part of an abstract idea, how-
ever pleasing, without any substantial content. Attempts to give a quantum
interpretation of inertia lead to inconsistencies. One of them is as follows:
The equivalency principle of GRT leads to the statement that, locally, in-
ertia is a gravitational field, or in QFT terms, a virtual gravitational field.
However, it is difficult to give the status of a real physical object to such a
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field. If such a quantum field existed, its existence should be observed, since
according to GRT the gravitational force field is formed by geometric coor-
dinates, not by physical bodies, as is a standard gravitational field. These
considerations show how difficult it is to introduce an ontologically neutral
language (ONL) in specific natural sciences. These kinds of difficulties can
be seen e.g. from T. Hailperin (2001).

Similar kinds of difficulties are discussed in the papers of Y. Aharonov
and D. Bohm (1959) and M. Bunge (2014). In the second paper, it is
shown that a field of electromagnetic intensities is given by values of vector
potentials, though such potentials have richer representations than these
intensities, since they also describe the effects of this field on charged matter,
and these two notions have different senses. Thus, the theories in the field of
physics disregard reference as a component of meaning, so the usual logical
theories of meaning are of no use here. Therefore, when a researcher is not
making any explicit reference to physical things, he is only studying the
properties of mathematical objects. However, it must be stressed that a
principal reason as to why the notion of potential energy was introduced
into physics (both classical and quantum) is the “book-keeping” principle of
the conservation of energy, i.e. that the total energy of a physical system
is constant in time and equals the sum of kinetic and potential energy. All
the three quantities to be calculated, i.e. Ek, Ep, c are, however, given in
terms of a convention and only known in a thought experiment where the
identity Ek + Ep = c is satisfied. This means, that for any computed Ek
there are as many values of Ep as there are values of c that we can assume.
However, kinetic energy is given by Ek = 2−1mṙ2 for any velocity ṙ (t).
Hence, the maximal possible (therefore in a sense potential) kinetic energy,
i.e. Emaxk = mṙ2

c , where ṙc is the speed of light in a vacuum, and this speed
is Einstein’s physical constant, treated as the maximal possible speed in the
universe.
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9.3. The measurement and calculus of potentials in
mathematics

9.3.1. Classical results

O. D. Kellog (1929, p. 52) noted that the concept of “a field of gravitational
force” (today called a potential field), together with the appropriate function
describing it, appeared as early as J. Lagrange (1773). Such a function was
referred to as a “potential function” by G. Green (1828) and later as “potentia
(l)” by C. Gauss (1840).

Due to Laplace, Gauss, and others, it was confirmed that the method
of potentials is useful, in solving problems from gravitational theory and
other areas of mathematical physics. Such problems were formulated math-
ematically by Laplace, Green, Dirichlet, Neumann, Lapunov, Steklov, Kel-
log, Zaremba, Wilkosz, Brelot, Wiener, Bauer, Bouligand, Doob, Cartan,
Calderon, Riesz, Stein, Choquet and Hervé.

Let us recall, see Kellog (1929, p. 48–54), that a particle with mass m
will move from point P (t0) ≡ P0 at time t, according to Newton’s law of
motion:

m
d2x

dt2
= λmX,m

d2y

dt2
= λmY,m

d2z

dt2
= λmZ, (9.18)

where λ is a constant, so adding these equations together gives

m

[
d2x

dt2
+
d2y

dt2
+
d2z

dt2

]
= λm [X + Y + Z] .

The use of the convention Ek = 2−1mṙ2, multiplication by dx/dt, dy/dt,
dz/dt and integration of both sides leads to

Ek (t)−Ek (t0) =λm

∫ t

t0

(
X
dx

dt
+Y

dy

dt
+Z

dz

dt

)
dt=

λm

∫ P

P0

(Xdx+Y dy+Zdz)⇒

Ek−Ek,0=λmA (P, P0) , X=∂A/∂x, Y=∂A/∂y, Z=∂A/∂z. (9.19)

For conservative vector fields of forces or lamellars and fixed point P0, the
potential energy is given byEp = −λmA (P, P0), A (P, P0) =

∫ P
P0
Fcos (θ) ds.
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In a sense, A is a force function that sometimes coincides with (−Π) for a
vector field, or in other words Π ≡ Ep = −λmA.

For abstract fields, Π is an antigradient of (X,Y, Z) and corresponds to
(−Ep) and A. Hence, (X,Y, Z) = OΠ.

For repelling forces, we have (X,Y, Z) = −O Π, so Π = Ep and is thus
the negative of the force function.

There are many possible ways of defining potentials for a point, a line
L, surface S or body V . For instance, the last three kinds of potentials can
be defined as

ΠL ≡
∫
L
λr−1dL, ΠS ≡

∫∫
S
λr−1dS, ΠV ≡

∫∫∫
V
r−1κdV, (9.20)

or the corresponding logarithmic ones

ΠLL ≡
∫
L
λlg
(
r−1
)
dL

ΠLS ≡
∫∫

S
σlg

(
r−1
)
dS, ΠLV ≡

∫∫∫
κlg
(
r−1
)
dV , (9.21)

where r−1 is, in the theory of Newtonian potentials, the potential of a
unit positive particle, point charge or magnetic pole (recall that the force
generating a potential can be attracting or repulsive).

Despite the fact that Lagrange posed many new problems in the field of
expressing problems from physics in the language of differential equations, it
was Laplace who introduced the beautiful and very useful idea of a harmonic
function.

Definition 1. The function u (X) is harmonic in the region Ω ∈ Rn of
the space Rn if u ∈ C2 (Ω) and u fulfills the Laplace equation ∆u (X) = 0,
where ∆ ≡

∑n
j=1D

2
j , Dj ≡ ∂/∂xj , and ∆ is the Laplace differential operator

or Laplacian.
Usually, in practice, it suffices to consider n = 3 and Ω ⊂ R3, e.g. Ω

is a set of electrical charges with density % (X). The charges constitute an
electrostatic vector field with potential Π.

Poisson generalized Laplace’s solution û of the problem ∆u (X) = 0,
X ∈ Rn to finding the solution of the equation 4u (X) = f (X), X ∈ Rn,
where f is known (given).

The solutions of the Laplace and Poisson problems do not always exist,
i.e. there are no appropriate harmonic functions u and û. It would be
instructive to recall, see, e.g. H. Marcinkowska (1972, Ch. 4), examples of
harmonic functions that can be found in the literature. These are as follows:
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Example 1. u (X) = |X|2−n is harmonic in Ω\ {0}; for instance when
n = 3, u (X) ≡ Π (X) =|X|−1 is the potential produced by a unit electric
charge placed at the point (0, 0);

Example 2. u (X) =lg|X|−1, X ∈ R2; u is harmonic in R2 ⇒ Π (X) =
2µlg|X|−1 so Π is a logarithmic potential.

The following are elementary solutions of the Laplace equation:

E (X) ≡ ûL (X) = (2Π)−1lg |X| , if n = 2, Ω = R2,

E (X) ≡ ûL (X) = −[(4Π) |X|]−1, when θ3 = 1, n = 3,

E (X) ≡ ûL (X) = −
[
(n− 2) θn|X|n−2

]−1
, for n > 2,

E (X) ≡ ûL (X) = αlg|X−y|2.

It is known that for harmonic function u in Ω, u : Ω → R, we have
u (X) =

∫
∂Ω u (y)∂E(X−y)

∂y
−→n dσy−

∫
∂Ω

∂u
∂y
−→n E (X−y) dσy, where −→n is a directed

vector normal to the exterior of Ω, and ∂Ω is the boundary of Ω. For Ω=R2

and x = 0 in 4u = 0, we also have that u ∈ C∞0 (Ω), and

u (0) =

∫
Ω
E (y)4u (y) dy.

It would be useful to introduce, see Th. 4.1.2 in Marcinkowska’s monog-
raphy (1972), the following statement:

Theorem. Let Ω be a bounded set where ∂Ω is from the class C1.
Each u ∈ C2

(
Ω
)
can be represented by the sum of the following Newtonian

potentials:

u (X) = Πvol (X) + Π1layer (X) + Π2layers (X) . (9.22)

In the case where u is harmonic in Ω, it follows that

u (X) = Π1layer (X) + Π2layers (X) , (9.23)

and u is then also analytic in Ω ⊂ R4.
It should be recalled that for n > 2

Πvol (Xc) =

∫
Ω
% (X)E (Xc −X) dX,Xc /∈ Ω, (9.24)

where % is measurable, finite and determined in Ω with diam (Ω) <∞.
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For a surface
∑

from the class C1 and functions µ, ν which are inte-
grable on

∑
, the one layer potential for XC /∈

∑
is defined to be

Π1 layer (XC) =

∫
∑ µ (X)E (XC −X) dσX, (9.25)

where dσX is a natural measure of surface area on
∑

, and the two layer
potential is of the form

Π2 layers (XC) =

∫
∑ ν (X)

∂E (XC −X)

∂y
−→n

dσX,XC /∈
∑

. (9.26)

In electrostatics, when n = 3 and XC /∈
∑
⊂ R3, the integral expression

−4πΠvol (XC) represents the value of the electrostatic potential at X, where
Πvol is generated in a vacuum by electric charges distributed over Ω with
density %Ω ≡ %.

