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Introduction

Combinatorial optimization occupies a central place in discrete mathematics and
operations research, providing the mathematical foundation for a broad class of
problems arising in scheduling, logistics, network design, and engineering. The
theoretical and algorithmic foundations of this field have been developed in
the fundamental works of Papadimitriou and Steiglitz [1], Korte and Vygen [2],
Schrijver [3], and Nemhauser and Wolsey [4, 5], as well as in the comprehen-
sive handbook edited by Pardalos, Du, and Graham [6], which together form the
classical canon of the discipline. Significant contributions to the development of
models, methods, and the classification of combinatorial optimization problems
have been made by Ukrainian researchers [7-17].

A conceptually distinct direction within combinatorial optimization arises
when the elements of the feasible set are represented as points in Euclidean space.
The abstract notion of a combinatorial configuration, introduced by Berge [18],
provided the combinatorial foundation for this approach.

The decisive step was taken by Yu.G. Stoyan in [19, 20]: he introduced the class
of Euclidean combinatorial sets, defined precisely so as to admit a natural immer-
sion into arithmetic Euclidean space. What makes this contribution scientifically
decisive is not the mapping itself, since infinitely many bijections from a combi-
natorial set into Euclidean space exist, but the specific class of mappings proposed
by Yu. G. Stoyan, whose images possess a distinguished geometric property: they
form vertex-located and polyhedral-spherical sets.

The Euclidean images of such sets are referred to in this monograph as combi-
natorial point configurations, and the corresponding class of nonlinear optimiza-
tion problems arising from this framework is known as Euclidean combinatori-
al optimization [21, 22]. This structural property of the images is precisely what
makes the application of convex analysis possible and underpins all subsequent
theoretical developments. These foundational ideas proved extraordinarily fer-
tile: they gave rise to a new and rapidly developing direction, which has been
advanced by Stoyan’s colleagues and followers across a broad range of theoretical
and applied problems. A comprehensive account of this development, covering
the current state and prospects of the field, is given in [22].
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Within this research program, the theoretical foundations were laid in [23-25],
where the theory of convex extensions of functions defined on vertices of convex
polyhedra was established, the first estimates of extrema of convex functions on
combinatorial polyhedra and their convex supersets were obtained, and these re-
sults were systematized within the broader framework of combinatorial optimi-
zation. The subsequent development of the geometric and analytical properties of
combinatorial point configurations, including their convex hulls, vertex structure,
functional representations, and polyhedral-spherical geometry, was carried out in
[26-30]. These results, together with a systematic treatment of combinatorial point
configurations and their associated polytopes, were consolidated in the monograph
[31], which provides the geometric foundation upon which the present work is built.

Building on this foundation, the monograph develops optimization methods
that exploit the specific geometric structure of combinatorial configurations after
their Euclidean immersion. Polyhedral and spherical relaxations, branch-and-
bound schemes adapted to the combinatorial geometry of the feasible set, penalty
function methods, and cutting-plane approaches are treated in Chapter 5, not
as general-purpose algorithms, but as methods whose efficiency derives directly
from the properties established in the preceding chapters. This connection be-
tween the theoretical and algorithmic parts is what distinguishes the present work
from existing treatments of combinatorial optimization.

The monograph is organized as follows.

Chapter 1 establishes the geometric and analytical foundations necessary for
all subsequent constructions. Finite point configurations embedded in Euclidean
space are formalized, and their metric, affine, and convex structures are studied.
The central notion of a vertex-located configuration, one that coincides with the
vertex set of its convex hull, is introduced and characterized. This notion, which
may appear technical at first glance, turns out to be the decisive structural condi-
tion for the entire extension theory.

Decompositions of configurations induced by families of parallel hyperplanes
are developed, revealing directional stratifications of the configuration and con-
necting its layered structure to the facial geometry of the convex hull. These de-
compositions are then generalized to decompositions generated by strictly convex
functions and their level surfaces, leading to the classes of spherically located and
polyhedral-spherical configurations.

A key result establishes that every finite spherically located configuration is
automatically vertex-located, providing a bridge between smooth and polyhedral
convex geometry. The chapter concludes with the theory of functional representa-
tions, in which configurations are encoded through systems of functional ine-
qualities. This analytic apparatus directly prepares the ground for the extension
constructions of the following chapter.

Chapter 2 undertakes a methodological reversal relative to Chapter 1. Whereas
Chapter 1 employed functions as analytic instruments for encoding geometric prop-
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erties of point sets, here the roles are exchanged: point configurations serve as ex-
tremal supports, and functions defined on them become the primary objects of study.
The central question is the following: given an arbitrary function prescribed on a fi-
nite vertex-located configuration, can it be extended to the convex superset in such
a way that convexity is ensured, and if so, how? The extremal geometry of vertex-lo-
cated configurations plays a decisive role: since no configuration point is a convex
combination of the others, convexity imposes no internal compatibility constraints
on the prescribed values, and extensions exist for arbitrary functional data.

The chapter develops this theory in three stages. First, the extension problem is
formulated precisely and a hierarchy of extension classes is introduced, from gen-
eral convex extensions to strongly convex and differentiable ones, each defined by
progressively stronger regularity conditions. Second, constructive existence theo-
rems are established for each class: the minimal convex extension is built via ex-
tremal interpolation over vertex decompositions of the carrier polyhedron, strongly
convex extensions through quadratic regularization, and differentiable extensions
through infimal convolution with smooth kernels. Third, the extremal theory is
developed: lower bounds for the minimum of a function over the configuration are
derived from properties of its convex extension, yielding a hierarchy of subgradient,
gradient, and quadratic estimates together with sufficient optimality conditions.

The chapter closes with the extension of the theory to functions defined on
hyperspheres, treating the spherically located configurations. The results of this
chapter are purely abstract, concerning arbitrary finite point configurations with-
out any combinatorial structure. This generality is intentional: the theory is de-
veloped once, in its entirety, and then applied to specific combinatorial point con-
figurations.

Chapter 3 introduces the specific combinatorial point configurations to which
the theory of Chapters 1 and 2 is applied. The chapter focuses exclusively on ordered
combinatorial objects, specifically permutations and arrangements with and with-
out repetitions, together with their partial and Boolean variants. This restriction is
motivated by three structural properties that make such objects particularly suitable
for geometric realization: each object is naturally represented as a fixed-length se-
quence, positional information is intrinsic to its structure, and the length of the se-
quence is known in advance. These properties allow ordered combinatorial objects
to be interpreted directly as vectors in a finite-dimensional Euclidean space.

The chapter proceeds from the most structured to the most general. Full mul-
tipermutation configurations, generated by all coordinate permutations of a fixed
multiset, are studied first, and their convex hulls, the multipermutohedra, are
characterized in detail. Partial multipermutation configurations, partial permu-
tation configurations, and Boolean sets are then introduced and analyzed. The
unifying theme of the entire chapter is the identification of a class of vertex-locat-
ed configurations, which allows for the direct application of the theoretical results
from Chapter 2.
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Chapter 4 brings together the vertex-located combinatorial point configura-
tions and the abstract extension theory. Its goal is to make the theory concrete
and computationally explicit for each of the principal configuration classes. The
vertex-located property guarantees applicability, while the specific structure of
multipermutohedra allows explicit construction of convex extensions for natu-
ral classes of functions. Separable functions, linear functions, and distance-type
functions receive detailed treatment, and for each class the resulting extremal es-
timates take explicit closed forms expressible through simple ordering operations
on the function coefficients. The analysis is then extended to general convex func-
tions on multipermutation configurations, and subsequently to partial permuta-
tion configurations, partial multipermutation configurations, and Boolean sets.
The chapter thus transforms the existence results of Chapter 2 into explicit ana-
lytical tools: given a specific combinatorial configuration and a specific function
class, one obtains not merely the guarantee that a convex extension exists, but its
concrete form and the resulting computable bounds on the minimum.

Chapter 5 develops optimization methods for problems on vertex-located and
polyhedral-spherical combinatorial point configurations, exploiting the geomet-
ric and analytical structure established in the preceding chapters. The original
combinatorial optimization problem is reformulated as a nonlinear programming
problem via Euclidean immersion, and the vertex-located property of the config-
uration ensures that this reformulation is exact.

Two types of relaxation are developed and compared: polyhedral relaxation,
which replaces the combinatorial configuration by its convex hull, and spherical
relaxation, which replaces it by the circumscribed hypersphere, yielding a sim-
pler feasible domain at the cost of a weaker bound. These relaxations underlie
a branch-and-bound scheme adapted to the combinatorial geometry of the fea-
sible set, where the branching strategy exploits decompositions of combinatori-
al configurations into vertex-located subsets and the bounding strategy uses the
convex extension estimates. A penalty function method for optimization on pol-
yhedral-spherical configurations is then developed, where their structure allows
the feasibility constraint to be penalized analytically, transforming the constrained
problem into an unconstrained one amenable to gradient methods.

The analytical backbone of this monograph draws on several classical sourc-
es. The theory of convex functions, subdifferentials, and duality is developed in
[32]. The geometry of convex polytopes, including face lattices, vertex character-
izations, and combinatorial structure, is treated in [33 - 35]. The combinatorial
geometry of point configurations and polytopes, including their classification and
applications, is studied in [36, 37]. The results presented in Chapters 2 through 5
of this monograph were developed over a series of publications by the authors and
their collaborators. Readers seeking extended proofs, detailed constructions, and
supplementary material are referred to these works, cited below according to their
thematic contribution.
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The theory of functional representations of finite point configurations, includ-
ing continuous and analytic descriptions of combinatorial feasible domains, is
developed in [38-44]. Convex extensions of functions on vertex-located configu-
rations, covering existence theorems, constructive schemes, and structural prop-
erties, are treated in [23-25, 38-48]. The extension theory for functions defined
on hyperspheres is developed in [49].

The geometry and combinatorial structure of specific configuration classes, in-
cluding permutation and multipermutation configurations, partial permutations,
Boolean sets, and their associated polytopes, are investigated in [26, 28, 37, 42,
44]. Quadratic optimization on polyhedral-spherical sets, including the first treat-
ment of spherical relaxation for quadratic functions, is developed in [45]. Op-
timization methods on combinatorial configurations, including polyhedral and
spherical relaxations are developed in [45-49].
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Chapter 1

Geometric and Analytical
Foundations of Finite Point
Configurations

Optimization and continuation problems on combinatorial structures require
analytical frameworks capable of bridging discrete configuration geometry with
continuous convex analysis. Finite point sets, which serve as primary carriers
of combinatorial information, possess intrinsic geometric structure that can be
systematically exploited to construct such bridges. This chapter establishes the
geometric and analytic foundations on which the extension and optimization the-
ory of subsequent chapters rests.

Decompositions of configurations induced by families of parallel hyperplanes
are then developed, revealing layered directional structure and stratified carrier
geometry (§1.2). Hyperplane decompositions allow a configuration to be viewed
not as an unstructured finite set but as an ordered geometric system, stratified ac-
cording to the values of linear functionals. This ordering structure proves essential
for the subsequent construction of functional representations and convex exten-
sions. Convex-surface decompositions follow, introducing curvature-governed
global carriers and polyhedral spherical hybrid embeddings (§1.3). Within such
embeddings, configurations acquire smooth convex boundary placement, and the
interplay between polyhedral and spherical geometry gives rise to the combined
carrier structures that play a central role in the optimization methods of Chapter 5.

The chapter concludes with functional representation systems, in which con-
figurations are encoded as intersection carriers of sublevel sets of analytic func-
tions (§1.4). Exact and admissible representations are distinguished, minimal and
irreducible functional carriers are constructed, and equivalence relations between
analytic encodings are established. Through convex and quasiconvex functional
systems, convex hulls and surface carriers acquire analytic reconstruction within
inequality frameworks.

Together, these constructions provide a unified geometric and analytic language
for describing finite point configurations. The concepts and results developed here,
namely vertex-located configurations, carrier polytopes, decomposition structures,
and functional representations, form the structural basis for the convex extension
theory of Chapter 2 and the combinatorial configuration hierarchy of Chapter 3.
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§1.1. Finite Point Configurations
and Associated Polytopes

In this monograph we study finite collections of points endowed with geometric
structure and interpreted not merely as discrete sets, but as integral geometric ob-
jects. Such sets naturally arise in problems of geometry, discrete analysis, and op-
timization, where feasible domains are represented by finite sets of points, and the
properties of these domains are determined not by individual elements, but by their
mutual spatial arrangement and the geometric relations induced by their embedding.

We begin with the most general notion underlying all subsequent construc-
tions.

Definition 1.1. A finite set E = {x', x%, ..., x"}, N > 2, consisting of pairwise
distinct elements is called a finite point set.

The restriction N > 2 excludes the degenerate case of a singleton, which does
not generate nontrivial affine or convex relations and therefore cannot serve as
a meaningful carrier of geometric structure.

At this level the elements x' are regarded as abstract points. In order to intro-
duce geometric analysis, we consider embeddings of finite point sets into Euclide-
an space R". Suppose that each element x' is associated with a vector

x' =(x},x),...,x,)e R", i=1,.,N.

This embedding equips the finite set with metric, affine, and convex structures,
transforming it into an object suitable for geometric investigation.

Definition 1.2. A finite point set embedded in R" will be called a finite point
configuration.

Thus, throughout this monograph, the term point configuration refers to a fi-
nite subset of R" considered together with the geometric relations induced by the
surrounding space. The ordering of points in the representation of E plays no role;
the point configuration is treated as an unordered set.

Point configurations inherit several mutually interacting structures. They possess
a metric structure through distances between points, an affine structure through
affine combinations, a convex structure through convex hulls, and a combinatorial
structure through the incidence relations of the faces of the convex hull. It is pre-
cisely the combination of these structures that makes finite point configurations
convenient and universal objects for geometric and analytical investigations.

Every point configuration E — R" naturally determines its affine hull, defined
as the set of all affine combinations of its points,

N N
aff E :{Z/lixi |Z/11 :1} .
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The affine hull is the minimal affine subspace containing all points of the con-
figuration.

Definition 1.3. The dimension of a point configuration is defined as the di-
mension of its affine hull and is denoted by dim E = dim(aff E).

If dim E = n, the configuration is called full-dimensional; otherwise it lies in
a proper affine subspace of R". In many theoretical considerations one assumes,
without loss of generality, that the configuration is given in a space of minimal
dimension. If this is not the case, one can pass to an affinely equivalent configura-
tion embedded in a lower-dimensional space.

A central geometric object associated with any point configuration is its convex
hull,

convE = {iﬂixi |4, = O,i/li = 1} .
i=1 i=1

The convex hull of a finite set is a polytope. Thus every configuration deter-
mines a uniquely defined convex polytope whose geometric and combinatorial
properties reflect the structure of the underlying discrete set. The convex hull may
therefore be interpreted as a continuous geometric envelope of the configuration,
accumulating its affine relations into a compact convex body.

The dimension of conv E coincides with dim E. In particular, full-dimensional
configurations generate full-dimensional polytopes in R". From this viewpoint,
the polytope conv E serves as a geometric image of the configuration, providing
a bridge between discrete point sets and continuous convex bodies.

The passage from configurations to convex polytopes leads naturally to the no-
tion of extremality.

Let C = R" be a convex set. A point x € Cis called extremal if it cannot be rep-
resented as a nontrivial convex combination of two distinct points of C.

In the case of finite configurations extremal points of conv E coincide with ver-
tices of the associated polytope. We denote their set by vert conv E.

While vert conv E c E, equality does not hold in general: some points of the
configuration may lie inside the polytope or on its lower-dimensional faces.

This distinction is fundamental. The original configuration may contain re-
dundant points that do not influence the convex geometry of the set. From the
standpoint of convex analysis, the polytope is completely determined by its verti-
ces, and all non-extremal points may be removed without altering the convex hull.

The convex hull P = conv E admits two complementary geometric descriptions
illuminating different aspects of configuration structure. On the one hand, the
polytope can be described directly as the convex hull of its generating points. This
description reflects the discrete origin of the polytope and is commonly referred
to as its vertex representation. It is particularly natural when the configuration
itself is taken as primary data.
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On the other hand, the same polytope can be represented as the intersection of
finitely many closed half-spaces,

P={xeR"{a,x)<b}.

This form is known as the hyperplane representation. Each inequality defines
a hyperplane

H = {x e R™ (a, x) = bl_},

and whenever such a hyperplane is supporting, the intersection F, = P (1 H, forms
a facet of the polytope. A minimal hyperplane representation corresponds to the
system of all facets.

The two representations are equivalent but emphasize different structural fea-
tures. The vertex representation highlights the discrete combinatorial nature of
the configuration, whereas the hyperplane representation provides an analytic
description suitable for convex analysis and optimization. The normals a, to sup-
porting hyperplanes determine characteristic geometric directions that will later
induce decompositions of point configurations.