The integral −4πΠ1layer (XC) represents, in turn, values of one layer
electrostatic potential at the point X /∈

∑
, where the values are generated

in a vacuum by electrostatic charges distributed over
∑

with density µ.
When there are two layers, it is known that the integral
−4πΠ2layers (XC) represents the value of the two layer electrostatic poten-
tial at the point XC /∈

∑
generated in a vacuum by electric charges in

∑
distributed by electric dipoles with an axis normal to

∑
, where ν is the

density of the dipole moment.
It should be recalled that Π1layer denotes the logarithmic potential of a

single layer, and Π2layers denotes the logarithmic potential of two layers.
There are many forms of boundary value problems (BVP). A brief pre-

sentation that can be recommended is given by A. I. Prilenko, J. D. Soło-
mentzev (1984, T4, pp. 523–531). We will use the following notation:

S – a smooth closed surface with smoothness of order (n− 1), S ⊂ Rn,
such that for n ≥ 2, S encloses the finite region Ω = Ω+, ∂Ω = S with
Ω− = Rn\ (Ω+ ∪ S) denoting the non-finite external region; E (XC ,X) =
E (|XC −X|) – the solution of the Laplace equation 4u = 0, where

1. |XC−X| =
[∑n

i=1 (xC,i − xi)2
]1/2

is the Euclidean distance between
XC and X in Rn,

2. E (XC ,X) =


[
θn · (n− 2) · |XC−X|n−2

]−1
if n ≥ 3[

(2Π)−1ln|XC −X|−1
]

if n = 2
;

3. θn = (2Π)n/2Γ (n/2), where Γ denotes the gamma function;
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Let us recall that the absolutely integrable functions %, µ, ν are called
the densities of the corresponding potentials Πvol, Π1layer, Π2layers.

If % ∈ L1 (Ω), then Πvol (Xc) is harmonic for Xc ∈ Ω− and the volume
potential Πvol (Xc) is summable in Ω+. Moreover, if % ∈ Lp (Ω) and 1 ≤
p ≤ n/2, then Πvol ∈ Lp (Rn) with 1

p + 1
q = 1, 1 < q < np/ (n− 2p).

In the case where µ is summable and bounded, Π1layer ≡ Π1l ∈ C(0,λ),
λ (0, 1). For ν ∈ C(l,α)(S), S ∈ C(k+1,α), 0 < α < 1, l, k integers , 0 ≤ l ≤
k + 1, then Π2layers ≡ Π2l ∈ C(l,α) in Ω+ or Ω−.

When solving BVP (boundary value problems) and deriving properties
of their solutions, the following Green’s formula is used:

q (Xc) Ψ (Xc) =

−
∫

Ω
∆Ψ (X)E (Xc,X) dX+

+

∫
S

[
∂Ψ (X)

∂−→n x
E (Xc,X)−Ψ (X)

∂E (Xc,X)

∂−→n x

]
dS (X), (9.27)

where Ψ ∈ C2 (Ω ∪ S), S is a smooth surface.
The function Ψ is useful in the following calculus % (X) = −∆Ψ (X),

µ (X) =%Ψ (X) /∂−→n x , ν (X) = −Ψ (X) where %, µ, ν are the densities used
in (9.22)–(9.26).

The following is a fundamental identity in the calculus of potentials:∫
S

[
∂u (X)

∂−→n x
E (XC ,X)− u (X)

∂E (XC ,X)

∂−→n x

]
dS (X) =

= q (XC)u (XC) , (9.28)

where u (XC) is harmonic within Ω and belongs to the class C1 (Ω ∪ S), such
that u (XC) is representable in Ω in the form of the sum of Π1l and Π2l where
the densities µ and ν are given by µ (X) = ∂u (X) /∂−→nX, ν (X) = −u (X)
and fulfill (9.28).

Among BVPs the internal (for Ω+) and external (for Ω−) problems posed
by Dirichlet and Neumann play a special role. We begin with the BVP of
Dirichlet.

• the BVP-DI (DI-Dirichet internal) is of the form
a) ∆u (XC) = 0, XC ∈ Ω+ ∪ S, u ∈ C (Ω+ ∪ S) ,

S ∈ C(1,α), α ∈ (0, 1)

b) u (XC) = ϕ+ (XC) , XC ∈ S,
(9.29)
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where ϕ+ is a given function, which is continuous on S. Thus BVP-DI is to
find a harmonic solution (function) û of (9.29) such that û ∈ C (Ω+ ∪ S),
S ∈ C(1,α). The solution û of BVP-DI always exists and is unique in the
form of Π2l, i.e.

ûdi (XC) =

∫
S
ν (X)

∂

∂−→n X
E (XC ,X) dS (X), (9.30)

Where the density ν is the unique solution of integral second kind Fred-
holm equation of the form

−2−1ν (XC) +

∫
S
ν (X)

∂

∂−→n X
E (XC ,X) dS (X) = ϕ+ (XC) , (9.31)

where XC ∈ S

• BVP-DE (DE-Dirichlet external) has the form
a)∆u (XC) = 0, XC ∈ Ω−, 0 ∈ Ω+, u ∈ C (Ω− ∪ S) ,

S ∈ C(1,α), α ∈ (0, 1)

b)u (XC) = ϕ− (XC) , XC ∈ S,
(9.32)

ϕ− given and continous on S, and lim|XC |↑∞ |XC |n−2 u |XC | = const.
The problem of BVP-DE consists of finding a harmonic function û (XC)

in the region Ω−, 0 = Ω+, which is regular at infinity, belongs to the class
C (Ω− ∪ S), S ∈ C(1,α), α ∈ (0, 1) and fulfills the conditions given by (9.32).

Under these conditions, the solution û (XC) exists, is unique and can be
represented in the form

û (XC) = ûdi (XC) + β · |XC |n−2, β is a constant, (9.33)

where the density ûdi (XC) is the unique solution to the following Fredholm
integral equation of the second kind:

−2−1ν (XC) +

∫
S
ν (X)

∂

∂−→n x
E (XC ,X) dS (X) = ϕ− (XC)− β|XC |2−n,

(9.34)
where XC ∈ S.

It can be checked that, when ϕ− (XC) = β · |XC |, we obtain the solution
ν̂0 = 1, and for (9.34), appropriate choice of β gives

ν̂ (XC1) = ϕ̂− (XC1) + β1, β1 any constant, where (9.35)
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• ν̂− (XC1) a denotes particular solution of (9.34),
• β̂ = −

∫
S ϕ
− (XC) ν̂0 (XC) dS (XC) is the estimate of β,

• the density ν̂0 fulfills the conditions∫
S ν̂0 (XC1) |XC1|2−ndS (XC1) = 1.

Note 9.12. The density ν̂0 is also a non-trivial solution of the BVP-NI (to
be presented later) with given function Ψ+ (XC), XC ∈ S. For n ≥ 3, it
also fulfills the norming condition of the form

Π̂1l,0 (XC) =

∫
S
ν̂0 (X)E (XC ,X) dS (X) = 1, XC ∈ Ω+ ∪ S.

The one layer potential Π1l,0 with density ν0 (XC) is often called Robin’s
potential or equilibrium potential. It should also be added that the density
ν̂0 (XC) gives the solution û of the so called BVP-R (Robin) or electrostatic
problem regarding the distribution of electrical charges on a conductor that
produces an equilibrium potential which is constant in the region Ω+. The
problem of computational complexity can arise when solving BVP-DE. This
follows from the fact that even though u is assumed to be regular at infinity,
the harmonic function u (XC) can decrease more slowly than Π2l (XC), i.e.
the two-layer potential function. This means, therefore, that u (XC) cannot,
in general, be represented simply in the form of Π2l (XC) = u (XC).

The second kind of BVPs were formulated by F. Neumann (1887). Let us
start with BVP-NI, i.e. the internal Neumann BVP. This can be formalized
as follows

• BVP-NI: Find ûNI (XC) which is harmonic in the region Ω+, ûNI ∈
C1 (Ω+ ∪ S), S ∈ C(1,α), where α ∈ (0, 1), i.e.

ûNI = solution of

{
4u (XC) = 0, XC ∈ Ω+

∂u(XC)
∂−→nXC

= Ψ+ (XC) ,XC ∈ S,
(9.36)

where Ψ+ (XC) is known and continuous on S, i.e. Ψ+ ∈ C◦ (S).
The solution ûNI (XC) exists if and only if the boundary value condition

for ûNI is of the form Ψ+ (XC) and fulfills the orthogonality condition, i.e.∫
S Ψ+ (XC) dS (XC) = 0.

This means that

ûNI (XC) = Π̂1l + γ, where γ is a constant (9.37)

and the estimate of the one layer potential is:

Π̂1l (XC) =

∫
S
µ̂ (XC)E (XC ,X) dS (X),
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where the estimate of the density µ fulfills the following Fredholm integral
equation of the second kind:

2−1µ̂ (XC) +

∫
S
µ̂ (X)E (XC ,X) dS (X) = Ψ+ (XC),XC ∈ S. (9.38)

For Ψ+ (XC) = 0, the solution of (9.38) is µ̂0 (XC), and Ψ+ (XC) 6= 0,
and for Ψ+ (XC) 6= 0, Ψ+ (XC)⊥dS (XC), the general solution of (9.38) is
µ̂ (XC) + γ0µ̂0 (XC), where γ0 is any constant.

Note 9.13. There are many formulas for the solutions of each of BVP-DI,
BVP-DE, BVP-NI and BVP-NE, since we may consider various analytical
forms of ϕ+, ϕ−,Ψ+ and Ψ− that are assumed to be known and empirically
observable, as well as various definitions of S, E (XC ,X) and u. In order
to reflect reality well, the choice of all of these formal objects is important,
especially the choice of u.

The second Neumann problem which is often analyzed is

• BVP-NE: Find a harmonic function ûNE (XC), which is harmonic in
the region Ω−, 0 ∈ Ω+, ûNE ∈ C−1 (Ω− ∪ S), S ∈ C(1,α), α ∈ (0, 1),
such that ûNE satisfies

ûNE (XC) ≡ solution of BV P

{
4u (XC) = 0,XC ∈ Ω−,

∂u(XC)
∂−→nXC

= Ψ− (XC) ,XC ∈ S,
(9.39)

where Ψ− ∈ C◦ (S) is a known function and, like u, is also regular at infinity.
It is worth recalling that for n = 2 the solution ûNE (XC) (given with

accuracy up to an additive constant) exists if and only if∫
S

Ψ− (XC) dS (XC) = 0. (9.40)

For n ≥ 3, the solution ûNE (XC) always exists and is unique.
Moreover, the solution ûNE (XC) is representable in the form of a single

layer potential, i.e.

ûNE (XC) =

∫
S
µ̂ (X)E (XC ,X) dS (X)

with µ̂ being the solution of the following Fredholm integral equation of the
second kind

−2−1µ (XC) +

∫
S
µ (X)

∂

∂nXC
E (XC ,X) dS (X) =Ψ− (XC) ,XC ∈ S.

(9.41)



288

The solution µ̂ of (9.41) always exists and is unique for n ≥ 3.
For n = 2 and Ψ− (XC) = 0, µ̂0 (XC) is a nontrivial solution. Thus, if

Ψ− (XC) 6= 0 satisfies(9.40), the unique solution µ̂ (XC) of (9.41) fulfills the
condition

∫
S µ̂ (XC)dS (XC) = 0, and the general solution of (9.41) is of the

form µ̂g (XC) = µ̂ (XC) + γgµ̂0 (XC), where γg is any constant.

Note 9.14. G. Bouligand (1926) presented a brief and clear analysis of the
relations between harmonic functions and BVP, according to the principles
of Picard and Dirichlet. This paper gives a broad discussion of extensions
of these principles by the following: Bouligand (13 papers), O. D. Kellog
(6 papers), H. Lebesgue (8 papers), E. Picard (6 papers), S. Zaremba (13
papers), N. Wiener (4 papers) among many others.

According to Bouligand, it was Zaremba who made “le premier pas décisif
dans l’extension du principe de Dirichlet”.

Especially interesting are Bouligand’s notes on the close connections of
many concepts from mathematical analysis, functional analysis and topology
with such concepts as Green’s functions, discontinuous boundary condition
functions and potential functions. It should be stressed that solving BVPs
may be achieved using Green’s (1828) functions. In the case of BVP-DI,
such a function takes the form

G (XC ,X) = E (XC ,X) + h (XC ,X) ,XC ∈ Ω+ ∪ S,X ∈ Ω+,

where h ∈ C
◦

(Ω+ ∪ S) in XC and is harmonic in Ω+. For X ∈ Ω+,
G (XC ,X) = 0 if XC ∈ S. Therefore, for the Poisson equation of the
form 4u = f (XC), XC ∈ Ω+ with boundary condtion u (XC)=ϕ+ (XC),
XC ∈ S, ûdi ∈ C2 (Ω+) ∩ C (Ω+ ∪ S) can be represented by:

ûdi (XC) =

∫
Ω+

f (X)G (XC ,X) dX +

∫
S
ϕ+ (X)

∂

∂nx
G (XC ,X) dS (X) ,

where XC ∈ Ω+ and for further calculus of potentials, it is useful to compute
the values of the following integrals with XC as their parameter:

Πd
Gvol (XC) =

∫
Ω
% (X)G (XC ,X) dX,G2l (XC) =

=

∫
S
ν (X)

∂

∂nx
G (XC ,X) dS (X) .
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9.4. Non-classical results

Extensions and generalizations of concepts in the field of potential theory
were made possible due to the development of measure theory and concepts
of integrals, especially Radon integrals.

Note 9.15. For the positive Borelian measure λB ≥ 0 acting on Rn with
compact support supp λ, the potential of the measure λB, ΠλB

(XC), can
be defined as

Πλ (XC) ≡ ΠλB (XC) =

=

∫
Rn
E (XC ,X)dλB (X) ,

{
Πλ : Rn → [0,∞] if n ≥ 3

Πλ : R2 → (−∞,∞] if n = 2.
(9.42)

The potential Πλ exists everywhere in Rn and is a superharmonic func-
tion in Rn, and harmonic on the exterior of supp(λ). For λ of any sign
and compact support suppΠλ (−XC), using the canonical decomposition
of the measure λ, λ = λ+ − λ−, where λ+ ≥ 0 and λ− ≥ 0, we ob-
tain Πλ = Πλ+ − Πλ− . The potential Πλ is not determined for Πλ+ =
Πλ− = ∞. If λ ≥ 0 is centered on a smooth surface S, then Π2l,λ fulfills
the equation∂Πλ(XC)

∂nX
=
∫

∂
∂nX

E (XC ,X) dλ (X). It was found that in Rn,
Πλ (XC) <∞ except at points of a polar set of measure zero.

Note 9.16. For a general function or distribution, i.e. a function G in
Rn, the potential of G is defined as the convolution E ∗ G, where E is a
convolution function (kernel).

More detailed results can be found, e.g in W. S. Wladimirow (1979,
pp. 83, 142, 219–223). The following are some of them:

Example 3 Let H2
s be a Hilbert space of functions h (ξ) with

‖h‖(s) =

[∫
|h (ξ)|2 ·

(
1 + |ξ|2

)s
dξ

]1/2

=

∥∥∥∥g (ξ) ·
(

1 + |ξ|2
)s/2∥∥∥∥

and F(s) ≡
{
f (x) |f (x) = Fh (ξ) , h ∈ H2

s

}
, ‖f‖(s) = ‖h‖(s), s ∈ R.

For the kernel Ks (X) = F−1

[(
1 + |ξ|2

)−s/2]
, the convolution defining

the Bessel potential function is: ΠBess (xc) ≡ f (xc) = h (ξ) ∗Ks (xc), h ∈
H2, and the mapping h→ f = h ∗Ks is reciprocally unique and continuous
from H2 onto Fs.

Example 4 Let f ∈ F , XC ∈ Ω0, n = 2. Then Π (XC) =
(
ln|XC |−1

)
∗

f is a logarithmic potential with generalized density f . If n ≥ 3 , then
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Πn (XC) = |XC |2−n ∗ f is called the generalized Newtonian potential. For
f = % (XC), where % is a summable, finite function, XC ∈ Rn, n ≥ 3, then
Πn is a simple volume potential, and Πn (XC) =

∫
% (X) · |XC −X|2−ndX.

In the case when f ∈ F 1
loc

(
R+,1 ?×R

)
, the convolution f ∗En (XC ,X) =

Πn (XC) is called the wave potential with generalized density f , and

En (XC ,X) =
[
22n−1ΠnΓ (n)

]−1 ∗ n−1
[
θ (x0) %

(
x2
C

)]
, n = 2n+ 1, n ≥ 1

En (XC ,X) ≡
[
22n−1ΠnΓ (n)

]−1∗ n−1
[
θ (x0) x2

C

]− 1
2 , n = 2n

En (XC ,X) = 2−1θ (x0) θ
(
x2
c

)
, n = 1.

The wave potentials of surfaces can also be defined for Cauchy problems
of heat conduction where convolution with generalized functions is used ex-
tensively. For readers with strong backgrounds in topology and functional
analysis, the following texts are recommended: N.S. Landkoff (1966), J. Wer-
mer (1974), L. L. Helms (2009), M. Brelot (1967, 1971), H. Cartan (1945,
1946) and A. Björn, J. Björn (2014).

There are also particularly important further generalizations of the re-
sults of S. Zaremba, H. Lebesgue and M. Brelot for cases where the appro-
priate measures are sub or super harmonic, but the boundaries have cusps,
or when generalized Green’s functions are computationally applicable.

9.5. Measuring potential in economics

The category of potential is not so broadly used in economics as in physics.
In the last 40 years, however, due to great progress in the development of
theoretical and applied econometrics, as well as mathematical economics,
this concept is being applied more and more often. There is strong pres-
sure from practically oriented economic and financial leaders, who wish to
describe the potential of the economy, sectors or branches of the economy,
markets for consumption or investment goods. In response to this, there
have been many efforts by econometricians, economists and financiers to
measure such potential.