Supporting hyperplanes generate a natural stratification of the polytope and,
consequently, of the underlying configuration. Subsets of points lying on common
supporting hyperplanes correspond to faces of the polytope. These faces form
a hierarchical structure consisting of vertices, edges, higher-dimensional faces,
facets, and the polytope itself.

This hierarchy encodes the combinatorial organization of the configuration
and provides a framework for structural analysis. In particular, the incidence re-
lations between vertices and facets determine adjacency structures that will play
an important role in subsequent decompositions and functional constructions.

The geometric structures described above establish a dual perspective on finite
configurations. On the one hand, configurations are discrete sets of points; on
the other, they generate convex bodies whose facial and hyperplane structures
admit continuous analytic description. This duality underlies the transition from
discrete geometry to convex analysis that will be developed throughout the mon-
ograph.

The structural analysis of convex hulls leads naturally to the identification of
a special class of configurations in which every point is geometrically essential. As
noted above, an arbitrary configuration may contain points that do not influence
the convex hull and therefore do not contribute to the extremal structure of the
associated polytope. From both geometric and analytical perspectives it becomes
natural to distinguish configurations free of such redundancy.

Definition 1.4. A point configuration E — R" is called vertex-located if

E = vert conv E,

that is, every point of the configuration is a vertex of its convex hull.
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Vertex-located configuration (VLC) represents structurally minimal carriers of
convex geometry. VLCs contain neither interior points nor points lying on faces
of lower dimension. Each element of the VLC directly determines the shape of the
polytope and participates in the formation of its supporting hyperplanes.

This class of configurations plays a central role throughout the monograph. The
importance of vertex-located configurations manifests itself on several intercon-
nected levels.

From a purely geometric standpoint, such configurations eliminate redundancy.
If a configuration is not vertex-located, then there exists at least one point x € E rep-
resentable as a convex combination of other points:

N N
x= ;ﬂﬁx",&. > 0,;& =1,x" #x.

Such points may be removed without altering the convex hull. Consequently,
every configuration induces a unique vertex-located subconfiguration consisting
precisely of the vertices of conv E. This reduction establishes a canonical minimal
representation of the convex geometry of the configuration.

From the viewpoint of polyhedral theory, vertex-located configurations corre-
spond exactly to vertex sets of polytopes. In this sense, they form the discrete skel-
eton of convex bodies. All facial structures, supporting hyperplanes, and combi-
natorial incidences of the polytope are determined solely by these extremal points.

The analytical significance of VLCs becomes particularly evident when consid-
ering functions defined on finite sets.

Let f: E — R be a real-valued function defined on a configuration. Many ex-
tremal properties of such functions, when extended to conv E, depend only on
their values at vertices. For convex extensions, interior points impose no inde-
pendent constraints: their values must be consistent with convex combinations
of vertex values. Thus the admissible convex continuations of f are determined
entirely by its restriction to vert conv E.

This observation has far-reaching consequences for the theory of continuous
extensions developed in subsequent chapters. VLCs serve as natural discrete do-
mains on which functions are specified prior to convex continuation. Any re-
dundant interior points would introduce artificial constraints incompatible with
minimal convex envelopes.

From an optimization perspective, the relevance of VLCs is equally fundamen-
tal. Many discrete optimization problems can be reformulated as optimization
problems over convex polytopes obtained as convex hulls of feasible discrete sets.
In such relaxations, optimal solutions of linear or convex objective functions are
attained at vertices of the feasible polytope. Hence VLCs represent precisely the
set of extremal feasible solutions. Studying functions and extensions on these con-
figurations establishes a bridge between combinatorial optimization and continu-
ous convex programming.
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The reduction of arbitrary configurations to vertex-located ones therefore
performs several simultaneous roles: it removes geometric redundancy, isolates
extremal structure, simplifies analytic continuation, and aligns discrete optimiza-
tion problems with convex relaxations.

The structural properties of configurations and their polytopes are preserved
under affine transformations. Let

T(x) = Ax + b,

where A is a nonsingular matrix and b € R".

Such a mapping establishes a bijection between configurations E and T(E),
preserving affine relations, convex hulls, facial structures, and vertex-locatedness.
Configurations related in this way are said to be affinely equivalent.

Affine equivalence plays an important methodological role. It allows one to
normalize configurations without altering essential geometry. For example, con-
figurations may be translated so that their centroid coincides with the origin,
rescaled to simplify analytic expressions, or transformed to reduce degeneracy.
These operations simplify subsequent constructions while preserving combina-
torial and convex properties.

Not all configurations are full-dimensional. Degenerate situations arise when
points lie in lower-dimensional affine subspaces. For instance, a configuration
in R" may lie entirely within a hyperplane or even a lower-dimensional flat. Such
configurations are referred to as degenerate or partially degenerate.

Degeneracy does not eliminate geometric interest. On the contrary, many
naturally arising configurations possess intrinsic lower-dimensional struc-
ture. In such cases it is convenient to pass to an affinely equivalent configu-
ration embedded in a space of minimal dimension. This reduction simplifies
analytic representations and avoids artificial singularities in subsequent con-
structions.

The interplay between configurations and their convex hulls reveals a deep bi-
directional relationship. On the one hand, the arrangement of points determines
the geometry of the polytope: its dimension, number of facets, adjacency rela-
tions, and combinatorial type. On the other hand, the structure of the polytope
constrains the possible configurations that can generate it. Thus discrete and con-
tinuous structures are mutually interdependent.

This duality is one of the central themes of the present monograph. Finite point
configurations, though discrete, generate convex bodies whose analytic and ge-
ometric properties can be studied using the apparatus of convex analysis. Con-
versely, convex bodies may be analyzed through the combinatorial structure of
their vertex configurations.

Finite configurations therefore occupy an intermediate position between dis-
crete and continuous geometric worlds. They serve simultaneously as combina-
torial objects and as generators of convex continua. This dual nature makes them
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particularly suitable for constructing transitions between discrete optimization
problems and continuous analytical models.

The geometric framework established in this section forms the foundation for
subsequent developments. In the following section, point configurations will be
studied through decompositions induced by families of hyperplanes. Such de-
compositions reveal layered structures within configurations and provide the first
step toward functional and surface representations. These constructions, in turn,
prepare the ground for the theory of continuous convex extensions that consti-
tutes one of the central themes of this monograph.

§1.2. Decompositions of Point Configurations
and Their Convex Hulls

In the previous section it was shown that a finite point configuration E ¢ R" may
be regarded as a discrete carrier of a convex polytope P = conv E. However, such
a global characterization often proves insufficient for a detailed analysis of the
internal structure of the configuration. In order to reveal finer geometric prop-
erties, it is natural to consider decompositions of the configuration into subsets
determined by families of hyperplanes or surfaces.

In the most general form, by a decomposition of a point configuration we shall
understand a representation

E=JE,, E.NE =9, k#l,
k

where the subsets E, are defined by some geometric rule applied uniformly to all
points of the configuration.

In the present section, primary attention is devoted to decompositions induced by:

« linear functions and families of parallel hyperplanes;

« convex functions and corresponding level surfaces.

Such decompositions allow one to consider a point configuration not as an
unstructured finite set but as an ordered geometric system, which is essential for
subsequent analysis.

We begin with decompositions generated by linear functions. Consider a linear
function

f(x)={(a,x),aecR", a=0.
For a fixed vector a, consider the family of parallel hyperplanes

Haz{xeR”:(a,x)z(x},oce]R.
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Since the configuration E is finite, the restriction of £(x) to E produces a finite
setof valuesa < ... <« .
Accordingly, the configuration E is decomposed into subsets

E={xeE@x)=alk=1,..m.

This representation will be called a decomposition of the configuration by par-
allel hyperplanes in direction a. The subsets E_are referred to as the levels of the
configuration with respect to the direction a.

Geometrically, this decomposition corresponds to scanning the configuration
by a family of parallel hyperplanes orthogonal to a. As the parameter « varies,
the hyperplanes sweep through the configuration and reveal its layered structure.
This interpretation is particularly useful when the configuration is associated with
a convex polytope.

Let P = conv E be the convex hull of the configuration. The extreme level

E, ={xe E :{a,x) =I£1€e§ix(a,y>}

lies on the hyperplane
H={xeR"{(a,x)=p}

Where 8 zmaEx(a, ).
ye

This hyperplane is supporting for the polytope P. If the direction a coincides
with the normal to a facet of P, the level E coincides with the set of vertices of
that facet. Thus extreme levels correspond to supporting hyperplanes and reflect
the facial structure of the convex hull.

Internal levels E,, 1 < k < m, contain points that are not extremal in the direc-
tion a. Such points may lie in the interior of the polytope or belong to faces of
lower dimension.

The number of levels mmm generated by the configuration in a given direction
is an important structural characteristic. A configuration is called m-level in di-
rection a if the decomposition induced by hyperplanes orthogonal to a contains
exactly mmm nonempty levels.

Configurations with small numbers of levels are of particular interest. For
example, two-level configurations consist of points lying on two parallel hyper-
planes. More generally, configurations with few levels possess a simple layered
structure that strongly influences the behavior of functions defined on E and the
possibilities for their continuation and optimization.

The number of levels may also be interpreted as a measure of geometric com-
plexity. Configurations generating few levels exhibit pronounced geometric regu-
larity, whereas configurations producing many levels reflect more intricate spatial
distributions of points.
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This characteristic interacts with affine dimension. Configurations contained
in lower-dimensional affine subspaces necessarily generate fewer levels than
tull-dimensional configurations under generic directions.

An important property of level decompositions is their stability with respect to
small perturbations of the direction vector.

Let a’ be close to a. For sufficiently small perturbations, the ordering of the
values (a’, x) on the finite set E remains unchanged, and the induced level decom-
position coincides with the original one.

This stability admits a natural geometric interpretation. Each facet F of the
polytope P = conv E. generates a normal cone consisting of all directions for which
F remains an extreme face with respect to the corresponding linear functional.

Inside the interior of such a cone the ordering of the functional values on E is
preserved, and the level decomposition remains unchanged.

Consequently, the space of directions can be partitioned into finitely many re-
gions, each corresponding to a fixed combinatorial structure of the decomposition.

From this viewpoint, level decompositions form continuous families parameter-
ized by regions of the normal fan of the polytope. Each region of the fan corresponds
to a class of equivalent decompositions possessing identical layered structure.

Different directions therefore produce different stratifications of the same con-
figuration. If the direction is orthogonal to a facet, the extreme level reveals the
structure of that facet. For generic directions the extreme levels may consist of
single points corresponding to isolated vertices of the convex hull. If the direction
reflects symmetry of the configuration, several geometrically equivalent points
may lie on the same level.

Thus the family of all level decompositions contains information both about the
convex hull and about the internal geometric organization of the configuration.

Hyperplane decompositions represent only a linear instance of a more general
geometric construction. If the linear function #(x) is replaced by a strictly convex
function f(x), the family of parallel hyperplanes is replaced by a family of nested
level surfaces

S ={xeR":flx) =a}.

In this setting the principal structural properties remain the same: extreme
levels correspond to extremal points relative to the function f, internal levels form
a nested layered structure, and the decomposition remains finite when restricted
to a finite configuration.

Such surface-based decompositions substantially extend the range of admis-
sible geometric representations and provide a natural framework for nonlinear
continuation procedures.

From an analytical viewpoint, hyperplane-induced decompositions serve as
a bridge between discrete point configurations and continuous convex structures.
They preserve the layered organization of the configuration while revealing the
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geometry of its convex hull and preparing the transition to nonlinear geometric
representations.

For this reason decompositions by parallel hyperplanes form a fundamental
analytical tool in the study of combinatorial point configurations and their func-
tional extensions.

§1.3. Decompositions of Finite Point
Configurations by Convex Surfaces

In §1.2 decompositions generated by linear functions and families of parallel
hyperplanes were studied. Such decompositions reveal layered structures deter-
mined by directional projections and supporting hyperplanes of convex hulls.
Their geometric interpretation is closely related to the facial structure of the poly-
tope P = conv E.

However, hyperplane decompositions are intrinsically directional: their struc-
ture depends on the choice of a fixed vector a. Consequently, they capture only
partial geometric information about the configuration.

In many geometric and analytical problems this restriction becomes signif-
icant. In particular, when studying global continuation procedures or convex
envelopes, it is desirable to employ constructions reflecting the overall con-
vex geometry of the configuration rather than its behavior along individual
directions.

This motivates the introduction of decompositions generated by convex func-
tions.

Let . R"— R be a continuous strictly convex function. For each value a con-
sider the level surface

S, ={x e R"flx) = a}
and the corresponding sublevel set
C ={xeR"flx)<al.

By convexity of the function f, the sets C_form a nested family of convex bodies
whose boundaries are the surfaces S_ .

Restricting the function f to a finite point configuration E — R” yields a finite
ordered set of values a, < --- <« . This induces a decomposition

E:LmJEk, E, ={xeE: f(x)=0a,}.
k=1
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Such a representation will be called a convex-surface decomposition of the
configuration induced by the function f.

Unlike hyperplane decompositions, surface decompositions do not privilege
any particular direction. Instead, they reflect the global geometry of the convex
body generated by the sublevel sets of f. Geometrically, the decomposition may be
interpreted as a gradual expansion of the convex body C_whose boundary succes-
sively captures points of the configuration.

A particularly transparent case arises when the level surfaces are spheres.

The simplest and most geometrically transparent example of a convex-surface de-
composition is obtained when level surfaces are spheres. This observation motivates
the introduction of configurations whose points lie on a common spherical surface.

Definition 1.5. A finite point configuration E — R" is called spherically located
if there exist a point T € R" and a radius r > 0 such that

Ec{ixeR":llx-tll=1}.

Spherically located configurations arise naturally in the study of extremal sup-
port directions, normal structures, and symmetric decompositions. They may be
viewed as configurations whose geometric carrier is not polyhedral but smooth
and strictly convex.

The spherical case represents only a particular instance of a broader geomet-
ric phenomenon. Convex-surface decompositions may be generated by arbitrary
strictly convex functions, whose level surfaces define smooth convex bodies. This
leads to the identification of configurations lying on general convex surfaces.

Definition 1.6. A finite point configuration E — R" is called convex surface-lo-
cated if there exist a strictly convex function f: R" — R and a value « such that

Ec{xeR"flx) =al.

Geometrically, all points of the configuration lie on the boundary of a convex
body determined by the sublevel set {x: f(x) < a}. Strict convexity ensures that
the surface contains no flat regions, and therefore each point of the configuration
occupies a geometrically essential position relative to the surface.

Convex surface-located configurations form a natural nonlinear analogue of
vertex-located configurations introduced earlier. While vertex-located configura-
tions are extremal relative to polyhedral convexity, convex surface-located config-
urations are extremal relative to smooth convex geometry.

This parallelism is not merely formal. In continuation problems, convex exten-
sions defined over polytopes depend on vertex data, whereas extensions defined
relative to smooth convex carriers depend on surface data. Convex surface-locat-
ed configurations therefore provide an intermediate geometric framework bridg-
ing discrete convexity and smooth convex analysis.

A particularly important subclass is obtained when spherical location and ver-
tex location are simultaneously satisfied.
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Definition 1.7. A finite configuration E c R" is called polyhedral-spherical if
it is both spherically located; and vertex-located, i.e.

E = vert conv E.

Polyhedral-spherical configurations combine extremality in the polyhedral
sense with global coherence relative to a smooth convex surface. Such configu-
rations are especially convenient for studying normal cones, facet structures, and
continuation schemes defined over spherical carriers.

Among convex-surface decompositions, the spherical case plays a distin-
guished role. The sphere is the simplest strictly convex surface and therefore pro-
vides the most transparent geometric model for studying extremal properties of
configurations relative to smooth convex carriers.

As will be shown below, spherical location automatically implies that all points
of the configuration are vertices of the convex hull, thereby establishing a direct
link between smooth and polyhedral convex geometry.

This observation motivates the introduction of configurations simultaneous-
ly possessing spherical location and polyhedral extremality. Such configurations
combine polyhedral extremality with global coherence relative to a smooth con-
vex surface and prove especially convenient for studying normal cones, facet
structures, and continuation schemes defined over spherical carriers.

To clarify the structural role of spherical location, we establish the following
fundamental result.

Theorem 1.1. Every finite spherically located configuration is vertex-located
and hence polyhedral-spherical.

Proof. Let

E={x',..,x"tcS(1, 1)

be a configuration whose points lie on a sphere of radius r centered at 1. Suppose
that a point x € E is not a vertex of conv E. Then x admits a nontrivial convex
representation

x:ﬁ;&y",y"e E, 2, >O,i}/li =1.

Introduce shifted vectors u = x — 1, v' = ' — 1. Since all points lie on the sphere,
lluell = 111 =7

The convex representation becomes

Consider the strictly convex function
9@ = lI=lI*.
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By strict convexity,

2
>

Y A< YAl
i=1 i=1

provided that at least two vectors v, are distinct.
Since

N .
yalvl=r,
i=1

we obtain ||u||* < %, which contradicts ||u|| = .

Hence the assumption was false, and x must be a vertex of conv E. Since x was
arbitrary, all points of E are vertices, i.e., E = vert conv E. Thus every finite spheri-
cally located configuration is vertex-located. m

This theorem establishes a fundamental link between smooth and polyhe-
dral convex geometry: strict convexity enforces extremality. Points lying on
a strictly convex surface cannot be represented as convex combinations of
other surface points without violating strict convexity. Consequently, spher-
ical configurations represent smooth analogues of vertex-located polyhedral
configurations. The sphere acts as a strictly convex carrier eliminating interior
redundancy.

Remark 1.1. Although spherical location automatically implies vertex-located-
ness for finite configurations, the terminology polyhedral-spherical remains use-
ful. It emphasizes that the configuration simultaneously admits two complemen-
tary geometric interpretations: a polyhedral one, through the convex hull conv E,
and a smooth one, through the spherical carrier.

The structural rigidity of polyhedral-spherical configurations manifests itself
in several aspects.

First, such configurations possess a dual geometric character. They are extremal
relative to their convex hull while simultaneously lying on a smooth strictly con-
vex surface.

Second, their normal structures admit compatible interpretations. Normals to
facets of conv E correspond to outward normals of the spherical surface at the
same points, linking polyhedral and differential-geometric viewpoints.

Third, polyhedral-spherical configurations provide particularly stable frame-
works for decomposition procedures. Hyperplane decompositions reflect the pol-
yhedral structure of the configuration, whereas surface decompositions reflect
the geometry of the spherical carrier. The compatibility of these two perspectives
leads to analytically convenient layered representations.

These observations clarify the relationship between the geometric classes in-
troduced in this section. They form a hierarchy of increasing geometric rigidity:
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finite configurations — vertex-located — convex surface-located —

spherical — polyhedral-spherical.

Each successive class imposes additional convexity or extremality constraints,
resulting in configurations with stronger geometric determinacy.

From the standpoint of continuation theory, convex-surface carriers play a par-
ticularly important role. When extending functions from discrete configurations
to continuous domains, convex surfaces provide natural envelopes controlling ad-
missible extensions. Hyperplane decompositions describe configurations through
directional slicing, whereas surface decompositions capture their placement rela-
tive to global convex envelopes.

Together these two mechanisms form a geometric framework connecting dis-
crete configurations with continuous convex structures.

The constructions developed in this section remain geometric in nature: con-
figurations are described through their position relative to hyperplanes and con-
vex surfaces. For continuation and optimization problems, however, it becomes
necessary to replace geometric carriers with analytic representations.

Such a transition is achieved by representing configurations as level sets of ap-
propriately constructed functions. In this functional framework convex hulls, sur-
face carriers, and continuation structures admit analytic descriptions suitable for
optimization and variational analysis.

This transition leads from geometric decomposition theory to functional rep-
resentation theory, which will be developed in the next section.

The geometric constructions developed in this section remain purely spa-
tial in nature: configurations are described through their placement relative
to hyperplanes and convex surfaces. However, for continuation and optimiza-
tion problems it becomes necessary to replace geometric carriers with analytic
ones.

Such a transition is achieved by representing configurations as level sets or
zero sets of specially constructed functions. In this functional framework, convex
hulls, surface carriers, and continuation structures acquire analytic representa-
tions amenable to optimization and variational analysis.

This transition marks the passage from geometric decomposition theory to
functional representation theory.

In the next section, continuous functional representations of point configu-
rations will be introduced. It will be shown how configurations may be encoded
through systems of convex functions, how their convex hulls arise as sublevel sets,
and how such representations provide the analytical apparatus required for con-
structing convex continuations and solving optimization problems on combina-
torial point configurations.
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§1.4. Functional Representations of Point
Configurations

The geometric constructions developed in the preceding sections described fi-
nite point configurations through their spatial placement relative to hyperplanes,
convex polytopes, and convex surfaces. These constructions revealed layered de-
compositions, extremal structures, and geometric carriers associated with config-
urations embedded in R".

In particular, vertex-located configurations were characterized through ex-
tremality with respect to convex hulls, hyperplane decompositions generated di-
rectional stratifications of configurations, and convex-surface carriers described
configurations embedded in smooth strictly convex boundaries. Together these
approaches provided a geometric framework for analyzing discrete point sets
within convex geometry.

However, in many analytical and variational problems geometric descriptions
alone are not sufficient. When configurations serve as carriers of functional data,
or when discrete values assigned to configuration points must be extended to con-
tinuous domains, it becomes necessary to encode configurations through analytic
objects. This leads naturally to the notion of functional representations of point
configurations.

Let E c R" be a finite configuration. In general, a functional representation is
obtained by introducing a vector-valued mapping

F:R"—>R"

together with a set C < R” and representing the configuration through the
relation

E={xe R":F(x) € C}.
Equivalently,
E=F'(O).

Thus the configuration appears as the preimage of a carrier set under the mapping
F. The analytic and geometric properties of such a representation depend jointly on
the structure of the mapping F and on the geometry of the carrier set C. Different
choices of F and C generate representation systems with different convexity classes,
smoothness properties, dimensional characteristics, and structural complexity.

In many situations the functional system must reproduce the configuration ex-
actly. This leads to the notion of exact functional representations.

Definition 1.8. Let E — R" be a finite configuration. A pair (F, C), where
F:R"— R™is a mapping and C — R™ is a set, is called an exact functional rep-
resentation of E if E=F(C).
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In this case the mapping F is said to represent the configuration exactly with
respect to the carrier set C.

Exact functional representations translate geometric properties of configura-
tions into analytic properties of function systems. For instance, convexity of the
carrier set reflects convexity properties of analytic envelopes, while smoothness
of the mapping F determines the regularity of analytic boundaries defining the
configuration. In this sense functional representations convert discrete geomet-
ric objects into analytic carriers described through systems of functional con-
straints.

At the same time exact representations are generally non-unique. A given
configuration may admit many analytic encodings differing in functional dimen-
sionality, convexity class, algebraic structure, or smoothness properties. Such
nonuniqueness reflects the diversity of analytic carriers compatible with a fixed
discrete geometry.

In many applications, however, it is not necessary to reproduce the configura-
tion exactly. Instead, the analytic representation must preserve only those struc-
tural properties that are relevant for the problem under consideration. This leads
to the notion of admissible functional representations.

Definition 1.9. Let F: R"—R™.The representation E — F'(C) is called admissi-
ble if the analytic carrier F'(C) contains the configuration and preserves structur-
al properties required for subsequent geometric or analytic constructions.

Admissible representations therefore provide analytic carriers compatible with
the geometry of the configuration without necessarily reproducing the discrete
set exactly. The distinction between exact and admissible representations deter-
mines the analytic flexibility of configuration encoding. Exact systems reproduce
discrete geometry without deformation, whereas admissible systems generate an-
alytic carriers capable of supporting additional structural constructions within
convex, quasiconvex, or hybrid analytic frameworks.

Functional representations may also be interpreted as analytic counterparts of
the geometric constructions studied earlier. Hyperplane decompositions corre-
spond to systems of affine functions generating polyhedral carriers, while con-
vex-surface decompositions correspond to level structures of strictly convex
functions generating smooth carriers. In this way functional representation the-
ory extends geometric carrier analysis into the analytic domain, replacing spatial
stratifications with systems of functional relations.

Consider a mapping

F(x) = (,(x), £,(x), ... f,(x))s

where f,: R” — R are continuous functions.
The system of inequalities

flx)<0, i=1,...,m.



Geometric and Analytical Foundations of Finite Point Configurations 29

generates an analytic carrier of the form
D(F)=({xe R":f,(x) <0}
i=1

If E = D(F), then the configuration is represented exactly as the intersection of
sublevel sets induced by the functions f.

Such intersection representations generalize the classical description of convex
polytopes as intersections of half-spaces. In linear settings the functions f, are af-
fine and define polyhedral carriers. In nonlinear settings convex or quasiconvex
functions generate curved analytic carriers whose boundaries reflect smooth con-
vex geometry.

Functional intersection systems therefore provide a flexible analytic language
capable of encoding both polyhedral and smooth convex carriers associated with
point configurations. They allow discrete configurations to be represented through
systems of functional inequalities whose structural properties reflect convexity,
extremality, and carrier geometry of the underlying set.

At the same time the flexibility inherent in functional representations gives
rise to structural questions concerning the defining systems of functions. When
a configuration is represented as an intersection of sublevel domains, it becomes
important to determine whether all defining functions contribute essentially to
the representation or whether some may be removed without altering the encod-
ed set.

The study of minimality and interdependence of defining functions therefore
becomes a central aspect of the theory of functional representations and will be
addressed in the subsequent sections.

This leads to the study of redundancy and minimality in functional representa-
tion systems.

Let F(x) = {f,(x), ..., f, (x)} be a functional system representing a configuration
E c R" through the intersection carrier

E=({xe R":f (x) <0}

Each function f, defines an analytic constraint restricting the admissible carrier
domain. Taken together, these constraints determine the geometry of the repre-
sented configuration.

However, not all constraints need be structurally necessary. It may occur that
removal of one of the defining functions does not alter the represented set. In such
cases the function is redundant and does not contribute essentially to the analytic
encoding of the configuration.

The identification and elimination of redundant constraints lead to the notion
of minimal functional systems.
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Definition 1.10. A functional system F = {f, ..., f } representing a point con-
figuration E is called minimal if removal of any function f, changes the represent-
ed set, that is,

m
E#[{xeR":f,(x) <0}
j=
]il
foreveryi=1, ..., m.

Minimal systems play a role analogous to minimal supporting systems in poly-
hedral geometry. Just as a convex polytope may be represented as the intersection
of finitely many half-spaces, some of which may be redundant, analytic carriers may
admit multiple descriptions differing in structural economy. Minimal functional sys-
tems therefore correspond to irreducible analytic encodings of configuration carriers.

The structural importance of minimality becomes apparent when examining
the geometry of analytic carriers. Each defining function determines a boundary
component of the carrier domain. Removal of a function enlarges the domain and
alters its geometric structure. Thus minimal systems correspond to carriers whose
analytic boundaries are defined by irreducible functional constraints.

In vertex-located configurations, minimal functional systems often correspond
to supporting function systems associated with facets of the convex hull. Each
function encodes a supporting constraint, and together they reconstruct the pol-
yhedral carrier.

In convex surface-located configurations, minimal systems arise from strictly
convex carrier functions whose level surfaces pass through configuration points.
In this setting irreducibility reflects curvature-induced extremality rather than
facet combinatorics.

Beyond minimality, one may also consider functional interdependence within
representation systems. Even when functions are not redundant in the strict sense,
they may exhibit structural dependence through analytic relations or monotone
transformations.

This motivates the concept of structural independence.

Definition 1.11. A functional system is structurally independent if none of its
defining inequalities is implied by the others within the admissible analytic class.

Structural independence strengthens minimality by excluding analytic deriva-
bility among constraints. Independent functional systems generate carriers whose
boundary components correspond to analytically distinct extremal conditions. In
contrast, dependent systems encode carriers with correlated boundary structures.

Functional systems may also admit hierarchical organization. Subsystems of
defining functions generate intermediate carriers containing the configuration.
These nested analytic domains form stratified representation structures reflecting
progressive constraint activation. Such hierarchical carriers generalize the layered
geometric decompositions studied earlier into the analytic domain.
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The multiplicity structure of functional systems therefore reflects the internal
geometry of configuration carriers. Redundant constraints correspond to inactive
boundary components, minimal systems correspond to irreducible carriers, and
independent systems correspond to analytically distinct boundary structures.

From a representational standpoint, the transition from arbitrary functional
systems to minimal irreducible systems parallels the transition from arbitrary hy-
perplane families to facet-defining systems in convex polytope theory. This par-
allelism further reinforces the structural correspondence between geometric and
analytic representations of point configurations.

Functional minimality therefore serves as a foundational organizing principle
within representation theory. By eliminating redundancy and isolating irreduci-
ble analytic constraints, one obtains carrier systems optimally adapted to the ex-
tremal structure of the configuration.

The minimal and structurally independent functional systems considered
above generate analytic carriers whose geometric properties depend essentially
on the convexity class of the defining functions. Among the wide spectrum of
admissible functional representations, particular significance is attached to sys-
tems constructed from convex and quasiconvex functions, since their sublevel
domains inherit convexity and therefore remain compatible with the convex ge-
ometric structure of the underlying configuration.

Let

() = (£ (), .o f, ()

be a minimal functional system representing a configuration E through the inter-
section carrier

Ezﬁ{xe R": f.(x) <0}

If each function ﬁ is convex, then every sublevel set
{x e R": f(x) <0}

is convex, and therefore the intersection domain is also convex. In this case the
functional carrier constitutes a convex analytic domain encoding the configura-
tion through systems of convex inequalities.

Convex functional systems therefore provide analytic realizations of convex
carriers associated with point configurations. Their defining inequalities play
roles analogous to supporting hyperplanes in polyhedral geometry, while their
sublevel boundaries generalize facet structures to nonlinear convex settings.

In vertex-located configurations, minimal convex functional systems frequent-
ly reconstruct the convex hull itself. Each defining function corresponds to a sup-
porting constraint activated on a subset of configuration points, and together
these functions generate the analytic envelope coinciding with conv E.
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Beyond convex systems, quasiconvex functional representations extend the
analytic encoding framework. A function f is quasiconvex if all its sublevel sets
{x € R": flx) < a} are convex, even if fitself is not convex in the classical sense.

Quasiconvex systems therefore generate convex carriers while allowing broader
analytic flexibility than strictly convex systems. Although quasiconvex functions
may exhibit nondifferentiability or flat regions, their carriers preserve convexity
of representation domains.

Functional representation systems also admit equivalence transformations.
Distinct functional systems may generate identical analytic carriers, thereby en-
coding the same configuration through different analytic mechanisms.

Definition 1.12. Two functional systems F and G are said to be equivalent rep-
resentations of a configuration E if their induced carriers coincide, that is,

xeR": f(x)<0}=[{xeR": g(x)<0}.

Equivalent systems may differ in analytic complexity, smoothness, convexity
class, or dimensionality, yet encode identical carrier geometry.

Representation equivalence plays an important methodological role. It allows
analytically complicated systems to be replaced by simpler or structurally mini-
mal ones without altering the represented configuration.

Equivalence transformations may also reveal analytic redundancy beyond sim-
ple constraint elimination. Entire functional systems may sometimes be replaced
by alternative systems possessing improved convexity, regularity, or minimality
properties. This flexibility permits analytic normalization of representation car-
riers.

An important structural problem concerns the reconstruction of convex hulls
through functional systems. Suppose a configuration is represented by a convex
functional system satisfying appropriate minimality conditions. In such situations
the resulting analytic carrier may coincide with conv E. Thus convex hulls can, in
principle, be recovered analytically through systems of convex inequalities.

Hull reconstruction through functional systems reveals a close correspond-
ence between extremal points and boundary activation of analytic constraints.
Supporting inequalities become active precisely at extremal configuration points,
thereby reproducing the supporting geometry of the convex hull.

This analytic perspective shows that convex hull structure can be described
not only through geometric constructions but also through systems of function-
al inequalities defining suitable carrier domains. Such representations provide
analytic access to extremal structure, supporting directions, and carrier bound-
aries.

The analytic framework developed here therefore unifies polyhedral carriers,
smooth convex surfaces, and hybrid analytic envelopes within a common rep-
resentation scheme based on functional inequalities.
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Through convex and quasiconvex representation systems, discrete point con-
figurations acquire analytic carriers whose geometry reflects the boundary organ-
ization and extremal properties of the underlying set. These constructions com-
plete the representation-theoretic apparatus required for encoding configuration
geometry within analytic carrier systems.

The convex and quasiconvex functional systems considered above generate an-
alytic carriers whose structural properties depend not only on convexity class but
also on geometric regularity, boundary structure, and analytic stratification of the
defining constraints. Such distinctions allow representation systems to be classi-
fied according to the geometric nature of their induced carriers.

In polyhedral functional systems, carriers are generated by finite families of af-
fine functions. Their boundaries consist of flat analytic components correspond-
ing to supporting hyperplanes of the convex hull. Extremal configuration points
activate boundary inequalities in a piecewise-linear manner, producing carriers
with combinatorial facet structure. These systems therefore reproduce analytic
analogues of polyhedral geometry within functional representation theory.