It is worthwhile to underline that current methods for measuring poten-
tial for a concrete object in the field of economics normally use tools from
the time-domain analysis of time series, i.e. based on autocorrelation and
cross-correlation. The Hodrick-Prescott filter is very popular in this respect.
Their idea does not use a model of the mutual connections between economic
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variables and is based on removing cyclical fluctuations from data to assess
the underlying long-term trend, i.e. potential.

The presentation given below is an attempt to formulate another ap-
proach, which is model-based. Here, we will use the following notation:

Y (t) ≡ GDP (t) – Gross Domestic Product in the periods t = t0, ..., ta,
where t0 is the first period studied, ta is the current period or the last period
studied,

X1 (t) ≡ Kph (t) – physical capital in the period t,
X2 (t) ≡ Kh (t) – human capital in the period t,
a, b, c, a0, a1, a2 ∈ R – parameters whose values belong to the set of real

numbers,
y (t) , x1 (t) , x2 (t) ∈ R – the observed values of variables Y,X1, X2 in the

period t.
We will consider two versions of a data generating process for {Y (t)}tat=t,

each based on one of the following production functions:

pf1) Y (t) = a0X
a1
1 (t)Xa2

2 (t),
pf2) Y (t) = aX2

1 (t) + bX1(t)X2(t) + cX2
2 (t).

In the case of (pf1), using the tools of mathematical analysis, we ob-
tain formal expressions with a suitable economic meaning. Thus from the
necessary conditions for the existence of max {Y (t)} and the condition for
the equality of the first partial derivatives of Y (t) with respect to X1(t) and
X2(t), as well as the conditions that a0 6= 0; a1 6= 0; 1 and a2 6= 0; 1, we
obtain the following formula:

X̃1,1(t) = a1a
−1
2 X2(t). (9.43)

This formula enables us to calculate this part of the theoretical potential
value of GDP which guarantees the equality of very small relative changes
in Y (t) with respect to very small changes in X1(t), symbolizing physical
capital expressed in monetary values, and with respect to very small changes
in X2(t), i.e. human capital. Thus, the considered partial potential value of
GDP ≡ Y is calculated according to the formula

Ỹ1,1(t) = a0X̃
a1
1 (t)Xa2

2 (t). (9.44)

By embedding (pf1) into a model with a stochastic structure, we obtain

Y (t) = a0X
a1
1 (t)Xa2

2 (t)exp(Ξ(t)),Ξ(t) ∼ N(0, σ2), (9.45)
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where the random specification error Ξ(t) has a normal distribution with
expected value 0 and variance σ2. Using the method of Gauss-Legendre
estimation, we can find estimates â0, â1, â2 of a0, a1, a2 based on the sample.

Using these estimates, we may write the empirical version of eq. (9.44)
as

Ỹ1,1(t) = â0
ˆ̃X â1

1,1(t)X â2
2 (t), (9.46)

where ˆ̃X1,1(t) = â1â
−1
2 X2(t).

The second component of potential value of GDP can be derived from
the Laplace condition (see Definition 1 in this chapter)

δ2Y (t)

δX1(t)2
=

δ2Y (t)

δX2(t)2
(9.47)

and the conditions a0 6= 0; a1 6= 0; 1; 2 and a2 6= 0; 1; 2, i.e. from the
sufficient conditions for the existence of an extreme point.

This condition requires the equality of marginal changes in GDP with
respect to physical capital and with respect to human capital, both expressed
in monetary values.

The counterparts of (9.43), (9.44) and (9.46) for the case (9.45) are as
follows:

X̃1,2(t) =

[
a1(a1 − 1)

a2(a2 − 1)

] 1
2

X2(t), (9.48)

Ỹ1,2(t) = a0X̃
a1
1,2(t)Xa2

2 (t), (9.49)

and the empirical estimates are of the form

ˆ̃X1,2(t) =

[
â1(â1 − 1)

â2(â2 − 1)

] 1
2

X2(t), (9.50)

ˆ̃Y1,2(t) = â0
ˆ̃X â1

1,2(t)X â2
2 (t). (9.51)

Formulas (9.48) – (9.51) will change if we directly use Laplace’s equation
∆Y (t) = 0, i.e. if we use

δ2Y (t)

δX1(t)2
=

δ2Y (t)

δX2(t)2
. (9.52)
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In this case, we obtain the following formulas:

X̃1,2a(t) =

[
a1(a1 − 1)

a2(1− a2)

] 1
2

X2(t), (9.53)

Ỹ1,2a(t) = a0X̃
a1
1,2(t)Xa2

2 (t), (9.54)

ˆ̃X1,2a(t) =

[
â1(â1 − 1)

â2(â2 − 1)

] 1
2

X2(t), (9.55)

ˆ̃Y1,2a(t) = â0
ˆ̃X â1

1,2a(t)X
â2
2 (t). (9.56)

It should be stressed that Ỹ1,2a(t) and ˆ̃Y1,2a(t) fulfill Laplace’s equation
outside of the limited area of the region of the values of both capitals where
the interaction between the two types of capital is productive. This signifies
that the empirical estimate ˆ̃Y1,2a(t) may be treated as an estimate of this
part of potential value of GDP which can be attributed to the potential
simultaneous influence of both forms of capital.

Note 9.17. In order to guarantee the positivity of the values of Ỹ1,2a(t) and
ˆ̃Y1,2a(t), the following conditions also need to be satisfied:

• when a1, a2; â1, â2 > 0, then either a1 > 1; 1 > a2 or â1 > 1; 1 > â2,
• when a1, a2 < 0; â1, â2 < 0, then either a1 < 1; 1 < a2 or â1 < 1; 1 <
â2,

• when a1 > 0, a2 < 0; â1 > 0, â2 < 0, then either a1 < 1; 1 < a2 or
â1 < 1; 1 < â2,

• when a1 < 0, a2 > 0; â1 < 0, â2 > 0, then either a1 > 1; 1 < a2 or
â1 > 1; 1 < â2.

Note 9.18. The function Y (t) from (pf1) has a strict minimum at (0, 0)
under the above assumptions, but it does not have a strict maximum. This
means that for (pf1) we can not find a potential function in the sense the
maximum possible level, i.e. to find the maximal potential values of GDP
for each pair of positive values of X1(t), X2(t), t = t0, ..., ta, together with
the estimates â0, â1, â2.

For the production function (pf2), from the necessary conditions for an
extreme point, we obtain

X̃1,1(t) =
2c− b
2a− b

X2(t) (9.57)
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ˆ̃X1,1(t) =
2ĉ− b̂
2â− b̂

X2(t), (9.58)

where â, b̂ and ĉ are the least-squares estimates of the parameters a, b and
c, respectively (as defined by (pf2)),

Ỹ1,1 (t) = aX̃2
1,1(t) + bX̃1,1(t)X2(t) + cX2

2 (t) (9.59)

and the empirical potential GDP function is given by:

ˆ̃Y1,1 (t) = â ˆ̃X2
1,1(t) + b̂ ˆ̃X1,1(t)X2(t) + ĉX2

2 (t). (9.60)

The function (pf2) has a maximum if a < 0 and a > b2

4c , i.e. the
individual influence of the square of the value of physical capital X̃1 reduces
the estimated value of the potential GDP. These conclusions follow from

the sufficient condition that det
(

2a b
b 2c

)
= 4ac − b2 > 0, 4ac > b2, and

δ2Y

δX2
1

< 0, i.e. a < 0.

Note 9.19. In the case where the production function takes the form

Y (t) = aX2
1 (t) + bX1(t)X2(t) + cX2

2 (t), (9.61)

and we use both the necessary and sufficient conditions for the existence of
a maximum, we obtain

X̃1,1(t) = 2acb−2, (9.62)

Ỹ1,1 (t) = aX̃2
1,1(t) + bX̃1,1(t)X2(t) + cX2

2 (t) and their empirical versions

ˆ̃X1,1(t) = 2âĉb̂−2, (9.63)

ˆ̃Y1,1 (t) = â ˆ̃X2
1,1(t) + b̂ ˆ̃X1,1(t)X2(t) + ĉX2

2 (t), where, in practice, ˆ̃Y1,1(t)
denotes the empirical potential part of GDP computed according to (9.60),
â, b̂, ĉ denote the least-squares estimators of the parameters a, b, c of the
production function.

It is open question as to what degree the functions pf1, pf2 can serve as
a basis for calculating the components of estimates of potential for Poland
or other countries. Initial empirical trials show that they provide a rea-
sonable basis for calculating suitable shares in production, ˆ̃Y1,1(t)/Y (t) and
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ˆ̃Y1,2(t)/Y (t), and shares in growth, gr( ˆ̃Y1,1(t))/gr(Y (t)) and ˆ̃Y1,2(t)/Y (t) for
Poland, the EU, GB and USA.