In contrast, strictly convex functional systems generate carriers bounded by
smooth convex surfaces. Here configuration points lie on curved analytic bound-
aries defined by level sets of strictly convex functions. Boundary activation is
governed not by facet combinatorics but by curvature-induced extremality. Such
carriers provide analytic realizations of convex surface-located configurations in-
troduced earlier.

Between these two extremes lie hybrid representation systems combining af-
fine and nonlinear convex functions. Their carriers possess mixed boundary
structure: flat components coexist with curved analytic surfaces. Hybrid carriers
arise naturally when configurations exhibit both polyhedral and smooth convex
geometric features. This hybrid analytic class provides representational flexibility
accommodating diverse carrier geometries.

Representation systems may also be stratified according to boundary activation
levels. Functions within a system need not become active simultaneously on con-
figuration points. Instead, subsets of constraints may activate on different geomet-
ric strata of the carrier. Such analytic stratification parallels geometric decompo-
sitions studied earlier, where hyperplanes or surfaces generated layered partitions
of configurations.

In functional terms, stratification corresponds to hierarchical activation of in-
equality systems defining carrier boundaries.

Another important classification concerns smoothness properties of defining
functions. Representation systems constructed from differentiable convex func-
tions yield carriers admitting tangent structure and differential boundary anal-
ysis. Nondifferentiable systems, by contrast, produce carriers with angular or
polyhedral features. Thus analytic regularity of representation systems governs
geometric regularity of configuration carriers.
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Functional carrier classification also reflects dimensional embedding of con-
figurations. High-dimensional representation systems may encode low-dimen-
sional configurations through redundant or degenerate constraints, whereas min-
imal-dimensional systems achieve greater analytic economy.

Dimensional considerations therefore influence structural efficiency of rep-
resentation systems. These analytic classifications show that functional representa-
tions form not a single homogeneous framework but a hierarchy of carrier models
ranging from polyhedral to smooth convex and hybrid analytic geometries. Each
class preserves extremal configuration structure while providing distinct analytic
tools for describing carrier domains.

An important methodological consequence of this universality lies in the
possibility of transferring structural results between geometric and analytic
frameworks. Extremal properties established in polyhedral geometry admit an-
alytic reformulation through affine inequality systems, while curvature-induced
extremality may be represented through strictly convex carrier functions. Such
transfers permit analytic investigation of geometric configuration properties.

The analytic apparatus developed in this chapter thus completes the representa-
tion-theoretic description of point configurations. Discrete sets embedded in R"
have been encoded through systems of functional inequalities whose carriers re-
produce convex hull structure, supporting geometry, and surface embedding of
the configuration. Polyhedral, smooth convex, and hybrid analytic carrier class-
es emerge naturally from this encoding, each preserving extremal configuration
structure while providing distinct analytic tools for describing carrier domains.
This hierarchy of carrier models constitutes a unified analytic language capable
of describing the full range of geometric structures associated with finite point
configurations.

The representation framework established here completes the geometric and
analytic foundations of the monograph. Vertex-located configurations, carrier
polytopes, decomposition structures, and functional representation systems to-
gether constitute a unified language in which discrete combinatorial geometry
is encoded within continuous convex analytic frameworks. These foundations
are directly exploited in Chapter 2, where functions defined on vertex-located
configurations are extended to convex carrier domains, and in Chapter 3, where
concrete combinatorial configuration classes are introduced and their polyhedral
geometry is systematically developed.



Chapter 2
Convex Extensions of Functions
on Finite Point Configurations

Functions defined on finite point configurations arise naturally in combinatorial
optimization, where objective functions are evaluated at discrete feasible points
rather than on continuous domains. The passage from discrete to continuous an-
alytic settings requires extension constructions that preserve the extremal struc-
ture of the original problem. This chapter develops a systematic theory of convex
extensions for functions defined on finite vertex-located point configurations, es-
tablishing the analytic core of the monograph.

The extension problem is formulated precisely in §2.1, where three principal
classes of extensions are introduced: convex, strongly convex, and differentiable,
each defined by progressively stronger regularity conditions on the carrier do-
main. The vertex-located property, meaning the coincidence of the configuration
with the vertex set of its convex hull, plays a decisive role throughout: it guaran-
tees that convexity imposes no internal compatibility constraints on prescribed
functional data, so that extensions exist for arbitrary functions.

Existence theorems for all three classes are proved in §2.2. The minimal convex ex-
tension is constructed via extremal interpolation over vertex decompositions of the
carrier polyhedron. Differentiable extensions are obtained through a deformation and
Minkowski functional construction, while strongly convex extensions are built by add-
ing a spherical correction term with an arbitrary curvature parameter. The structural
and geometric properties of convex extensions are analyzed in §2.3, including epigraph
polyhedrality of minimal extensions and two-sided interpolation bounds that confine
all admissible extensions within the carrier domain. Lower bounds for the minimum
of a function over a vertex-located configuration are derived in §2.4 from analytic
properties of its convex extension, and sufficient optimality conditions are formulated
in terms of the gradient structure of the extension. The chapter concludes with con-
vex extensions on hyperspheres in §2.5, where strongly convex differentiable exten-
sions are constructed via a penalty approach exploiting the spherical carrier geometry.

Together, the existence theorems, structural properties, and extremal estimates
established here are applied directly to the concrete configuration classes intro-
duced in Chapter 3 and to the optimization methods of Chapter 5.
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§2.1. Functions on Finite Point Configurations
and Convex Extension Framework

The study of functions defined on finite point configurations and their contin-
uation to convex carrier domains occupies a central position in convex analysis
and its applications to discrete geometry and optimization. When functional
data are prescribed at a finite collection of points in R", it is natural to ask
under what conditions such data admit an extension to a continuous convex
function defined on a domain containing the configuration, and what analytic
and geometric properties such extensions may possess. The answer depends
essentially on the geometric structure of the configuration itself, in particular
on whether the configuration points occupy extremal positions within their
convex hull.
Throughout this chapter we consider finite point configurations

E={x..,x"}cR"

that are vertex-located, meaning that the configuration coincides with the vertex
set of its convex hull:

E = vert conv E.

No point of E may therefore be expressed as a convex combination of the re-
maining points. As will be seen, this extremality property plays a decisive role
in extension theory: it ensures that convexity imposes no internal compatibility
constraints on prescribed functional data, and that extensions exist for arbitrary
functions defined on the configuration.

Suppose that a function ¢ : E— R is prescribed on the configuration. The val-
ues ¢(x’) may encode geometric weights, combinatorial costs, energetic charac-
teristics, or optimization parameters associated with configuration points. The
central problem of this chapter is the following: construct a function @ defined
on a convex domain containing conv E that agrees with ¢ at every configuration
point and satisfies prescribed analytic regularity conditions throughout the do-
main.

The nature of these regularity conditions determines the class of admissible
extensions. Three principal classes will be studied: general convex extensions,
strongly convex extensions, and differentiable convex extensions. Each class is
built upon a corresponding notion of functional regularity, and we now recall
these notions in the form required for the extension constructions that follow.

A function @ : D — R defined on a convex set D < R" is called convex if for all
x,y € Dandall\ € (0, 1),

OAx+ (1 -L)y) <A D(x) + (1 - 1) D(y).
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Geometrically, this inequality requires that the chord connecting any two
points on the graph of @ lies above or on the graph. Equivalently, the epigraph of
®, defined as

epi D={(x,t) e R"xR:t 2> D(x)},

is a convex set in R™".

Convex functions need not be differentiable; at points of nondifferentiability,
the gradient is replaced by the subdifferential 0®(x), whose elements are called
subgradients and represent slopes of supporting hyperplanes to the epigraph at
the point (x, O(x)).

With this notion in place, the first class of extensions is defined as follows. Let
E c R"be a finite vertex-located configuration, let ¢ : E — R be a prescribed func-
tion, and let D — R" be a convex set satisfying conv E — D.

Definition 2.1. A function @ : D — R is called a convex extension of ¢ from
E to D if @ is convex on D and @(x) = ¢(x) for every x € E. The set D is called
a convex carrier domain for the extension.

The minimal convex carrier domain is conv E itself, generated directly by the
extremal structure of E. On this minimal carrier, the boundary values of any con-
vex extension are fixed at the vertices of the polyhedral hull, and extension behav-
ior in the interior is governed by convex interpolation between vertex data. While
conv E serves as the natural domain for continuation constructions, extensions
may also be defined on larger convex superdomains D D conv E, a possibility to
which we return below.

General convex extensions need not possess curvature or smoothness. In many
analytical and optimization contexts, stronger regularity is required. The appro-
priate strengthening is provided by the notion of strong convexity.

A function @ : D — R is called strongly convex with parameter p > 0 if for all
x,y € DandallA € (0, 1),

O(Ax + (1 -A)y) <AD(x) + (1 - 1) D(y) — pM(1 = N)||x - y||*.

The additional quadratic term yA(1 — A)||x — y||* measures the uniform sepa-
ration between the function and its affine interpolants, and may be interpreted
as a curvature lower bound: the graph of @ curves away from every supporting
hyperplane at a rate controlled by u. Strong convexity implies strict convexity and
ensures that sublevel sets are strictly convex and that minimizers, when they exist,
are unique.

This curvature structure motivates the second class of extensions.

Definition 2.2. The extension @ is called a y-strongly convex extension of ¢
on D if @ is strongly convex with parameter 4 > 0 on D and @(x) = ¢(x) for every
x e E.

Strong convexity guarantees curvature throughout the carrier domain but
does not in itself ensure smoothness. A strongly convex function may still be
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nondifferentiable along certain directions, retaining polyhedral features inherit-
ed from the underlying convex structure. When the application requires smooth
continuation — for instance, in gradient-based optimization or variational analy-
sis — an additional differentiability condition must be imposed.

Recall that C¥(D) denotes the class of functions possessing continuous deriva-
tives up to order k on D; in particular, C'(D) requires continuity of all first-order
partial derivatives, and C*(D) additionally requires continuity of all second-order
partial derivatives. A convex function @ : D — R belonging to C'(D) possesses
a continuous gradient

B 0P (x) 0P (x)

@’ eees
ox, ox,

on D. In this case, convexity is equivalent to the first-order gradient inequality
D(y) = O(x) +(D'(x), y —x) Vx,y €D,

where ( -, - ) denotes the standard inner product in R".

This inequality states that the function lies above every tangent hyperplane.

For functions in C*(D), convexity is additionally characterized by positive sem-
idefiniteness of the Hessian @"(x) at every x € D. Differentiability eliminates the
subdifferential multiplicity present in general convex functions: at every interior
point x € D, the subdifferential reduces to the singleton 00(x) = {®'(x)}.

These properties naturally lead to the third class of extensions.

Definition 2.3. The extension @ is called a differentiable convex extension of ¢
on Dif ® € CY(D) for some k > 1 and @(x) = ¢(x) for every x € E.

The three definitions introduced above share a common interpolation require-
ment agreement with ¢ on E while imposing progressively stronger analytic con-
ditions on the carrier domain.

Together they generate a hierarchy of extension classes reflecting increasing
regularity: from polyhedral convex surfaces through curvature-controlled strong-
ly convex extensions to smooth differentiable realizations.

Minimal carriers enforce purely geometric extension structure determined by
configuration extremality, while supercarriers introduce analytic degrees of free-
dom beyond the convex hull, enabling compatibility with global geometric con-
straints of the ambient domain.

A fundamental constraint governing all convex extensions is the interpolation
inequality.

Every interior point x € conv E admits a convex decomposition
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Convexity of @ then imposes the upper bound
P (x)<Y Ao(x'),
i=1

which constrains admissible extension values at every interior carrier point.

Conversely, every convex extension is bounded below by the family of affine
functions whose values at configuration points do not exceed the prescribed data.

The interaction of these upper interpolation bounds and lower affine supports
generates a continuation admissibility region within which all convex extensions
compatible with ¢ must lie.

Since E is vertex-located, this region is finitely generated by the vertex sys-
tem and imposes no internal consistency requirements on the prescribed values
- a structural freedom that makes vertex-located configurations the natural and
essentially optimal setting for convex extension theory.

§2.2. Existence of Convex Extensions
on Vertex-Located Configurations

We now proceed from the general extension framework introduced in §2.1 to the
constructive theory of convex extensions on vertex-located point configurations.

Let E = {x', x% ..., x"} < R" be a finite vertex-located configuration, and let
¢ : E — R be a prescribed function. Let conv E denote the convex hull of the
configuration, which serves as the minimal convex carrier domain for admissible
extensions.

The set of all convex decompositions of a point x € conv E with respect to the
vertex system of conv E is denoted

A(x) z{(ll,...,lm) :xzz/li x', A ZO,Z/L =1 }
i1 i=1

The set A(x) is nonempty for every x € conv E, convex and compact as a poly-
tope in R™, and contains a decomposition with affinely independent active verti-
ces whenever x lies in the interior of a face of conv E. Three classes of extensions
will be constructed: convex, differentiable convex, and strongly convex.

Theorem 2.1. (Existence of Convex Extensions on Vertex-Located Configurations).

Let E c R" be a finite vertex-located configuration and let ¢: E — R be a pre-
scribed function. Then there exists a convex function @: conv E — R satisfying
O(x) = ¢(x) for every x € E.
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Proof. Define the extension function @ on conv E by
@(x):min{z/li(p(xi):(ll,...,lm)e A(x)}. (2.1)
i=1

That is, @(x) is the minimal convex combination of vertex values compatible
with all convex decompositions of x relative to the vertex system of conv E.

We first verify that @ is well defined. Since x € conv E, the set A(x) is nonempty.
The functional expression

i&fp(x")

is linear in A, and A(x) is compact, so the minimum is attained.

Next we show that @ extends ¢. If x = x* is a vertex of conv E, then the unique
element of A(x") is the coefficient system A\, =1land A, = 0 for i # k. Therefore
D(x") = p(x"), and hence ®(x) = ¢(x) for every x € E.

Finally we establish convexity. Let x, y € conv Eand « € (0, 1). Let {1’} € A(x)
and {u;} € A(y) be optimal coefficient systems achieving

<P(x)=il,7§0(x")

D(y)=Y 1 o(x).
i=1
Set v, = al’ + (1 - a)y;. Then

m
YV, =1v, 20,
i=1

ax+(1-a)y=Yvx,

i=1

so {v} e Alax + (1 - a)y).
Substituting into formula (2.1) yields

€D(ax+(1—0()y)£2vixi =
i=1

:aiﬂf go(x")+(1—a)i‘/4;go(x"):

=ad(x) + (1 - a)D(y).

Thus @ is convex on conv E. m
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Remark 2.1. The vertex-located assumption plays a decisive role in ensur-
ing unrestricted feasibility of convex extensions. If a point x* € E is not a vertex
of conv E, then x* admits a convex representation in terms of other configura-
tion points, and convexity of any extension @ satisfying @(x) = ¢(x) for every
x € E imposes the compatibility condition

(xF)< ili(p(xi).

i#k

In contrast, vertex-located configurations eliminate all such constraints: since
every point of E is an extremal point of conv E, no nontrivial convex representa-
tion of any configuration point in terms of the others exists, and convex exten-
sions satisfying the interpolation condition exist for arbitrary functions ¢: E — R.
Vertex-located configurations therefore constitute the maximal class of finite
point sets admitting unrestricted convex extension.

The extension @ constructed in Theorem 2.1 is the minimal convex extension
of ¢: its epigraph coincides with the convex hull of the lifted point set

{(, p(x))} = R™,

so @ is a polyhedral convex function whose graph consists of affine facets interpo-
lating between vertex values.

While the minimal convex extension of Theorem 2.1 preserves the polyhedral
structure of the carrier, many analytical applications require extension functions
possessing smoothness. This motivates the construction of differentiable convex
extensions satisfying the requirements of Definition 2.3.

Theorem 2.2 (Existence of Globally Smooth Convex Extensions). Let
E = {x', ..., xN} © R" be a finite vertex-located configuration, and let ¢ : E — R be
arbitrary. Then there exists a convex function @ : R" — R of class C*(R") satisfying

D(x') = p(x), i=1,..,N.

Proof. Since every x' is a vertex of conv E, it is strictly exposed: there exists
v, € R"such that (v, x' - x/) > 0 for all j # i. Choose a common number ¢ > 0 suf-
ficiently large that the affine functions

L(x) = ¢(x) + t{v, x — x), i=1,..,N.

satisfy L(x') < ¢(x/) whenever i # j. Such a choice is possible because there are
finitely many pairs (i, j) and the scalar products have strictly negative signs when
evaluated as (v, ¥/ — x').
Define the convex function
F(x)=maxL,(x), x € R".