From empirical point of view, it is important to check the practical and
theoretical validness of our methods for computing the components of the
production potential for a given economy and time. This approach uses
the following definitions of admissible transformations of the ratio χ̂(1)

12 (t) ≡
X1(t)
X2(t) , interpreted here as the endowment of one worker with a suitable mon-
etary value of physical capital. We introduce the following modifications of
χ̂

(1)
12 (t):

χ̂
(2)
12 (t) ≡ [1−Rcr (t)] χ̂

(1)
12 (t),

χ̂
(3)
12 (t) ≡

[
1−Rcr (t)− 2−1(CIT (t) + PIT (t))

]
χ̂

(1)
12 (t),

χ̂
(4)
12 (t) ≡ χ̇12(t)χ̂

(1)
12 (t), χ̇12(t) ≡ Ẋ1(t)

Ẋ2(t)
, Ẋi(t) ≡ ∆Xi(t)

χ̂
(5)
12 (t) ≡ χ̇12(t)χ̂

(1)
12 (t), χ̇12(t) ≡ İ1(t)

İ2(t)
,

˙TDϕ(t)
˙TDh(t)

χ̂
(6)
12 (t) ≡ χ̈12(t)χ̂

(1)
12 (t), χ̈12(t) ≡ Ẍ1(t)

Ẍ2(t)
, Ẍi(t) ≡ ∆2Xi(t)

χ̂
(7)
12 (t) ≡ (1− γGINI(t))χ̂(1)

12 (t),

where:
Rcr is the interest rate for credit (for example, LIBOR, FEDIR, FIBOR

or WIBOR),
CIT ;PIT – the mean rates of corporate and personal income, respec-

tively; tax for given economy,
İi(t) ≡ ∆Ii(t), where I is the monetary value of investments in Kph or

Kh (appropriate to the index i),
˙TDi(t) ≡ ∆TDi(t), TDi total debt in ϕ – firms or h – households,
γGINI – GINI index of inequality expressed in decimal numbers.

Note 9.20. It is possible to consider the monetary value of actively used
capital: X3(t) ≡ Kf (t) financial capital or Kf (t) unemployed financial ca-
pital, as well as

X4(t) ≡ Kh(t) or Kh(t) active or non-active human capital,
X5(t) ≡ Ks(t) or Ks(t) active or non-active social capital.
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The second group of elements concerns the analytical forms of the parts
of production potential, e.g. the forms

ˆ̃Y
(j)

2,a = â0X
â1
1 (t)X â2

2 (t) + d̂0X
d̂1
1,j(t)X

d̂2
2 (t), j = 1, 2, ..., 7,

where the non-active physical capital is definied as

X
(1)
1 (t) = χ̂

(1)
12 (t)X2(t)

or
X

(j)
1 (t) = χ̂

(j)
12 (t)X2(t), j = 2, 3, . . . , 7,

whereX2(t) – number of unemployed persons of working age, â0, â1, â2, d̂0, d̂1, d̂2

are estimates of a0, a1, a2, d0, d1, d2 – the parameters of the Wicksell-Cobb-
Douglas production function based on the observed values of X1(t), X2(t),
X1(t), X2(t) and t = t1, ..., tn are time periods.

Setting ˆ̃Y
(j),∗

2,a = d̂0X
d̂1
1,j(t)X

d̂2
2 (t), we may define the share of unrealized

part of production potential as the value of the following ratio:

σ̂π,j(t) =

ˆ̃Y
(j),∗

2,a

ˆ̃Y
(j)

2,j

.

Note 9.21. These propositions may be extended to include other forms of
capital (e.g. X3(t), X4(t), X5(t)), and other forms of production functions,
such as:

ˆ̃Y (t) = â0X
â1
1 (t)X â2

2 (t) + b̂0X
b̂1
1,EU (t)X b̂2

2 (t)+

+ĉ0X
ĉ1
1,EU (t)X ĉ2

2 (t) + d̂0X
d̂1
1 (t)X d̂2

2 (t),

where X1,EU (t) – is the observed monetary value of physical capital in the
EU (European Union) at time t.

9.5.1. Examples of empirical applications

Note 9.22. The first empirical applications of χ̂(1)
12 (t) to data for the Polish

and UK, Germany and European Union economies are promising in terms
of the similar patterns of dynamic changes in the potential parts of GDP
real quantities for these countries.

In empirical applications we consider two versions of data generating
process for production pf1 and pf2. We distinguish the following methods
M1, M2, M3 of calculating partial potential of GDP:
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M1 – based on the pf1 type production function we obtain two versions
of potential GDP:

v1 – using the estimates of coefficients of (9.43), (9.46) we obtain the
empirical version of partial potential according to formula (9.46),

v2 – second version is obtained from estimates of (9.50) and (9.51),
M2 – using the production function of type pf2 the empirical versions of

potential are calculated from (9.58) and (9.60),
M3 – we examine some modifications of the formula for χ̂(1)

12 (t) of type
χ̂

(2)
12 (t) ≡ [1−Rcr (t)] χ̂

(1)
12 (t).

All estimates were made on the yearly data covering period 1995–2015.
In the table 9.1 and 9.2 we present the results of potential calculus esti-

mated for European Union, Germany, Poland, United Kingdom for 2015.

Table 9.1. Empirical results of GDP potential growth rates (in %)

Country GDP growth
rate in 2015

GDP partial potential growth rates
M1 v1 M1 v2 M2 M3

European Union 2,31 0,16 0,16 0,32 1,01
Germany 1,74 0,31 0,31 0,62 0,37
Poland 3,84 -0,24 -0,24 -0,48 1,97

United Kingdom 2,35 0,66 0,66 1,33 1,67

Source: own calculations.

Table 9.2. Empirical results of the share of partial potential production in the real GDP
(in %)

Country GDP partial potential growth rates
M1 v1 M1 v2 M2 M3

European Union 4,50 5,91 56,81 9,51
Germany 3,96 4,41 27,12 12,29
Poland 4,59 2,40 8,18 11,53

United Kingdom 5,78 4,83 47,50 12,60

Source: own calculations.

In the calculations following approximations of variables were used:

• Rcr is one month interest rate for credit for the European Union, Ger-
many, Poland and the United Kingdom respectively,
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• Y (t) is gross domestic product (chain link volumens 2010=100, mil-
lions of national currency) for the European Union, Germany, Poland
and the United Kingdom respectively,

• X1(t) is gross capital formation (chain link volumens 2010=100, mil-
lions of national currency) for the European Union, Germany, Poland
and the United Kingdom respectively,

• X2(t) is active population (thousands of persons) for the European
Union, Germany, Poland and the United Kingdom respectively.

Economic conclusions based on the above described results of calcula-
tions are as follows:

1) obtained estimates of partial potential GDP calculus can be inter-
preted as the values theoretically possible to realize and which may be
obtained additionally above the empirically observed;

2) these estimations according to the methods M1 and M3 are resulting
from the constancy of velocity changes, and for method M2 from the
condition of acceleration constancy; For the M3 additionally they are
caused by changes in central bank interest rates;

3) dynamics of the partial potential GDP is best estimated by the M3;
4) the M2 estimates indicate the greater degree of unused capacity of

production forces than other methods (for Poland c.a. 15%, GB over
50%, EU almost 50%, Germany almost 10%). Only in the case of
Germany economy the M3 shows the greater unused capacity of pro-
duction (almost 14%) than the M2 (almost 10%);

5) the estimates obtained according to the M1 (both versions) indicate
that, for each economy, the unused capacity of production is the least,
and that the share of theoretically possible to obtain additional partial
potential production does not exceed 10% of real GDP.
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Chapter 10

On theories and theorizing

Summary

The concept of a “theory” is one of the most fundamental concepts in sci-
ence. Its interpretation and connotations vary according to the domain of
science. The most formal meanings of the concept of theory are used in
logic and mathematics, and the least formal ones are accepted in e.g. the
arts, history or politics. The main aim of this chapter is both to present and
discuss formal and non – formal definitions of the concept of theory, as well
as briefly comment on the pros and cons of theorizing. In order to illustrate
the usefulness of chosen formal definitions, propositions of formal definitions
will be presented that may be useful in presenting theories in the fields of
econometrics, economics, finance and sociology.

Keywords: theory, formal theory, non – formal theory, domain of a the-
ory, co – domain of a theory, range of a theory, model, theorizing, modeling.

10.1. Introduction

According to the Longman Dictionary of Contemporary English (3rd ed.
1995), the word “theory” means an idea or set of ideas describing real life
phenomena or the principles or rules of their evolution. Theories are as-
sumed to be true explanations of particular phenomena. For many scien-
tists, a theory is a system of scientifically justified laws that are logically
connected and explain a large class of phenomena. There are also scientists
for whom the concept of theory denotes a part of knowledge which is scientif-
ically justified, but which is not directly practical, although may arise from
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practice. Originally θεωρία signified seeing or imagining something real or
abstract/virtual. It is also now used in the sense of an opinion or view about
the final conclusions from an analysis of the observations made in a study.
In history, politics and law, a theory means a doctrine, system, concept, or
view. In turn, in the empirical sciences, a theory usually means a synthesis
of particular empirical facts that take the form of refutable conclusions.

From the point of view of the practical description of a theory, any
theory takes the form of a set of statements, opinions, views, ascertainments,
propositions, lemmas, theorems and/or definitions expressed either verbally,
symbolically or in both ways. Some theories can be very simple in their
description and some very rich.

The formulation of such theories requires the use of language. Languages
include natural systems of communication (e.g. English), symbolic, logical
or mathematical languages and the languages of particular fields of science.
It should be stressed that there are many spoken and written languages,
which can be natural, scientific or constructed (e.g. Esperanto) and used
separately or in combination to describe a theory by its author(s), other(s)
speaker(s) or scientists.

In Section 2, we discuss the definition of the concept of a theory in the
field of logic and the influence of this concept on other disciplines of science.

Section 3 presents the concepts of theories used in mathematics.
Section 4 contains a presentation and discussion of the concepts of the-

ories in other chosen fields of science.
Section 5 gives some notes on the principles of theorizing.

10.2. Theories in logic

In logic, as well as in any other field of science, the main question is “what is
a theory?”, i.e. what are the elements or groups of elements which together
form a theory. According to Aristotle, a theory describes our knowledge
of the causes and effects of facts, events or sequences of events called phe-
nomena. Such knowledge originates either from experience or reasoning. It
takes the form of opinions, views, conclusions and descriptions of the results
of experiments. The word “theory” is used in his books devoted to methods,
phenomena observed in the sky, the soul, senses, motion, forms of things,
matter, elements of Nature, origin of the world, features of bodies.
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For our further discussion, in order to be concise, it will be useful to
present the following general description of the family of theories in the field
of logic:

Tλ ≡ (Lλν , Lλ,Lλo , Aλ, Cn
(
Aλ
)
, IRλ, DEFλ, Θλα̂Pλ, ECλ), (10.1)

λ denotes the field of logic and:
Tλ – a set or family of theories,
Lλν – the natural (ethnic) language used to describe a theory,
Lλ – the language of formalized logic,
Lλo – a chosen set of primary original terms or sentences, Lλo ⊂ Lλ,
Aλ – a set of logical axioms,
Cn
(
Aλ
)
– a set of established, according to a given theory, consequences of

the axioms from Aλ,
IRλ – a set of logical inference rules,
DEFλ – a set of definitions,
Θλα̂Pλ – a set of basic theorems of logic and their proofs,
ECλ – a set of criteria for evaluating a theory.

There are many interpretations of Lλ. From the point of view of gram-
mar, Lλ means the following (see, e.g. T. Czeżowski (1949), T. Kwiatkowski
(2002), K. Ajdukiewicz (1965)):
Lλ1 ≡ (Nouns, verbs, adjectives, adverbs, pronouns, subjects, predicates,
grammatical patterns, prepositions, conjunctions, sentences, style, aims of
Lλ).
Other meanings are:
Lλ2 ≡ (communication system of a given nation of people which uses spo-
ken or written words, expressions, symbols, signals, codes or other signs or
semantic instructions),
Lλ3 ≡ ( L – vocabulary, L – syntactic instructions, L – semantic instructions),
Lλ4 ≡ ( L – rules governing signs, L – use of signs, L – syntactic rules,
L – semantic rules, expressions, sentences, style of speaking or writing),
Lλ5 ≡ (system of signs, system of syntactic rules, system of semantic rules,
system of L – relations between L – users).

Note 10.1. In describing their theories, logicians are careful to use only
a very small range of the tools available in the given languages Lλi , i =
1, 2, . . . , 5. Very often, they restrict the meaning of a commonly used word
with several meanings to their intended meaning specific to the field of logic.
For these reasons, objects from Lλi , i = 3, 4, 5 are preferred to objects from
Lλ1 and Lλ2 .
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For the purposes of logical analysis, logicians are forced to simplify the
meanings of words by using interpretations specific to the field of logic. This
leads to suitable definitions of the language of logic, Lλ (see, e.g. A. Tarski
(1995)). According to Tarski, the language Lλ may be represented as either

Lλ1 = (A, FA, Cn (FA)) ,

where:
A denotes a finite or countable set of uniquely defined words (alphabet) and
elements of words,
FA proper infinite set of all subsets (finite sequences of words) from A,
Cn (FA) is the set of monotonic, reflexive, transitive, compact consequences
of sentences belonging to FA,
or as

Lλ2 = (A, FA, Cn (FA) , ¬, ⇒) ,

where ¬, ⇒ denote the logical negation and implication connectives.
It is implicitly assumed that Cn (FA) is obtained by the use of appropri-

ate syntactic and semantic rules which are respected and used in formal or
mathematical logic, as well as in classical or non – classical logic of sentence
calculus.

Note 10.2. Advanced modern languages Lλ cover such new fields of logic as:
paraconsistent logic, modal logic, deontic logic, temporal logic, intuitionistic
logic and multivalued logic. This means that precise definitions of these
languages need to specify suitable symbols of connectives, specialized terms,
expressions and concepts that satisfy the assumed postulates of a description
of the language of logic.

Many axioms of logic Aλ have been applied. Among these, we highlight
the axioms of predicate calculus, i.e. the sentence formulas which originate
from tautologies of sentence calculus. The following are particularly relevant
tautologies (called sometimes laws): identity, separation, double negation,
non-contradiction, contraposition, syllogism, de Morgan’s laws, overfillment,
distributiveness with respect to disjunction (alternatives) or conjunction.

These axioms, names and rules of sentence calculus applied to objects
from Lλ corresponding to a particular field of logic enable us to fix the set of
Cn
(
Aλ
)
, i.e. the logical consequences of Aλ, or if Aλ also contains particular

further assumptions, the consequences of these assumptions. In order to es-
tablish such consequences, particular forms of the set IRλ of rules for deduc-
tion, induction, reduction and abduction by logical inference are supported
by suitable definitions, the fundamental theories of logic and methods of
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proof, i.e. elements of the sets DEFλ and Θλα̂Pλ. Any given theory in logic,
Tλ, should be evaluated. Possible criteria, ECλ, for evaluating a theory are:
non-contradictoriness, connectivity, refutability, conclusiveness, simplicity,
range of applicability (either theoretical or practical), degree of originality,
degree of potential influence on other theories, completeness with respect
to axioms and assumptions, completeness with respect to known rules of
inference, completeness with respect to existing logical definitions, compact-
ness of Θλα̂Pλ, degree of asymmetry between the number of axioms and
assumptions and the number of theorems and consequences.

Note 10.3. This proposed abstract scheme for Tλ concerns the formal rep-
resentation of any theory in logic. The presentation of a particular theory
or theories of logic takes the form of articles, monographs, textbooks, con-
ference papers and/or lectures. They generally do not adopt the above
schematic form of describing Tλ. However, it is possible to reconstruct,
from the written forms of particular theories of logic mentioned above, the
elements of Lλν , Lλ, Lλo , Aλ, Cn

(
Aλ
)
, IRλ, DEFλ, Θλα̂Pλ and ECλ and write

them (or list them) in succession under the nine constructs given immedi-
ately above. Such a means of reconstructing a theory seems to be boring
for some readers or researchers and too oriented towards computer search
algorithms, but may have some advantages when one wants to use elements
of ECλ to evaluate a specific theory in comparison to other theories.

Note 10.4. A logical theory Tλi formulated in the languages (Lνj , Lλj , Lλo,j)
should be consistent, complete or non-complete, and contain a set of sen-
tences which enable to formulate a model of the theory. This theory may be
aimed at formulating new axioms and assumptions or consequences, connec-
tions and relations, as well as at discussing their relations to new theorems
and methods of proof. In this respect, special attention is devoted to the
theories of parainconsistencies and their role in metalogical and logical stud-
ies of scientific opinions, intuitions and beliefs, both in formal and informal
domains of investigation (see, e.g J. Perzanowski (2001)) .

10.3. Theories in mathematics

Accepting the view that mathematical logic belongs to the fields of both
formal logic and mathematics, the scheme 10.1 from §10.2 is also suitable
for defining and analyzing a concrete theory in mathematical logic. Thus
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the scheme 10.1 takes the form:

Tm.λ ≡ (Lmν , Lm.λ,Lm.λo , Am.λ, Cn
(
Am.λ

)
, IRm.λ,

DEFm.λ, Θm.λα̂Pm.λ, ECm.λ), (10.2)

where Lmλ is a substructure of a natural language used in mathematical
theories, m.λ denotes mathematical logic and the other symbols have the
same meaning as above, except for the restriction that all designates and
connotations correspond to objects of mathematical logic.

For theories from other fields of mathematics (e.g. set theory, topology,
functional analysis, mathematical analysis, algebra, group theory, geometry,
probability theory, mathematical statistics, numerical analysis, theory of
algorithms), we need to respecify the scheme 10.2 to the following form:

Tm ≡ (Lmν , Lm,Lmo , Am, Cn (Am) , IRm, DEFm, Θmα̂Pm, ECm), (10.3)

where the superscript m here denotes any given field of mathematics or
subsection of such a field.

The list of concrete objects considered within the nine constituent con-
structs Lmν , . . . , ECm in 10.3 would be m – specific, so this list would not
only change according tom, but also according to the mathematical problem
studied. For instance, when m denotes mathematical analysis, the problems
studied may be: the existence of solutions to a particular ODE (ordinary
differential equation) or PDE (partial differential equation), or the partic-
ular type of stability of such a solution. In order to denote this change of
description according to the group of problems to be solved, we may adapt
the notation adopted in 10.3 to:

Tmi ≡ (Lmν , Lmi ,Lmo,i, Ami , Cni (Ami ) , IRmi , DEFmi , Θm
i α̂Pmi , ECmi ),

(10.4)
where “i” denotes a given problem or group of problems to be solved by
theory (or theories) Tmi .