1<isN
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At each x', the unique maximizing function is L, and hence F(x') = ¢(x’). The strict
inequalities and continuity imply that F = L, in some open neighbourhood U, of x".

Let 1 € C (IR") be a nonnegative, radially symmetric function with J.]R" n(u)du =1
and zero first moment. For § > 0 set 77,(u) = 6 "5(u/6) and define

@(x)=(F*n5)(x):J-Rn F(x—un,(u)du. (2.2)

The convolution is finite everywhere and belongs to C*(R"). It is convex because
the convexity inequality for F can be integrated against the nonnegative kernel 7.

Choose § sufficiently small that x' — supp #, = U, for every i. Since F = L, on U,
the unit mass and zero first moment of 7, give

D(x')= [ L(x —u; (du=L(x') = p(x).

Thus @ is a globally defined, infinitely differentiable convex extension of ¢. m

Remark (on smoothness). Theorem 2.2 gives a globally smooth convex exten-
sion. Its restric-tion to IT = conv E is continuously differentiable in the sense of
Definition 2.3. Smoothness does not imply strong convexity.

Geometrically, the proof constructs a polyhedral convex interpolant as the ma-
ximum of affine functions, each strictly active near its associated vertex. Smo-
othing removes the nonsmooth ridges while preserving the vertex values.

While smooth extensions provide derivatives of every order, they need not
satisfy a uniform positive curvature condition. Many optimization applications
require strong convexity with a positive curvature parameter p. This motivates
the construction of p-strongly convex extensions in the sense of Definition 2.2.

Theorem 2.3. (Existence of Strongly Convex Extensions).

Let E < R" be a finite vertex-located configuration, let ¢ : E — R be a pre-
scribed function, and let IT = conv E. Then for any p > 0 there exists a p-strongly
convex function ¥ : IT — R satisfying ¥ (x) = ¢(x) for every x € E.

Proof. Let @ denote the minimal convex extension of ¢ constructed in Theo-
rem 2.1. The strategy is to construct an auxiliary function h : IT— R that is strong-
ly convex with parameter 1 and vanishes on E. Then

lI/p(x) = O(x) + ph(x)

will be p-strongly convex and coincide with ¢(x) on E. To construct h(x) via
spherical projection, choose a radius r > 0 such that the open ball B (0) of radius r
centered at the origin contains I1, so that IT < B (0).

Denote by S (0) = 9B (0) the corresponding sphere.

For each vertex x’ € E define its orthogonal projection onto the sphere:

b :Prsv(o)xZ =rx' /||xl , i€],,

where ] = {1, ..., m} indexes the vertices of E.
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Now define the auxiliary function
h(x) = max {le—x' +61 -y}

Each term ||x — x' + b'||> — ||b']|* is a quadratic function of x with Hessian 21,
hence is strongly convex with parameter 1. Since h(x) is the pointwise maxi-
mum of finitely many such functions, it is strongly convex with parameter 1
on II. To verity that h(x) vanishes on E, we compute the i-th term of h at
x = x"

I =+ B = D1 = [l = 2+ 20 = 2, B),
For i = k the expression vanishes:
611> = 1184]1* = 0.
For i # k, the expression equals
[l = |2 + 2{* — &, b).

Hence h(x*) = 0 for every x* € E, provided r is chosen sufficiently large.
We now set

‘I’p(x) = O(x) + p h(x).

Since @ is convex and ph is p-strongly convex, their sum ¥p is p-strongly con-
vex on I1.

Since h(x") = 0 for all ¥* € E and @(x") = ¢(x*), we have lI/p(xk) = ¢(x") for every
vertex, so the interpolation condition holds on E.

The construction extends naturally to any convex superdomain D O IT by ex-
tending @ and h beyond II while preserving convexity. The spherical projection
construction establishes the connection with the spherical carrier geometry stud-
ied in §1.3. This completes the proof. m

The three theorems proved above demonstrate that convex extensions on ver-
tex-located configurations may be realized across a full regularity spectrum. All
three constructions preserve the interpolation condition @(x) = ¢(x) for every
x € E on the minimal carrier IT = conv E, and each admits continuation to any
convex superdomain D D I1. The structural and extremal properties of these ex-
tension classes are investigated in the following sections.

Remark 2.2. A strongly convex extension may also be obtained through affine
correction of the minimal convex extension. Let @ be the minimal convex exten-
sion of ¢ from Theorem 2.1. Define

lPp(x) = O(x) + pl|x||* - a(x),

where a(x) = (¢, x) + d is an affine function determined by the interpolation con-
ditions (¢, x) + d = p||x’||* for all ' € E.
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Such a system is consistent because p||x||* decomposes into an affine part and
a quadratic correction that is balanced by the affine freedom on aff E. Since @ is
convex and p||x||* is p-strongly convex, subtracting the affine function a(x) pre-
serves strong convexity, and the interpolation condition

¥ (x) = p(x)

holds on E by construction. This alternative construction complements the spher-
ical projection approach of Theorem 2.3 and is particularly convenient when an
explicit formula for the correction term is preferred.

The constructions established in the preceding blocks demonstrate that con-
vex extensions on vertex-located configurations exist in multiple analytic regimes,
ranging from minimal polyhedral extensions to strongly convex and differentia-
ble extensions. These extension classes form a structural spectrum reflecting in-
creasing analytic regularity while preserving the interpolation condition imposed
by configuration vertices.

An essential aspect of extension theory concerns the dependence of admissible
extensions on the choice of convex carrier domain. Thus far, extension construc-
tions have been developed primarily on the minimal carrier conv E generated by
the configuration itself.

However, as noted in §2.1, convex extensions may be constructed on larger
convex superdomains D D conv E, provided that convexity and interpolation con-
ditions are preserved.

When extensions are realized on minimal carriers, continuation structure is
governed entirely by the polyhedral geometry of conv E. Minimal convex exten-
sions inherit facet stratifications of the hull, strongly convex extensions introduce
curvature within polyhedral boundaries, and smooth extensions regularize poly-
hedral discontinuities while remaining confined to the hull.

In contrast, extension constructions on convex supercarriers admit additional
analytic flexibility. Outside conv E, extension values are no longer constrained by
vertex interpolation and may be shaped to satisty global convexity or domain-spe-
cific geometric requirements.

For example, if conv E is embedded within a convex cone or orthant domain,
one may construct convex extensions compatible with monotonicity constraints
or domain feasibility conditions arising in optimization contexts. Such supercar-
rier extensions preserve convexity globally while maintaining interpolation fidel-
ity on the configuration.

The distinction between minimal-carrier and supercarrier extensions reveals
an important structural dichotomy:

« minimal carriers enforce purely geometric extension structure determined

by configuration extremality;

o supercarriers introduce analytic degrees of freedom beyond the convex
hull.
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This dichotomy plays a significant role in extension-based optimization
frameworks, where feasible domains often extend beyond minimal configura-
tion carriers.

The extension classes constructed above may therefore be compared along two
principal dimensions:

« regularity of the extension (polyhedral, strongly convex, smooth);

o extent of the carrier domain (minimal hull vs. supercarrier).

Together, these dimensions generate a extension taxonomy describing admissi-
ble convex extensions on vertex-located configurations.

From the standpoint of extremal analysis, the existence of multiple extension
classes raises fundamental questions concerning the behavior of convex exten-
sions within carrier domains.

In particular, one may ask:

« how extension values are bounded relative to vertex data;

 how curvature affects extremal growth rates;

« how supporting hyperplanes constrain admissible extensions;

« how gradient structure reflects configuration geometry.

These questions lead naturally to the study of extremal properties of convex
extensions.

The existence theory developed in this section establishes that convex exten-
sions on vertex-located configurations may be constructed in minimal, strongly
convex, and differentiable analytic regimes while preserving prescribed function-
al values at all configuration points.

Beyond mere realizability, these constructions reveal a deeper geometric phe-
nomenon. Since vertex-located configurations eliminate internal convex compat-
ibility constraints, admissible extension behavior becomes entirely governed by
extremal carrier geometry.

In particular, continuation values, curvature growth, and gradient structure
of convex extensions are constrained by vertex interpolation bounds, support-
ing hyperplanes of the convex hull, and normal cone systems induced by carrier
extremality. Thus, vertex location does not merely guarantee existence of convex
extensions; it rigidly determines their admissible functional and variational be-
havior within the carrier domain.

The extremal analysis of convex extensions therefore investigates functional
bounds, support structures, and optimality conditions determined jointly by ver-
tex interpolation constraints and convex carrier geometry. Minimal extensions
produce sharp interpolation bounds, strongly convex extensions generate quad-
ratic growth estimates, and smooth extensions admit differential extremal char-
acterizations.

Thus, the existence theory developed in this section provides the constructive
foundation upon which extremal functional analysis on vertex-located configu-
rations is built. Having established the realizability of convex extensions across
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multiple regularity regimes, we now proceed to investigate their extremal behav-
ior, including lower bounds, gradient estimates, and sufficient optimality condi-
tions defined relative to convex carrier domains.

§2.3. Structural Properties and Geometric
Interpretation of Convex Extensions

Having established the existence of convex, strongly convex, and differentiable
extensions on vertex-located configurations, we now proceed to investigate their
structural properties. The objective of this section is to analyze how the extremal
geometry of the configuration determines the analytic and geometric structure of
admissible convex extensions.

Let E = {x', % ..., x"} < R" be a vertex-located configuration, let ¢ : E — R be
a prescribed function, and let @ : conv E — R be a convex extension of ¢ in the
sense of Definition 2.1.

A fundamental geometric object associated with @ is its epigraph,

epi @ ={(x, 1) e R"xR:t> D(x)}.

The epigraph provides a lifted convex carrier encoding continuation structure
in one higher dimension. Properties of @ may therefore be studied through the
convex geometry of epi @.

For minimal convex extensions constructed via extremal interpolation, the ep-
igraph admits a particularly simple structure.

Theorem 2.4. (Polyhedral Structure of Minimal Convex Extensions).

Let @ be the minimal convex extension of ¢ constructed as in Theorem 2.1.
Then epi @ is a polyhedral convex set in R"*! whose extreme points are contained
in the lifted configuration {(x, p(x))}.

Proof. By construction, @(x) is defined as the minimal convex interpolation
compatible with vertex values. Consequently, epi @ coincides with the convex hull
of the lifted point set together with its upward vertical extension.

Convex hulls of finite point sets in R™" are polyhedral. Hence epi @ is polyhedral. m

Convex extension operators constructed above admit a geometric interpre-
tation as value propagation mechanisms defined over carrier polyhedra. Inter-
polation values prescribed at vertex configurations extend into the carrier in-
terior through convex envelope formation, generating admissible continuation
domains constrained by supporting hyperplanes. Thus, convex extension may
be viewed as a structural lifting of discrete functional data into continuous con-
vex geometry.
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This result establishes that minimal convex extensions preserve the combina-
torial structure of the configuration under epigraph lifting. Facets of epi @ corre-
spond to affine interpolants determined by subsets of configuration points.

Thus, the polyhedral stratification of conv E is mirrored by facet decomposi-
tion of the extension epigraph.

The geometry of supporting hyperplanes to epi @ plays a central role in exten-
sion analysis. Each supporting hyperplane corresponds to an affine function

f(x)={a,x)+b

satisfying £(x') < ¢(x’) for all i, and coinciding with @ on subsets of conv E.

Such affine supports determine local extension behavior and govern interpola-
tion regions within the carrier domain.

Interior points of conv E are associated with convex combinations of vertex sup-
ports. Consequently, extension values at interior locations are determined by con-
vex envelopes of affine interpolants generated by subsets of configuration points.

This mechanism reveals that minimal convex extensions propagate vertex data
into the interior via supporting hyperplane interpolation.

The polyhedral structure of minimal extensions also determines differentia-
bility properties. At points where multiple affine supports coincide, @ fails to be
differentiable. These nondifferentiable loci correspond to intersections of facets in
the epigraph and form polyhedral stratification subsets of conv E.

Thus, nondifferentiability of minimal extensions is not accidental but reflects
intrinsic combinatorial structure of the configuration hull.

Strongly convex extensions modify this polyhedral geometry by introducing
curvature into the epigraph structure. Facets are replaced by strictly convex sur-
faces, eliminating degeneracies in supporting hyperplane systems.

For any strongly convex extension @, epi @ becomes a strictly convex set
in R™!, admitting unique supporting hyperplanes at all interior points. Strong
convexity constructions introduced above may be interpreted as regularized con-
vex extensions.

Quadratic regularization stabilizes continuation behavior, eliminating flat in-
terpolation regions and ensuring uniqueness of admissible continuation gradi-
ents. This regularization perspective reveals that curvature parameters serve not
only analytic but also stability-inducing roles in extension theory.

This structural regularization has important consequences for gradient behav-
ior and extremal functional estimates considered in subsequent sections.

Differentiable convex extensions further refine epigraph geometry by replacing
piecewise-linear or curved-but-nondifferentiable surfaces with smooth convex
envelopes. Their supporting hyperplanes vary continuously, and gradient fields
define continuous mappings from conv E into dual space.

Thus, smooth convex extensions provide analytic carriers suitable for differen-
tial extremal analysis.
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The geometric interpretation developed above demonstrates that continuation
structure is encoded not only in functional values but in the lifted convex geom-
etry of epigraph carriers.

Vertex extremality, hull polyhedrality, and extension regularity jointly deter-
mine the stratification, curvature, and differentiability structure of extension ep-
igraphs.

The polyhedral geometry of minimal convex extensions determines not only
the structure of their epigraphs but also the interpolation mechanisms governing
extension values throughout the carrier domain.

Let @ be the minimal convex extension of ¢ on conv E constructed as in
Theorem 2.1. For any point x € conv E, consider an arbitrary convex decom-
position

Convexity of @ implies the interpolation inequality
o) (x)SZﬂ,,.gD(xi ).
i=1

Thus, extension values at interior carrier points are bounded above by affine
interpolants generated by vertex data.

This inequality holds for every convex extension of ¢, not only for minimal ones.

Theorem 2.5. (Convex Interpolation Bound).

Let @ be any convex extension of ¢ on conv E. Then for all x € conv E and for
every convex decomposition of x,

@(x)si/ligo(xi).

Proof. The result follows directly from convexity of @ and the definition of
convex combinations.

The interpolation inequality defines an upper admissibility envelope govern-
ing extension values inside the convex hull. Minimal convex extensions attain the
smallest values compatible with this constraint structure. m

In particular, minimal extensions coincide with the lower convex envelope of
all affine interpolants determined by vertex data.

The extension structure may therefore be described through an extremal in-
terpolation principle: extension values at interior points arise as extremal convex
combinations of boundary data consistent with carrier geometry.

This principle reflects the propagation of discrete functional values into contin-
uous domains via convex hull interpolation.
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A dual description may be formulated in terms of supporting affine minorants. Let
f(x)={a,x)+b

be an affine function satisfying #(x’) < ¢(x') for all i. Then convexity implies
£(x) < O(x) for all x € conv E.

Thus, every convex extension is bounded below by the family of affine supports
compatible with vertex data.

Combining upper interpolation bounds and lower affine supports yields
a two-sided admissibility structure:

((x)<P(x)< ili(p(xi) .

Minimal convex extensions arise precisely when these bounds coincide as
tightly as convexity permits.

This dual bounding mechanism provides a complete geometric characteriza-
tion of admissible convex extensions. Extension values are confined between pol-
yhedral interpolation envelopes determined solely by configuration extremality.

No admissible convex extension may violate these interpolation bounds with-
out contradicting convexity or vertex interpolation conditions.

The interpolation structure described above reveals that the convex hull conv
E acts simultaneously as:

e a geometric carrier domain;
« an interpolation skeleton;
« an extremal support system governing extension admissibility.

The extremality of vertex-located configurations ensures that interpolation
bounds are finitely generated and combinatorially structured.

Strongly convex extensions modify this interpolation geometry by introducing
curvature between interpolation bounds. While satisfying the same vertex con-
straints, strongly convex extensions deviate quadratically from affine interpolants,
producing strictly interior extension surfaces.

Smooth convex extensions further refine this structure by eliminating poly-
hedral nondifferentiabilities while remaining confined within admissibility enve-
lopes.

Thus, all convex extension classes share a common interpolation backbone de-
termined by vertex data, while differing in curvature and regularity of admissible
realizations.

This structural unity underlies extremal estimates derived in subsequent sec-
tions.

The interpolation structure of convex extensions determines not only admissi-
ble functional values but also the differential and variational geometry of exten-
sion surfaces. This structure is most naturally described through subgradients and
normal cones associated with the carrier polyhedron.
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Let @ be a convex extension of ¢ defined on conv E. At each point x € conv
E one defines the subdifferential set

0D(x) ={ge R": O(y =2 D(x) + (g, y — %)}

forally € convE.

Elements of 0®(x) represent supporting hyperplane slopes to the epigraph of
D at x.

The geometry of 0®(x) reflects the local interpolation structure induced by
vertex data.

If x lies in the interior of conv E and @ is differentiable at x, then

0D(x) = {D'(x)}

reduces to a singleton gradient vector.

However, if @ is nondifferentiable at x, the subdifferential becomes a convex set
representing multiple admissible supporting slopes.

Such nondifferentiability arises naturally in minimal convex extensions along
facet intersections of the extension epigraph.

At configuration vertices x* € E, the subdifferential structure is determined
jointly by extension geometry and polyhedral carrier extremality.

Theorem 2.6. (Vertex Subdifferential Structure).

Let @ be a convex extension of ¢ on conv E. Then for each vertex x' € E, 0O (x’)
contains the normal cone of conv E at x'.

Proof. Since x' is an extremal point of conv E, every supporting hyperplane
to conv E at x’ defines a direction of outward normality. Convexity of @ and the
restriction condition @(x’) = ¢(x) imply that supporting hyperplanes of the car-
rier induce admissible supporting hyperplanes of the epigraph at the lifted point
(o, @(x)).

Hence the normal cone of conv E embeds into 0®(x’). m

This result demonstrates that carrier extremality directly influences the varia-
tional structure of convex extensions. Subgradients at configuration vertices in-
herit geometric constraints imposed by polyhedral hull structure.

Thus, vertex-located configurations transmit extremal geometry into differen-
tial properties of admissible extensions.

For minimal convex extensions, subdifferential sets admit a combinatorial in-
terpretation. Each element of 0®(x) corresponds to an affine interpolant deter-
mined by subsets of configuration points generating local supporting facets of the
epigraph.

Hence subgradient multiplicity reflects the number of active interpolation sup-
ports at the given carrier point.

Strongly convex extensions exhibit fundamentally different subdifferential be-
havior.
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Theorem 2.7. (Subgradient Uniqueness for Strongly Convex Extensions).
Let @ be a p-strongly convex extension of ¢. Then @ is differentiable on the
interior of conv E, and for every interior point x,

0D(x) = {D'(x)}.

Proof. The strict curvature imposed by strong convexity eliminates facet de-
generacies, ensuring uniqueness of supporting hyperplanes throughout the car-
rier interior. Consequently, strongly convex extensions possess globally well-de-
fined gradient fields compatible with vertex interpolation constraints. m

Differentiable convex extensions further refine this structure by guaranteeing
gradient continuity. For @ € C', on conv E the gradient mapping x = ®'(x) defines
a continuous field encoding smooth interpolation propagation from vertex data
into the carrier interior.

Higher smoothness classes yield higher-order geometric regularity, including
curvature tensors and Hessian structures governing second-order extremal be-
havior.

The subdifferential geometry of convex extensions may therefore be summa-
rized through the following hierarchy:

 minimal convex extensions — polyhedral subdifferential sets;

« strongly convex extensions — singleton interior subgradients

« smooth convex extensions — continuous gradient fields.

Each class reflects increasing analytic rigidity superimposed on the same vertex
interpolation backbone.

The interaction between subdifferential structure and carrier normal cones
forms the variational foundation for extremal analysis. Supporting hyperplanes,
gradient growth, and optimality conditions are all governed by the geometry of
0D(x) relative to conv E.

This variational structure provides the analytical apparatus required for estab-
lishing extremal bounds and optimization properties of convex

The structural analysis developed in the preceding blocks reveals that convex
extensions on vertex-located configurations are governed by a unified geometric
framework determined jointly by carrier polyhedrality, vertex extremality, and
convex interpolation mechanisms.

Extension structure is therefore not arbitrary but is rigidly constrained by the
geometry of the configuration hull.

A central conclusion of the structural theory is the principle of carrier deter-
minacy: admissible convex extensions are fully confined within geometric and
variational bounds imposed by conv E.

This determinacy manifests simultaneously in three structural layers.

First, epigraph geometry is restricted by the convex hull of lifted vertex data.
No admissible convex extension may possess epigraph facets violating the convex
envelope generated by configuration points.
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Second, interpolation bounds constrain extension values at every carrier loca-
tion. Convex combinations of vertex data generate admissibility envelopes within
which all extensions must lie.

Third, subdifferential structure is governed by carrier normal cones and sup-
porting hyperplanes induced by polyhedral extremality.

These three layers, namely epigraph structure, interpolation bounds, and sub-
gradient geometry, form a mutually consistent structural system encoding contin-
uation admissibility.

Each convex extension compatible with prescribed vertex data must satisfy all
three structural constraints simultaneously.

The extremal rigidity of vertex-located configurations ensures that this struc-
tural system is finitely generated and combinatorially stratified. Carrier facets,
vertex supports, and normal cones together determine admissible extension ge-
ometry throughout conv E.

Thus, discrete configuration extremality propagates into continuous analytic
structure via convex continuation mechanisms.

A comparative view of extension classes reveals how analytic regularity modi-
fies structural realizations without altering admissibility constraints.

Minimal convex extensions realize admissible bounds in polyhedral form.
Their epigraphs are facet-stratified, their interpolation values attain extremal en-
velopes, and their subgradients form polyhedral cones.

Strongly convex extensions preserve admissibility constraints while introduc-
ing curvature. Their epigraphs become strictly convex, interpolation values sep-
arate quadratically from affine bounds, and subgradients become unique in inte-
rior regions.

Differentiable convex extensions refine this structure further by smoothing ep-
igraph stratifications and generating continuous gradient fields compatible with
carrier geometry.

Despite analytic differences, all extension classes remain governed by the same
carrier-determined admissibility system.

Thus, analytic regularization modifies realization but not structural feasibility
of convex extension.

The structural synthesis developed in this section provides the geometric and
variational foundation for extremal analysis of convex extensions.

Since admissible extension values, gradients, and supports are constrained by
carrier geometry, extremal properties of convex extensions must be studied rela-
tive to these structural bounds.

In particular, one may investigate:

« minimal achievable extension values;

« maximal admissible growth rates;

o curvature-induced extremal separation;

« gradient bounds imposed by carrier normals.
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Such questions lead directly to the extremal theory of convex extensions, where
functional inequalities, support characterizations, and optimality conditions are
derived from structural constraints established above.

The transition from structural geometry to extremal functional analysis is
therefore natural and methodologically continuous.

Convex extension constructions also admit a dual variational interpretation.
While primal extension operators propagate interpolation values through convex
envelopes, dual representations propagate admissible subgradient domains deter-
mined by carrier geometry. This dual perspective becomes particularly significant
when analyzing extremal bounds and optimality conditions of convex extensions,
which will be investigated in the following section.

This completes the structural study of convex extensions on vertex-located
configurations.

In the following section, extremal properties of convex extensions will be in-
vestigated, including lower bounds, growth estimates, and sufficient optimality
conditions determined by carrier extremality and interpolation structure.

§2.4. Extremal Properties of Convex Extensions
on Vertex-Located Configurations

Having established the existence of convex extensions and analyzed their struc-
tural properties, we now turn to their extremal analysis. The objective is to derive
lower bounds for the discrete minimum of a function f prescribed on a finite ver-
tex-located configuration E, and to formulate sufficient conditions for a point of
E to be a global minimizer. These results connect the discrete optimization prob-
lem on E with the analytic properties of a convex extension defined on the carrier
polyhedron.

Throughout this section, E = {x', ..., x"} ¢ R" denotes a finite vertex-locat-
ed configuration, IT = conv E its carrier polyhedron, and f: E — R a prescribed
function. A convex extension ¢ : II — R satisfies the interpolation condition
¢(x) = f(x) for every x € E. A fixed carrier point is denoted x € II.

Three classes of lower bounds will be established, corresponding to the three
extension classes of §2.2: a subgradient bound for general convex extensions,
a gradient bound for differentiable extensions, and a quadratic bound for strongly
convex extensions. Each bound sharpens its predecessor by incorporating addi-
tional regularity of the extension.
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Theorem 2.13. (Lower Bound via Convex Extension).
Let ¢ be a convex extension of f from E to II. Then for any point x € IT and any
subgradient ¢ € d¢p(x),

min f (x) 2 ¢(X)+min(g,x - x). (2.3)

Proof. Since ¢ is convex on 17, it satisfies the subgradient inequality: for every
x € ITand g € d¢(x),

o) > o(x) +(g,x—x) forallx eIl
This inequality asserts that the affine function
L) =o(x) + (g, x—x)

is a global affine minorant of ¢ on IT, representing a supporting hyperplane to the
epigraph of ¢ at the point (x, ¢(x)).

We now restrict x to the vertex set E. Since ¢(x) = f(x) for every x € E by the
interpolation condition, the subgradient inequality yields

f(x)2@(x)+{(g,x—x) forallx € E.

Since E is a finite set, we may take the minimum of both sides over x € E. The
left side gives

migf(x),

while the right side gives

<P(9?)+milr91<g,x—7c>,

which completes the proof. m

Remark 2.5. The estimate of Theorem 2.13 is purely geometric: it requires
only convexity of the extension and the interpolation condition, and imposes no
smoothness assumptions. For a fixed choice of x and g, the lower bound is deter-
mined by the minimum of a linear function over the finite set E, which is attained
at a vertex of the configuration. The sharpness of the bound depends on how well
the affine minorant £ approximates f near its minimum: the bound becomes tight
precisely when the supporting hyperplane to epi ¢ at x touches the graph of f at
the minimizer.

The lower bound of Theorem 2.13 yields a sufficient condition for optimality
on the finite configuration. A point x* € E is a minimizer of f on E if and only if
there exist x € ITand g € d¢(x) such that

(g x—x)=2(gx —x)forallx € E,
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and the lower bound (2.3) is attained with equality at x". Geometrically, the affine
minorant € achieves its minimum over E precisely at x, so that x" is simultaneous-
ly a vertex of E and a minimizer of the affine minorant of ¢.

The bound of Theorem 2.13 may be refined when the convex extension is dif-
ferentiable, since in this case the subdifferential reduces to a singleton and the
supporting hyperplane at each carrier point is uniquely determined.

Theorem 2.14. (Lower Bound via Differentiable Convex Extension).

Let ¢ be a differentiable convex extension of f on I1. Then for any point x € II,

migf(x) > go(a_c)+mi£1 (¢'(X),x—X). (2.4)

Proof. Since ¢ is convex and differentiable on IT, its subdifferential at every
point x € IT consists of the single element ¢'(x). The first-order convexity condi-
tion therefore takes the form

P(x) 2 () +(Q'(X),x=X) g all x € 11,

which asserts that the graph of ¢ lies above every tangent hyperplane.
Restricting to the vertex set E and applying the interpolation condition ¢(x) = f(x)
for x € Eyields

f(x)2o(x)+(p'(x),x—x) forall x € E.

Taking the minimum over x € E on both sides yields the stated bound.m

Remark 2.6. The differentiable bound of Theorem 2.14 possesses a more ex-
plicit analytic structure than the subgradient bound of Theorem 2.13, since the
gradient ¢'(x) is uniquely defined and varies continuously with x. This makes
the bound amenable to analytic evaluation and optimization over the choice of
carrier point x. In particular, the sharpest lower bound of the form (2.4) is ob-
tained by solving the auxiliary problem of maximizing

(p(a_c)+mi£1(g0'(9_c),x—9_c) over x € I,

which is a continuous optimization problem on the convex carrier domain.
The sufficient optimality condition admits the same structure as in the convex
case: X € E is a minimizer of fif and only if there exists x €IT such that

(@'(%),x—X) 2((X),x" —X) forallx € E
and equality holds at x = x".
A further refinement is available when the extension is strongly convex, since

strong convexity introduces a quadratic growth term that separates values at dis-
tinct points of the carrier domain.
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Theorem 2.15. (Lower Bound via Strongly Convex Extension).
Let y be a differentiable strongly convex extension of f on II with strong con-
vexity parameter p > 0. Then for any point x € II,

min £(x) 21//(9?)+1}161}31{(y/'(9_c),x—9_c)+(p /2)||x—x||2}. (2.5)

Proof. Strong convexity of  with parameter p > 0 means that for all x, y € I,
y@) 2 y() + W), x =)+ (p2)|Ix = yII*

This inequality strengthens the first-order condition by adding a quadratic
term that measures the uniform separation between the function and its tangent
hyperplane at any carrier point. The graph of v lies strictly above every tangent
hyperplane except at the point of tangency.

We set y = x € IT and restrict x to the vertex set E. Applying the interpolation
condition y(x = f(x) for x € E gives

fx) = y(x) + W), x - X) + (p/2)||x — X||* for all x € E.

Taking the minimum over x € E on both sides yields the stated bound.m

Remark 2.7. The strong convexity parameter p is determined by the construc-
tion of the extension rather than by the configuration alone. When strongly convex
extensions are obtained via the spherical projection procedure of Theorem 2.3, p re-
flects the curvature of the auxiliary function h. The quadratic term (p/2)||x — x||?
yields additional separation between vertex values and the lower bound, and this
separation grows with the dispersion of the configuration E relative to the reference
point x. Consequently, the bound of Theorem 2.15 is most effective when x is cho-
sen near the minimizer and the configuration vertices are well separated. Interior
carrier points generally produce sharper bounds than boundary points, since the
quadratic term is more pronounced away from supporting facets of II.

Remark 2.8. The three lower bounds form a natural hierarchy governed by ex-
tension regularity. The subgradient bound (2.3) requires only convexity and applies
universally. The gradient bound (2.4) requires differentiability and yields a more ex-
plicit and continuous estimate. The quadratic bound (2.5) requires strong convexity
and provides the sharpest separation. Each successive bound refines its predecessor
by incorporating one additional layer of analytic regularity, and the gain in sharp-
ness is directly controlled by the corresponding regularity parameter.

The sufficient optimality conditions associated with Theorems 2.13 through
2.15 admit a unified geometric formulation. For a differentiable convex extension
¢, apoint x* € E is a minimizer of f on E if and only if

¢'(x) € N(x)

for some x € II, where N (x") denotes the normal cone of the polyhedron IT
at the vertex x". This condition asserts that the gradient of the extension at the
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carrier point x must point in an outward normal direction of IT at the minimiz-
ing vertex: the tangent hyperplane to the graph of ¢ at x supports the carrier
polyhedron at x* from the outside. For strongly convex extensions, the normal
cone condition remains necessary and sufficient, and the quadratic curvature
of y ensures that the minimizer is isolated whenever the normal cone at x" is
a proper cone.

These extremal bounds and optimality conditions provide the analytic foun-
dation for optimization constructions on combinatorial point configurations de-
veloped in the subsequent chapters. The lower bound estimates translate analytic
properties of convex extensions into computable certificates for discrete optimal-
ity, while the normal cone characterization reveals the geometric structure of op-
timality in terms of the carrier polyhedron.

§2.5. Convex Extensions of Functions
on a Hypersphere

The theory of convex extensions developed in §§2.2-2.4 rests on the notion of
a vertex-located configuration whose natural carrier is the polyhedron IT = conv E.
The present section addresses a qualitatively different geometric setting, arising
when the prescribed data are supported on a hypersphere rather than on the ver-
tices of a polytope. Convex extensions for functions prescribed on spherically lo-
cated configurations require a different construction, since the hypersphere is not
a convex set: the extension must be defined on a convex domain containing it,
and convexity must be compatible with the interpolation condition on the sphere.

The construction resolves this problem through a penalty-based approach.
A continuous function f prescribed on the hypersphere

S ={xeR" ||x|| =r}
is first extended to the closed ball
B ={xeR"|x|| <r}

via radial projection, and a quadratic penalty term is then added to enforce con-
vexity.

This approach parallels the strongly convex regularization of Theorem 2.3,
though it operates in the reversed direction: whereas in §2.2 a quadratic term was
added to an already convex extension to increase curvature, here the quadratic
penalty is needed to create convexity where none is guaranteed by the radial ex-
tension alone.
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Letf: S — R be a continuous function. A finite subset
E={x', .., x" c S,

will be called a spherically located configuration. It arises naturally as the support
of discrete data sampled from fon the sphere. Since S is not convex, convex exten-
sions of f must be defined relative to a convex carrier domain containing S. The
canonical choice is the closed ball B, which is convex and compact and contains
S as its boundary.

Let f: S, — R be a prescribed function and let D — R" be a convex domain
satisfying S < D.

Definition 2.4. A function F: D — R is called a convex extension of fon S if F
is convex on D and F(x) = f(x) for every x € §.