It should be mentioned that within a given field of mathematics (fixed
m), the changes in Lmi , . . . , ECmi are small when we change i ≡ i(m)
compared to the change in the language used in different fields.

Note 10.5. When evaluating a given Tmi for some (m, i) and comparing
it to theory Tmi′ , i 6= i′, where i′ corresponds to an extension of the theory
Tmi , the question of measuring or evaluating the difference between these
theories, diff(Tmi , Tmi′ ), arises. Formally, such a difference would exist if
and only if at least one of the following inequalities hold: Lmi 6= Lmi′ , . . . ,
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Ami 6= Ami′ , . . . , EC
m
i 6= ECmi′ , where inequality occurs when at least one

element (object) differs in corresponding groups of objects, e.g. in the list of
objects of Am in theories i and i′. We assume that important differences, in
terms of the development of the field m of mathematics, occur if we observe
differences within Am, Cn (Am), Θmα̂Pm or Lmo .

Note 10.6. Due to the commercial and industrial applications of applied
mathematics, probability, statistics, econometrics, biometrics, technomet-
rics, algorithmics and informatics, there are natural incentives to make ad-
vances in purely mathematical theories, such as topology, analysis, algebra,
group theory and differential geometry. The diffusion of ideas between dis-
ciplines has brought modern mathematical theories of entropy (which origi-
nated in physics) into the fields of topology, statistics, operator theory, and
chaos theory to be applied in physics, and next into the field of ODEs,
PDEs, nonlinear algebra, numerical analysis, statistics and informatics. In
turn, theories of dynamic systems are now being used in physics, biology,
the engineering sciences, astrophysics and economics.

It should be stressed that we may attach numerical characteristics to
each of the nine groups of mathematical objects considered, which is useful
in describing theories. However, the structural positions within and between
groups are much more important, especially in the context of the properties
of their links, types of dependencies, degrees of interdependence or indepen-
dence. In these respects, the most influential aspects are the properties of
the structural connections between the elements of Am, (Ami )n1 , Cn (Am),
Cn (Ami )n1 , DEF

m, (DEFmi )d1, Θmα̂Pm and (Θm
i α̂Pmi )p1.

Moreover, as M. Lange (2013) states, the use of mathematical theory
in practice to explain physical facts enables the explanandum to be more
precisely described than by ordinary causal laws. This means that there
exist scientific explanations based on such facts which are modally stronger
than any known ordinary causal statements. Such explanations are applied
in theoretical physics until they are refuted by theoretical or empirical results
from an experimentum crucis.

10.4. Theories in some other fields of science

Historically, physics has been the discipline which has most often used math-
ematical tools in formulating its theories and applications. New discoveries
in theoretical physics have often been strictly connected with the discovery
of suitable new theories in pure or applied mathematics and these discov-
eries were often made by the same person (e.g. I. Newton, J. d’Alembert,
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J. Lagrange, W. Hamilton, P. Laplace, J. Fourier, P. Dirac, S. Poisson).
The saturation of, not only, theoretical physics with mathematical and log-
ical concepts, as well as the tools of inference is continuously growing, so
neither professional mathematicians nor physicists can see the demarcation
lines between these two disciplines of science. The following are important
problems in discussing the essence and role of theories in the field of physics:

p1) can mathematical models describe, explain and help to predict physical
phenomena well?

p2) what is the physical essence of observed objects and their interrelation-
ships?

p3) what makes theories from the field of physics so popular in other fields
of science?

There are many articles and books considering these problems. Some
remarks will be given after presenting and discussing a formal structure for
defining theories in the field of physics. It is similar in structure to the
description of theories in the fields of mathematics and logic, although it
differs according to the content of the elements included.

The form of this structure is as follows:

Tph ≡ (Lphν , Lph,Lpho , Aph, Cn
(
Aph

)
, IRph, DEFph, Θphα̂Pph, ECph),

(10.5)
where:
Lphν is a substructure of a natural language used in physics, ph ≡physics, Lph,
Lpho , Aph, Cn

(
Aph

)
, IRph, DEFph are groups of specified objects belonging to

the language of physics, the set of axioms and assumptions used in physics,
a list of the direct consequences of these axioms and assumptions, a list of
the rules of inference and definitions that are used in given theories from the
field of physics, a list of theorems and their proofs if they are not conclusions
from the axioms of physics, but inspired by empirical facts or facts implied
by theories not from the field of physics. The lists of elements of ECph may
be different or algorithmically similar to the list of elements of ECλ or ECm.

The formal structure 10.5 embraces any particular theory from the field
of physics, Tphi , where “i” is a subscript corresponding to the chosen theory.
Thus the natural number i ∈ N may correspond to the theory of e.g. mo-
tion, light, gravity, inertia, entropy, temperature, equilibrium, fluids, solids,
matter, relativity or elementary particles. Redefining 10.5 with respect to a
fixed i ∈ N gives the following definition of the theory i ∈ N:
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Tphi ≡ (Lphi,ν , L
ph
i ,L

ph
o,i, A

ph
i , Cni

(
Aphi

)
, IRphi , DEF

ph
i , Θph

i α̂P
ph
i , EC

ph
i ),

(10.6)
where the subscript i ∈ N implies that the included lists of objects usually
contain less elements than their counterparts in 10.5, i. e. the lists Lphi,ν , L

ph
i ,

. . . , ECphi are shorter than the lists Lphν , Lph, . . . , ECph.
Example. The author of this text does not have access to the original ver-
sion of Newton’s theory of gravitation and therefore only sketches how to
formulate some of the elements belonging to chosen lists of objects of Lph0,1,
Aph1 describing this theory.
Thus we may describe the following lists with particular groups of objects:
Lph0,1 ≡ (time, space, mass, force, acceleration, distance between bodies, grav-
ity, impetus, external force, system of bodies, centre of mass, equation);
Aph1 ≡ (time is continuously and uniformly changing; space is 3-dimensional,
isotropic, homogenous and continuous; each planet moves on an almost el-
liptic orbit around the sun, which is motionless; any body is either at rest or
moves uniformly and rectilinearly till the actions of another body changes
this state of motion; the rate of change of a body’s impetus is equal to the
force acting on this body; forces interacting on themselves are equal as to
their absolute values, but act in opposite directions);
Cn1

(
Aph1

)
≡ (the gravitational force between two objects is proportional

to the product of the masses of the two bodies divided by the square of
the distance between them, such that the constant of proportionality is
the gravitational constant, the force of inertia of a body is equal to the
negative of the product of the mass of that body and the vector of motion
or convection);
IRph1 ≡ (IRλ, IRm, the rules of carrying out and analyzing physical nature
experiments);
DEFph1 ≡ (definitions of impetus, force, acceleration, gravitational force,
force of inertia).

Note 10.7. As the above example shows, a full reconstruction of all the
lists of the objects of theory Tph1 by “manual” search would be very time
consuming. It would be preferable to use specialist computer programs for
sorting and searching, possibly enriched with an additional procedure (writ-
ten by a professional programer) that would carry out automatic searching
and sorting, as well as printing the results of a synthetic description and
evaluation of Tph1 . Similar comments are valid for any Tphi , Tmi , Tλi .
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In order to broaden our view of the content of such concepts of scientific
theories, we now consider a structure for describing econometric theories.
Econometrics is a discipline which plays a similar role in economics as the-
oretical physics plays within physics.

The mail subfields of econometrics, as are easily seen from the volumes
of the journal “Econometrica”, founded in the year 1932, are: mathemati-
cal economics, economic theory, economic statistics, theory of organization,
operations research, economic game theory, statistical econometrics, econo-
metric models and methods, the theory of forecasting, the application of
econometrics in describing, explaining and forecasting economic phenomena,
as well as in economic decision making. Due to the successful PR-activities
of statisticians in developed countries, which were reforged into vast educa-
tional programs and skillfully created needs for the application of statistical
methods in almost all human activities, econometrics has also been pushed
into the direction of statistical econometrics. This, in turn, has yielded
a crop in the form of the almost entirely statistically oriented “Journal of
Econometrics” which has two series: theoretical and applied. It is hoped
that the above comments may help the readers to imagine the kinds of in-
terrelationships existing between possible objects of the set of econometric
theories Te, their ontological status, the types of languages used, types of
axioms and their consequences, types of rules for reasoning or definitions,
kinds of theorems which do not result from the axioms and their proofs, and
finally, kinds of criteria for evaluating theories. Thus, in the case of econo-
metric theories, the structure used to define such a theory is as follows:

Te ≡ (Leν , Le,Leo, Ae, Cn (Ae) , IRe, DEFe, Θeα̂Pe, ECe), (10.7)

where the superscript “e” stands for “econometric”, and the sets of elements
(objects) belonging to the groups of elements denoted by, appropriately, Leν ,
Le, . . . , ECe are specific to econometric theories. When we take only one
specific theory number “i ≡e.g. the theory of linear single-equation standard
econometric models”, the structure 10.7 reduces to the following descriptive
structure:

Tei ≡ (Lei,ν , Lei ,Leo,i, Aei , Cni (Aei ) , IRei , DEFei , Θe
i α̂Pei , ECei ), (10.8)

where the collections (sets) Lei,ν , . . . , , ECei are specific to theory “i”. The
following are some basic elements of the set Leo,i:
linear, single equation, statistical, econometric, model; vector, vector of pa-
rameters, structural parameters, stochastic structural parameters, matrix,
data, numerical data matrix, random variable, random vector, probability
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distribution, normal distribution, rank of a matrix, probability space, set
of elementary events, Borel σ – field of subsets of the set of elementary
events, probability measure, set of real numbers, Euclidean space, expected
value, dispersion matrix (variance – covariance matrix), nonsingular matrix,
full column rank matrix, non – collinearity, correlation matrix, estimator,
unbiased estimator, admissible estimator, efficient estimator, consistent es-
timator, asymptotically unbiased estimator, predictor, unbiased predictor,
efficient predictor, robust estimator, robust predictor.