The set D is called a convex carrier domain for the extension; the canonical
choice is D = B.. There are in general many such extensions, differing in their val-
ues and analytic properties in the interior of the carrier.

Lemma 2.1. (Radial Extension). N

Letf: S — R be a continuous function. The function f: B, — R defined by

f(x) = firx/||x]]) for x € B\{O},

and f (0) = flx), where x* € S is an arbitrary fixed point, is continuous on B \{0}
and satisfies f (x) = f(x) for every x € S. The value f(0) does not affect continuity
on B \{0} and plays no role in the subsequent arguments.

Proof. The radial projection

n:B\0} — S,
given by
m(x) = rx/||x]|,

is continuous on B \{0} since ||x|| > 0 there and the map x - x/||x|| is continuous
away from the origin. Since fis continuous on the compact set S, the composition
f = f o mis continuous on B\{0}. For any x € S one has ||x|| = . So 7(x) = x and
hence f (x) =flx). m 3

The radial extension f is generally not convex on B: the radial projection
distorts distances and can introduce negative curvature into f even when f is
smooth on S . This failure of convexity motivates the penalty construction that
follows.

With fin hand, define the penalty extension

E()=f @+p(lsf -r), xeB, (2.6)

where p > 0 is a penalty parameter.
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The term p(||x||* - 7*) is non-positive throughout B and vanishes exactly on S ;
it contributes a constant positive curvature 2pl to the Hessian of F , which will be
used to compensate the negative curvature of f.

Theorem 2.16. (Existence of Convex Extension on a Hypersphere).

Letf:S — R be a continuous function. Then there exists a threshold p* > 0 such
that for every p = p’ the function F, defined by (2.6) is convex on B, and satisfies
F (x) =f(x) foreveryx € S.

Proof The 1nterpolat10n condition is immediate: for any x € S one has ||x||* =17,
so the penalty term vanishes and Fp(x) f (x) = f(x). This holds for any p >0, so it
remains only to establish convexity for p sufficiently large.

To analyze convexity, we work on the punctured ball B\{0}, where the radial
projection 7 is smooth. Assuming f € C*(S ), the composition f = fo mis C*(B \{0})
as a composition of smooth maps, and the Hessian of F, satisfies

E'(x)=f (x)+2pl

throughout B \{0}.

Since B \{O} is the union of compact annuli {x: § < ||x|| < 7} for § > 0, andf" is
continuous on each such compact set, its smallest eigenvalue attains its minimum
on each annulus.

The curvature of f on any annulus is determined entirely by the curvature of
fon the compact sphere S and the smooth structure of 7 on that annulus; it does
not degenerate as & — 0, since the Hessian of f = f o 7 is controlled uniformly
by the bounded derivatives of f on S. Consequently there exists a finite constant
M 2 0, depending only on fand r, such that

A (F "(x)) = -M for all x € B\{0}.

min

Setting p* = M/2, for every p > p'and all x € B\{0} one obtains
A (F”(x))> -M+2p=>2-M+M=0,

min

so F "(x) is positive semi-definite throughout B \{0}, which implies convexity
of F on this open set. Since F, is continuous on the compact set B, and convex
on the dense open subset B \{0}, it is convex on all of B, by a standard continu-
ity argument. Moreover, for p > p* the Hessian is uniformly positive definite
on compact subsets of B\{0}, so F, is strongly convex on B with modulus 2p
-M

The threshold p’ reflects the worst-case negative curvature of the radial exten-
sion f: the more negative the curvature of on B, the larger the penalty required
to restore convexity. For p > p’ the extension F, is strongly convex with modulus
2p — M, and differentiable on the interior of B, with a unique gradient at every
interior point.
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When a finite spherically located configuration E — S_is specified, the lower
bound estimates of §2.4 apply directly to F, on B, Since F, is a strongly convex
differentiable extension satisfying

F,(x) = flx)

for all x € E, Theorems 2.14 and 2.15 of §2.4 yield a gradient lower bound and
a quadratic lower bound for the discrete min{ f(x) : x € E}, and the sufficient opti-
mality condition is expressed via the normal cone of B, at the minimizer.

Remark 2.9. A configuration E is polyhedrally-spherical if it is simultaneously
vertex-located and spherically located:

E=vertconvENS.

For such configurations, both the polyhedral construction of §2.2 and the pen-
alty construction of the present section are applicable. The polyhedral approach
constructs extensions on the carrier polyhedron II = conv E, exploiting the vertex
structure of E; the penalty approach constructs extensions on the ball B, exploit-
ing the spherical constraint. Both satisfy the interpolation condition on E, but
extend fto different carrier domains with different analytic properties.

For optimization problems where the polyhedral geometry of IT is explicitly
known, the polyhedral extension and the lower bounds of §2.4 are typically more
tractable; when the spherical constraint is the dominant geometric feature, as in
problems involving unit vectors or normalized data, the penalty extension F is
more natural. The choice between the two approaches is determined by the ge-
ometric structure of the problem.

The results of §§2.1-2.5 complete the existence and structural theory of convex
extensions for the three configuration classes introduced in §2.1. Vertex-locat-
ed configurations admit polyhedral, strongly convex, and differentiable exten-
sions on the carrier polyhedron, as established in §§2.2-2.3 and analyzed in §2.4.
Spherically located configurations admit strongly convex differentiable extensions
on the ball via the penalty construction of the present section. For polyhedral-
ly-spherical configurations both types of extensions are available, and the choice
between them reflects the dominant geometric structure of the problem.

The theoretical framework developed in this chapter, comprising existence the-
orems, structural properties, and extremal estimates, constitutes the analytic core
of the monograph. Its application requires that the abstract class of vertex-located
configurations be populated with concrete geometric objects, a task undertaken
in Chapter 3, which introduces the principal combinatorial configuration classes,
establishes their vertex-located and polyhedrally-spherical character, and deter-
mines the explicit polyhedral geometry of their convex hulls.



Chapter 3

Combinatorial Point
Configurations

and Their Polyhedral Geometry

The general theory of convex extensions developed in Chapter 2 was formulated
at an abstract geometric level, independently of the specific origin of the point
configurations involved. Concrete applications of this theory require explicit
classes of vertex-located configurations whose polyhedral geometry is sufficient-
ly well understood to make the extension constructions tractable. This chapter
provides such realizations by introducing and systematically studying five hi-
erarchically related classes of combinatorial point configurations generated by
ordered mappings.

The construction rests on two primitive operations: a coordinate realization
that assigns numerical values to abstract combinatorial elements, and an immer-
sion that transfers families of ordered sequences into point sets in R" (§3.1). This
framework establishes a systematic bridge between discrete combinatorial struc-
tures and finite geometric domains amenable to convex and polyhedral analysis.
Permutation and multipermutation point configurations are introduced in §3.2
as the full-occupancy regime, in which every admissible sequence uses all ele-
ments of the coordinate realization with prescribed multiplicities. Both classes are
unconditionally vertex-located and admit polyhedral spherical representations.
Their convex hulls, the permutohedron and multipermutohedra, are completely
characterized through the face partition correspondence and explicit f-vector for-
mulas in §3.3.

Partial multipermutation point configurations extend the full-occupancy
model by allowing bounded repetitions together with partial coordinate selec-
tion (§3.4). Their convex hulls, the partial multipermutohedra, are studied in
§3.5, where vertex criteria, adjacency structures, and halfspace representations
are established. Partial permutation point configurations constitute the injective
boundary of this class, and their vertex-located character is characterized by
an explicit contiguous-block condition (§3.6). The chapter concludes with un-
bounded configurations and their Boolean specialization, whose convex hulls
are hyperrectangles and which constitute the maximally regular members of the
hierarchy (§3.7).
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Together, the configuration classes introduced in this chapter populate the ab-
stract framework of Chapter 2 with concrete geometric objects. The vertex-locat-
ed and polyhedral spherical properties established here make the full apparatus
of convex extension theory directly applicable to the combinatorial optimization
problems studied in Chapters 4 and 5.

§3.1. Ordered Combinatorial Point Configurations
and Their Euclidean Immersion

Classical combinatorics deals with finite collections of abstract objects defined
through admissibility rules and structural constraints. Permutations, arrange-
ments, combinations, and multisets each constitute a combinatorial class gov-
erned by its own structural rules: whether repetitions are admissible, whether
order is significant, how many elements may be selected. In their abstract form,
such objects carry no metric or affine structure. A permutation is not inherently
a vector, and a combinatorial class is not inherently a point set. The present chap-
ter effects the transition from this abstract combinatorial level to a geometric one,
realizing families of ordered combinatorial objects as finite point sets in Euclidean
space and studying their convex and polyhedral properties.

The study is restricted to ordered combinatorial objects: permutations and ar-
rangements, with and without repetitions, together with their special cases. This re-
striction is motivated by three structural features that make such objects particularly
suitable for geometric realization. Each object is represented as an ordered sequence
of fixed length n; positional information is intrinsic and cannot be discarded without
destroying the objects structure; and the length # is known in advance, determin-
ing the ambient space R". These properties are absent in unordered objects such as
combinations or set partitions, whose geometric realizations, when they exist, require
fundamentally different constructions and fall outside the scope of this monograph.

The combinatorial background for admissible mappings is provided by the
framework introduced by Berge [18], in which a combinatorial configuration is
specified by a feasible mapping

X:B—A,
where B is a finite set of positions, A is an abstract resulting set, and y satisfies

a prescribed constraint system.
In the present study, the position set is the standard index set

J,=1{1,....,n},
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and each feasible mapping defines a single ordered combinatorial object. This ab-
stract framework provides terminological context; the working apparatus is built
on numerical multisets, which simultaneously encode combinatorial structure
and coordinate geometry.

The central object of the framework is a finite numerical multiset that serves as
both combinatorial alphabet and coordinate carrier. Let

G={g"-gp" |

be a finite multiset of real numbers, where g < -+ < g, are pairwise distinct values
and n, n,, ---,n, are positive integers specifying their multiplicities.

Three objects associated with G are used throughout the chapter.

The underlying set S(G) = {g,,....g,} consists of the distinct elements.

The primary specification [G] = (n,, ..., n,) records the multiplicities.

The total multiplicity n = n, + --- + n_= |G| is the number of elements counted
with repetitions.

The multiset G may also be described by its ordered representation

A=(a,s<a),

in which each value g, appears n, times.

When G = S(G), equivalently when all multiplicities equal one, the multiset
reduces to a plain set and # = k.

Definition 3.1. The triple (G, S(G), [G]) consisting of the numerical multiset,
its underlying set, and its primary specification is called the coordinate realization.

The parameters k = |S(G)| and # = |G| are the number of distinct coordinate
values and the total multiplicity, respectively.

Once the coordinate realization G is fixed, the mechanism for transferring or-
dered combinatorial objects into Euclidean space is constructed as follows. An
ordered combinatorial object of length 7 is an ordered selection of n elements
from A subject to prescribed constraints. Such a selection is a sequence

m=(a,..8,), i,....0 € ]n,

where the index sequence (i, ..., i ) satisfies the constraints of the combinatorial
class under consideration.

Each such sequence defines a point in R” by the coordinate assignment
X = (ail, ...,am). This defines the immersion

p:mx=¢(n) e R"

Let IT denote the set of all admissible sequences of length # drawn from A un-
der a fixed constraint system A. Applying ¢ to every element of IT yields the image
set E=o(I) ¢ R

Definition 3.2. The finite point set E = ¢(IT) — R" obtained as the image of the
set of all admissible sequences under the immersion ¢ is called a combinatorial
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point configuration (CPC) generated by the coordinate realization G and con-
straint system A.

A CPC s a collective object. A single sequence 7 corresponds to a single point
x € E and by itself carries no geometric structure. Meaningful geometric proper-
ties such as convex hulls, affine dimension, symmetry, spherical localization, and
polyhedral decompositions arise only at the level of the entire set E. All geometric
analysis in this chapter is performed at this collective level.

Remark 3.1. The immersion ¢ depends on the coordinate realization G but not
on the abstract nature of the underlying combinatorial objects. Affinely equivalent
realizations, related by a linear transformation g = ag + f with « # 0, produce
affinely equivalent configurations with identical combinatorial structure. The ca-
nonical realization G = {1, ..., n} with [G] = (1") is particularly convenient for
explicit computations and is used in §3.3.

Each point x € E carries its own multiset of coordinate values, encoding the
repetition structure of the corresponding sequence.

Definition 3.3. For a point x € E, the multiset G(x) = {x', ...,x } with elements
listed according to their multiplicities in the coordinate vector is called the induc-
ing multiset of x. The multiset

G(E)=|JGx)

x€E

is called the inducing multiset of the configuration E.

Throughout this chapter the condition G(E) = G is assumed.

Three parameters govern the combinatorial class to which a configuration be-
longs: the sequence length n, the total multiplicity # = |G|, and the number of
distinct values k = |S(G)|.

Five principal classes of CPCs arise by varying the constraints imposed on ad-
missible sequences.

Definition 3.4. A CPC E c R" is called a permutation point configuration (PPC)
if G(x) = S(G) for every x € Eand n=n=k.

Every sequence uses each element of S(G) exactly once, corresponding to clas-
sical permutations without repetitions.

The entire PPC is denoted E, or E (G), and its convex hull

II =convE
n n

is the associated permutohedron.

Definition 3.5. A CPC E c R" is called a multipermutation point configuration
(MPPC) if G(x) = Gforeveryx € Eandy=n2>k.

Every sequence uses all # elements of G counted with multiplicities.

When # = k the MPPC reduces to a PPC.

The entire MPPC is denoted E , or E (G), and its convex hull
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II =convE
nk nk

is the associated multipermutohedron.

Definition 3.6. A CPC E c R" is called a partial permutation point configura-
tion (PPPC) it G(x) = S(G(x)) < S(G) for every x € Eand n < n = k.

No repetitions occur within individual points, but not all k values need be used
in each sequence since # < k.

The entire PPPC is denoted E* or E"(G), and its convex hull

IT% = conv EF

n n

is the associated partial permutohedron.

Definition 3.7. A CPC E c R" is called a partial multipermutation point config-
uration (PMPC) if G(x) c G foreveryx € Eandn <, k<.

This is the most general bounded class, allowing both partial occupancy and
bounded repetitions.

A PMPC reduces to a PPPC when 7 = k.

The entire PMPC is denoted E* or E* (G), and its convex hull

I1* =convE!

is the associated partial multipermutohedron.

Definition 3.8. A CPC E c R" is called an unbounded partial multipermutation
point configuration (UPMPC) if coordinates vary freely over S(G) without multi-
plicity restrictions, so that

E=S(G)"=B!

and n, > n for all i. } 5
The entire UPMPC is denoted E,'f or E: (G), and its convex hull

o _ k
Il =convB,

is a hyperrectangle.

Definition 3.9. A CPC E — R" is called a Boolean point configuration (BPC) if it
is a UPMPC with two-element realization S(G) = {b,b.}, b, < b..

The entire BPC is denoted B nz ={b,, b,}", and its convex hull

convB’=[b,b,]"

is the associated Boolean hypercube.

In the canonical realization B’ the configuration coincides with the standard
Boolean cube [0,1]".

The five classes form a coherent hierarchy governed by two structural param-
eters: degree of occupancy and degree of repetition admissibility, summarized in
Table 3.1.
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Table 3.1. Classification of combinatorial point configurations by parameters n, n, k

Class Configuration Polytope Parameters Condition
o Full occupancy,
PPC £,(G) n,(6) n=n=k no repetitions
_ Full occupancy, bounded
MPPC E (G) n,,(G) n=nzk repetitions
PPPC Ek(G) nk(G) n<n= k Partial OCC%JPanCy,
n n no repetitions
~ ~ n<n, Partial occupancy,
PMPC £,(6) (@) k<n bounded repetitions
K - Partial occupancy,
UPMPC BX(6) n=(G) nzn o botinds
Boolean BZ(G) [bI, bz]n k=2 UPMPC W|th t\N.O'element
n realization

The immersion ¢ transfers not only individual combinatorial objects but their
collective structure into Euclidean space. The resulting configurations inherit ge-
ometric properties depending on the constraint class and the coordinate realiza-
tion G. Among these, vertex-locatedness plays a central role: a CPC E is vertex-
located if E = vert conv E, meaning every point of E is a vertex of its convex hull.

§3.2. Permutation and Multipermutation
Point Configurations

Permutation and multipermutation point configurations constitute the full-
occupancy regime of the hierarchy introduced in §3.1: every admissible sequence
of length n uses all n elements of the coordinate realization G with their pre-
scribed multiplicities. This constraint produces configurations whose geometry
is highly symmetric and structurally transparent. The present section establishes
their fundamental geometric properties: affine localization, spherical localization,
vertex-locatedness, polyhedral-spherical representation, hyperplane decomposi-
tions, and adjacency structure. These results serve as the geometric foundation for
all subsequent sections.