The following is one way of describing a model of Tei from 10.8 (see Milo
(1985)):

MO(Tei ) ≡ (Rn×k, Su ≡ (Ω, FΩ, µ) , Y = xβ + Ξ,β ∈ Rk,x ∈ Rn×k,

ρ (x) = k, D (Ξ) = D (Y) =σ2In, PΞ ∼ N(
−→
0 , σ2In)),

where:
Rn×k is the real Euclidean n× k dimensional space,
Su is a probability space where Ω is the set of elementary events, FΩ is the
Borel σ – field of subsets of Ω, µ is a probability measure defined on FΩ,
Y is a random n × 1 vector which is equal to the sum of the product of
the data matrix x and the β vector of real unobserved parameters, and a
random vector Ξ of errors specified according to MO(Tei ), ρ denotes the
column rank of matrix x, D(Z) denotes the dispersion matrix of random
vector Z, σ2 is the variance of each coordinate of vector Ξ or Y, In is the
n × n identity matrix, PΞ denotes the probability distribution measure for
vector Ξ, which is assumed here to be the probability measure for a Gaussian
normal distribution with mean equal to an n × 1 vector of zeros, and the
variance-covariance matrix equal to the matrix σ2In.

The set Aei of axioms and assumptions of Tei contains, among other
things, the following elements:

• a probability measure µ fulfilling the axioms:

� for each random event E ∈ FΩ : µ (E) ≥ 0,
� if {El} is a countable subset of pairwise disjoint sets belonging to

the Borel σ – field FΩ, then µ (
⋃
lEl) =

∑
l P (El) ,

� µ (Ω) = 1.

It is assumed that:
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• µ is a real valued set function with domain FΩ and codomain [0, 1],
• the dimension of the results of the observation space (i.e. “n”) is greater

than the dimension of the column space of the k explanatory factors
observed, i. e. n > k,

• column rank(x) = rank(xTx) = k < n,
• the fixed real matrix x is well conditioned numerically, and is not

random,
• the results of the observations (Y, x) are not atypical, and y is gen-

erated according to the model MO(Tei ), which is treated as a Data
Generating Process (DGP),

• for fixed n, k and x, the quadratic form ϕ(β) ≡ (Y − xβ,Y− xβ) is
continuous and differentiable with respect to β, i. e. ∂ϕ(β)

∂β exists,

• est (β) ≡ B = (xTx)
−1
x
TY 6= −→0 , β 6= −→0 and (xTx)

−1
exists since

ρ = k,
• the predictor Ŷ of Y is non – zero in value, and Ŷ = xB = (xTx)

−1
x
TY,

• the estimator E = est (Ξ) =
(
I− x(xTx)

−1
x
T
)
Y 6= −→0 ,

• the estimator σ̂2 = est
(
σ2
)

= ETE
n−k , 0 < σ̂2 <∞,

• x is fixed and known from the observations, although its DGP is un-
known,

• B, Ŷ, E have non-singular multivariate Gaussian distributions,
• the axioms and assumptions of arithmetic and linear algebra for the

set of real numbers are satisfied.

Some of the consequences of the above axioms and assumptions, which
belong to the set Cn (Aei ), are as follows:

• the estimator B is, underMO(Tei ), efficient in the sense of being BLUE
(best linear unbiased estimator), consistent, sufficient and Gaussian,

• the predictor Ŷ is unbiased, efficient, consistent and Gaussian such
that
MSE(Ŷ) < MSE(Y) and var

(
ŶT Ŷ

)
< var(YTY), where MSE de-

notes mean square error.
• the estimator E is BLUE and the values of the MSE for Y and B, as

well as var(YTY) and var(BTB) do not depend on k,
• if n = k, then MSE (E) = expectation

(
ETE

)
= var

(
ETE

)
= 0,

• the random vectors Y, Ŷ, B and E have multivariate non – singular
distributions,

• ΞTΞ, ETE, YTY, and ŶT Ŷ when divided by σ2 have χ2 distributions.
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The consequences presented above are important statistically and econo-
metrically. In economic applications of MO(Tei ), by Y it is meant, f.ex.
GDP, GNP, investment, consumption, unemployment, growth of GDP quan-
tities in time period, and by X it is meant a given matrix of statistical sample
data for a fixed economic or other factors determining the values of Y. Use-
fulness of the above listed consequences for economic or political decision
making is easily foreseen.
The collection IRei may contain, among other things:

• the rules of arithmetic and algebraic operations,
• the rules of differential calculus,
• the rules of such statistical testing procedures as the Gosset test, Fisher

– Snedecor test, χ2 – test, Durbin – Watson test, Jarque – Berry test,
Dickey – Fuller test,

• the rules of data “mining”,
• the rules of interpreting data,
• the rules and theory of data modelling.

The following are particular theorems from Θe
i α̂Pei :

• the estimators B and E and the predictor Ŷ are not robust against the
translation and scaling of vectors,

• BTB does not have a χ2 distribution,
• the Legendre – Gauss estimator B is predictively perfect when either

the explanatory variables and Ξ change monotonically in time or they
behave suitably symmetrically in time,

• when x is not random, there is no probabilistic interpretation for
corr(x, x).
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The following are possible elements of the collection ECei :

• distance dist(Y, Ŷ),
• statistical significance of derived models of Tei ,
• suitable measures of fit given a particular collection of determinants

of Y are inferred to be causes,
• degree of uncertainty of Tei ,
• rules of logical reasoning.

10.5. Final remarks

This discussion about different groups (structures) of elements, which to-
gether give a full description of theories in the fields of logic, mathematics,
physics and econometrics, has focused on descriptions, explanations and
examples of elements of chosen structures, which are ingredients in the def-
inition of specific theories. It can be easily seen that these characterizations
were neither exhaustive nor full. Moreover, no comparisons were made be-
tween the various theories discussed. Intuitively, it might be said, that,
e.g. many elements of groups of Tλ theories from the field of logic should
be used in theories developed in mathematics, physics, chemistry, biology,
economics, statistics and econometrics. However, there are mathematicians
and physicists, even those who work in applied fields of their disciplines,
who pretend that they do not need logical calculus, intuition or assessments
of their theoretical results made by researchers working in other fields of
knowledge, e.g. in chemistry, biology, medicine, economics, econometrics or
statistics. Such researchers verify the usefulness of models from the fields of
mathematics and physics used as a means to describe objects or phenomena
in their own disciplines. Hence, the following question arises: what are the
principles of good theorizing?

The author shares the view that good theorizing involves formulating
and verifying theory with respect to fulfillment of the following criteria:

c1) non – contradiction (within a given group of elements of a theory and
between groups of elements of theories),

c2) decidability of Cn (A), Θα̂P,
c3) completeness of a theory,
c4) range of application of Cn (A), Θα̂P,
c5) sufficiency of a theory to describe and explain real phenomena,
c6) quality of the predictions of a theory,
c7) degree of originality of a theory,
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c8) robustness of a theory to refutation,
c9) degree of abstraction in a theory,
c10) the ease with which models can be generated under a given theory.

This list of criteria is not full. However even these criteria are difficult to
apply if a researcher does not possess suitably defined, preferably numerical,
measures to assess a theory according to these ten criteria. According to the
author, if such computable measures are included in an appropriate search
and evaluation program, our, at present, comparatively scant knowledge
about concrete theories found in the vast literature on any subject will take
a leap forward.

Another approach to evaluating and comparing theories is connected
with theorems, in particular those which are strictly formulated by logicians
such that each discussed formal theory can be interpreted as an infinite set of
models based on it. Thus, we may study and evaluate theories by studying
and evaluating suitably chosen representative models based on them. One
such model, the econometric modelMO(Tei ), was presented and discussed in
the previous section. We may propose criteria for assessing and comparing
models using a similar approach to the one based on criteria (c1) – (c10).
Only (c10) requires a minor change in form by replacing “models can be
generated under a theory” by “models together with submodels. . .”. The
literature cited below is recommended to readers interested in extending
these ideas and views.
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