Throughout this section the coordinate realization G has underlying set
S(G) = {g, < -~ < g}, primary specification [G] = (n,, ..., ), and total multiplicity
7 =n, + -+ n_= n. The ordered representation is A = (a, < --- < a ), containing
each g exactly n, times. The condition # = n distinguishes full occupancy from the
partial regimes studied in §$3.4-3.6.
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For convenience we set
n .
p— J 5
S; —Z(ai) ,je N.
i=1

The values S, and S, play a central role throughout:

n
=Y,
i=1
n
_ 2
S, —Zai .
i=1

The entire multipermutation point configuration E_(G) = ¢(P,,) consists of
all Euclidean images of sequences that are rearrangements of A. Its cardinality is
given by the multinomial coefficient

n!
P
n, 'nkl

When all multiplicities equal 1, so that [G] = (1") and = k = n, the configura-
tion reduces to the entire permutation point configuration E (G) of cardinality n!,
consisting of all n! permutations of the # distinct coordinate values.

Theorem 3.1. (Affine localization of MPPC).

Every point x € E _(G) satisfies the affine constraint

n
Y=,
i=1

where
n k
Si=)a=)ng, (3.1)
i=1 j=1

Consequently, E_(G) lies in the affine hyperplane
H:{xe R” :in :Sl},
i=1

anddimE_(G)<n-1.
Proof. Every point x € E (G) is a permutation of the ordered representation
A=(a, ..., a). Permuting the coordinates does not change their sum, so

n n
Yx=Ya =5
i=1 i=1

holds for every x € E _(G).
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The hyperplane H is an (n—1)-dimensional affine subspace of R", and in
generic cases the configuration E (G) is full-dimensional within H, giving
dimE (G)=n-1.m

Theorem 3.2. (Spherical localization of MPPC).

Every point x € E _(G) satisfies

n
2 _
Y =s.
i=1
where

n k
S =) =) e (3:2)
i=1 j=1

Consequently, E_(G) is spherically located: it lies on the hypersphere

S,(0) ={xe R" :ixf :Sz},

i=1

centered at the origin 0 € R" with radius r =/, .
Proof. Permuting the coordinates of (a,, ..., a,) does not change the sum of

squares, SO
n n
2 _ 2 _
Yt =Y =
i=l1 i=l1

holds for every x € E _(G). m

Theorem 3.3. (Circumsphere family). The configuration E_(G) lies on the
one-parameter family of hyperspheres, parameterized by a € R, the family of
hyperspheres:

NINOE {xe R": i(xf —a) = r((x)z} (3.3),

i=1

centered at T = (a,...,a) € R" with radius

r(a) =4S, —2aS, +na’. (3.4)

For the circumscribed sphere, the minimum radius holds:

SZ
rmin = r(amin) = SZ __1’
V n

where
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Proof. Expanding

n

Y (x—a)

i=1

and substituting (3.1) and (3.2) gives (3.4) for every point of E_(G).

This is a quadratic in a with minimum at & = =S /n, from which r _ follows
by substitution. m

The center 7= (« ..., « . ) € R"is the centroid of the configuration, and both
the center and the radius are determined entirely by the moments S, and S, of the
coordinate realization G.

Theorem 3.4. (Vertex-locatedness of MPPC). The entire MPPC is vertex-located:

vertIl (G)=E (G),

where I1 (G) = conv E_(G).

Proof. By Theorem 3.2, E_(G) is spherically located. By Theorem 1.1 of Chap-
ter 1, every finite spherically located configuration is vertex-located. Therefore
E (G)=vertIl (G). m

The polytope I1 (G) = conv E _(G) is called the multipermutohedron associated
with G.

In the nondegenerate case

[G] =(17),

when IT (G) reduces to I (G), it is the classical permutohedron.

Vertex-locatedness means that no point of E_(G) can be removed without al-
tering the polytope, making MPPCs natural domains for the convex extension
constructions of Chapter 2: any function

[E(G) —R

can be extended to a convex function on IT (G), with the extension determined
entirely by its values at the vertices.

Theorem 3.5. (Polyhedral-spherical representation).

For any « € R, the entire MPPC admits the representation

E, (G)=II, ﬂsr(a) (o),

where S,(a)(cx) is any sphere from the circumsphere family (3.3).
Proof. By Theorem 3.4,

E (G) c I (G).
By Theorem 3.3,
E (G)c Sr(a)((x)
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for every a. Hence
Enk (G) - an ﬂ Sr(a) (a)

Conversely, let
xe I, (]S, ().

Since x lies on the hypersphere S («), which is a strictly convex surface, and x
belongs to the convex hull

II (G) = conv E_(G),

Theorem 1.1 of Chapter 1 implies that x must be a vertex of IT (G).
By Theorem 3.4,

vertIl (G)=E (G),

sox € E_(G).
Therefore

an msr(a)(a) - Enk (G)’

and equality holds. m

Beyond the global affine and spherical constraints, MPPCs possess a rich inter-
nal stratification into parallel hyperplane layers that encodes combinatorial infor-
mation about the underlying permutation structure.

Theorem 3.6. (Hyperplane decomposition,).

For every subset w — ] with |w| = s, the configuration E _(G) decomposes into
the disjoint union

E,(G)=|J E”,

te TG.s
where

E°=E, (G |x: Y x =t}

and T, is the set of all values attainable by

Y

icw

for x € E (G).
Proof. Each point x € E _(G) has a unique value of

¥

iew
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determined by which elements of G occupy the positions indexed by w. This value
lies in T, by definition, the layers are disjoint, and their union covers E (G). m

The extreme layers, corresponding to the minimum and maximum values
in T are related to supporting hyperplanes of I (G) and correspond to its faces.
These hyperplane decompositions play a central role in the geometric analysis of
§3.3 and provide the structural basis for constructing convex extensions of func-
tions on multipermutation domains.

The edge structure of the multipermutohedron admits a precise combinatorial
characterization. Two vertices x, y € E (G) are adjacent in II (G) if and only if
they are connected by an edge of the polytope.

Theorem 3.7. (Adjacency criterion).

Two distinct points x, y € E_(G) are adjacent in IT (G) if and only if y is obtained
from x by transposing two coordinates x,= ¢ and x,=g withg #¢ ,andnovalueg,
withg <g <g (org <g, <g ) isavailable for simultaneous transfer in the opposite
direction. The degree of every vertex x in the adjacency graph of IT ,(G) equals

R(x) lséﬂnpnq
8,78,

In the nondegenerate case [G] = (1"), every vertex has degree
n(n-1)
S
confirming that the classical permutohedron is a simple polytope with every ver-
tex on exactly n — 1 edges.

Remark 3.2. The geometric properties established in Theorems 3.1-3.7 depend
only on the coordinate realization G and not on the abstract nature of the under-
lying combinatorial objects. Affinely equivalent realizations, related by g = ag + 8
with @ # 0, produce affinely equivalent configurations and multipermutohe-
dra with identical combinatorial structure. The moments S, and S, transform
as S~ aS +nfand S, — a’S, + 2afS, + nf? so the circumsphere center and ra-
dius scale accordingly. In particular, all vertex-locatedness, polyhedral-spherical,
and adjacency results are invariant under affine equivalence.

The results of this section establish the complete geometric framework for per-
mutation and multipermutation point configurations. In the nondegenerate case
[G] = (1), the permutation point configuration E (G) generates the classical per-
mutohedron Hn(G), whose affine localization, spherical structure, adjacency rela-
tions, and face lattice admit an especially transparent description. This canonical
setting is analyzed in full detail in §3.3. When coordinate multiplicities are intro-
duced, the permutation structure undergoes systematic modifications encoded in
the primary specification [G], giving rise to the generalized multipermutohedra
I1 ,(G). The partial occupancy regime, in which sequences use only a proper sub-
set of the available coordinate values, is studied in §§3.4-3.6.
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§3.3. Geometry of the Permutohedron
and Ordered Partitions

The results of §3.2 apply to multipermutation point configurations under an ar-
bitrary coordinate realization G. The present section specializes to the canonical
realization G =] = {1, ..., n} with [G] = (1" = (1,...,1) and 5 = k = n, which corre-
sponds to the nondegenerate PPC regime n = n = k.

In this setting all structural properties of the permutation point configuration
and its convex hull attain their most transparent and complete description. The
entire PPC is denoted E, and the associated permutohedron IT = conv E . All re-
sults of §3.2 apply with n = 1 for all 4, giving

e n(n+1)(2n+1))

S, =) i .

i=1

By Theorem 3.1, E_lies in the affine hyperplane

5 n(n+1)
;xi— S (3.5)

and I1 is a polytope of dimension # — 1 contained in this hyperplane.
By Theorems 3.2 and 3.3, the minimum circumsphere of E, has radius

S n(n+1)(n—-1)
Toin =482 — T 1

n+1 n+1
T=(ot,...,00)=| —,...,——

and center

2 2

By Theorem 3.4, every point of E is a vertex of II , and by Theorem 3.5 the
polyhedral-spherical representation

E,=I1,(S,4 (@)

holds for every sphere from the circumsphere family (3.3).
The irredundant H-representation of IT is given by the affine equation (3.5)
together with the system of inequalities
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1
Y x> S(S; ) (3.6)

jew
wherew ], |w|=s, 1<s<n-1.

Each of the 2" — 2 inequalities in (3.6) is facet-defining. Together with the affine
constraint (3.9) they completely determine I1 as a convex polytope of dimension
n-1.

The edge structure of I follows from Theorem 3.7 with k = n and [G] = (1").
Since all multiplicities equal one, the degree formula (3.8) gives R = n — 1, con-
firming that IT is a simple polytope: every vertex lies on exactly n — 1 edges. The
total number of edges is
(n—1)n!

|edges(Hn)

All edges of II, are parallel to vectors of the form e, — e, where ¢, and e, are
canonical basis vectors in R". By Theorem 3.7 applied to the canonical realiza-
tion, the exchanged values must be consecutive integers m and m + 1 for some
m € {1, ..., n — 1}, so the 1-skeleton of IT is the Cayley graph of the symmetric
group S generated by adjacent transpositions.

By Theorem 3.6, for any subset w < J with |w| = s the configuration E, decom-
poses into exactly C’ non-empty layers. Each layer E* consists of all permutations
in which the values occupying the positions indexed by w sum to t. The extreme
layers, corresponding to

s(s+1
_s(s+D)
2
and
, s(2n—s+1)
= 5 ,

are vertex sets of faces of IT and are each in bijection with a direct product E X E,__
of two smaller permutation point configurations.

The complete face structure of IT is governed by a fundamental combinatorial
correspondence. Recall that an ordered partition of ] is a sequence of nonempty
pairwise disjoint subsets (B,, ..., B)) whose union is ] . The number r of blocks is
the type of the partition. One partition is a refinement of another if each block of
the coarser partition is a union of blocks of the finer one.

Theorem 3.8. (Face-partition correspondence).

There is a bijection between the faces of IT and the ordered partitions of J .
Under this bijection a face F of dimension d corresponds to an ordered partition
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of J into n — d blocks. In particular, vertices correspond to ordered partitions
into n singleton blocks, edges correspond to partitions containing exactly one
block of size two, facets correspond to partitions into exactly two blocks, and IT,
itself corresponds to the trivial one-block partition.

Proof. A face F of II arises when a compatible family of the inequalities (3.6)
becomes simultaneously active. Compatibility means the corresponding index
sets form a chain

wccw .

Each such chain decomposes ] into m + 1 successive difference blocks
B =w,B=w\w,...B  =]\o .

Within each block B, the coordinates carry the same relative range of values
and may be permuted freely among the block positions; the relative order between
blocks is fixed.

The dimension of F equals the total number of free transpositions, which is

Y (

Setting r = m + 1 gives dim F = n — r. The one-to-one correspondence between
chains of subsets of ] and ordered partitions of ] establishes the bijection. m

The geometric content of this correspondence is transparent. An ordered par-
tition (B,, ..., B)) specifies a partial ordering of the coordinate positions: positions
in B, carry the |B,| smallest coordinate values, positions in B, carry the next |B,|
smallest values, and so on. Within each block the values may be distributed freely,
while the relative order between blocks is fixed. The corresponding face is itself
a permutohedron of dimension

|IB|-1+-+|B|-l=n—-r

Br

-1 =n—-(m+1).

in its own affine hull.

Remark 3.3. The face lattice of II , ordered by inclusion, is anti-isomorphic
to the refinement lattice of ordered partitions of J . Refining a partition (splitting
blocks) corresponds to passing to a lower-dimensional face, whereas coarsening
(merging consecutive blocks) corresponds to passing to a higher-dimensional
face.

Theorem 3.9. (f-vector of the permutohedron).

The permutohedron II is a simple polytope of dimension 7 — 1. The number
of d-dimensional faces is

fUI)=(n-ad)\S(n,r),d=0,1,...,n-1, 3.7)

where S(n, r) is the Stirling number of the second kind.
In particular, II has n! vertices, (n — 1)n!/2 edges, and 2" — 2 facets.
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Proof. Simplicity follows from Theorem 3.7 applied to [G] = (1"), giving degree
R =n - 1. By Theorem 3.8, d-dimensional faces of IT correspond to ordered par-
titions of J into n — d blocks.

The number of such partitions equals (n — d)! S(n, n — d), which is the classical
formula for ordered Stirling numbers.

For d = 0: fo = n!S(n, n) = n!, confirming |E | = n!.

Ford=n -2 (facets): f ,=2!S(n,2)=2"-2. =

The normal fan of IT has an equally transparent combinatorial description.
The normal cone of a face F corresponding to an ordered partition (B , ..., B)) con-
sists of all vectors ¢ € R" such that ¢=¢ whenever i, j belong to the same block B,
and ¢, > ¢, whenever i € B and j € B with r <.

The normal fan of I is therefore the braid arrangement of hyperplanes {x, = x}
in R" its n! full- dlmensmnal chambers correspond to total orders on J , and 1ts
codimension-r cones correspond to ordered partitions into r blocks.

Remark 3.4. The braid arrangement structure makes II a generalized permu-
tohedron: every deformation of I1 that preserves the normal fan structure yields
a polytope whose vertices are indexed by permutations and whose edges remain
parallel to e, — e. The multipermutohedra IT, of §3.2 are precisely such deforma-
tions, obtained by rescaling the right-hand 51des of (3.6) according to the multi-
plicity structure of G.

The ordered-partition correspondence becomes concrete in small dimensions.

For n =3, the permutohedron I1, is a regular hexagon in the plane x +x, +x,=6
in R®. It has 6 vertices, 6 edges, and 6 facets (in its 2-dimensional affine hull these
are the 6 edges of the hexagon). The 6 ordered partitions of J,= {1, 2, 3} into 3 sin-
gleton blocks correspond to the 6 vertices; the 6 ordered partitions into 2 blocks
correspond to the 6 edges.

For n = 4, the permutohedron I1, is a truncated octahedron in the hyperplane
X, +x,+x,+x,=10in R*. Tt has 24 vertices, 36 edges, and 14 facets (6 squares
and 8 hexagons), and is a simple 3-dimensional polytope. Formula (3.7) confirms:

f,=41=24, f =3.24/2=36, f,=2!-5(4,2)=2-7 = 14.

When coordinate repetitions are present in G, that is, when [G] # (1"), the
ordered-partition description extends to multipermutation configurations and
generalized permutohedra. Several ordered partitions may correspond to the
same geometric face of IT : if n. > 1 for some i, then transpositions of two coordi-
nates carrying the same value g, do not change the point and do not correspond
to edges of IT .

The number of edges decreases from (n — 1)n!/2 to R|E ,|/2 with R given by
formula (3.8), and the face lattice of IT , is a quotient of the face lattice of IT by the
equivalence induced by the primary specification [G].

The results of this section establish a complete combinatorial-geometric mod-
el of the permutohedron. The ordered-partition correspondence, the f-vector
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formula, the normal fan structure, and the hyperplane stratification together
form a self-contained description of I that serves as the canonical reference for
all subsequent polyhedral constructions. In the following sections the analysis is
extended to partial configurations, where partial occupancy and bounded repeti-
tions introduce additional combinatorial structure.

§3.4. Partial Multipermutation Point
Configurations

The configurations studied in §§3.2-3.3 are characterized by full occupancy: every
admissible sequence of length n uses all elements of the coordinate realization G
with their prescribed multiplicities. The present section introduces partial mul-
tipermutation point configurations, which generalize the full-occupancy regime
by allowing sequences to select n elements from a multiset G of total multiplicity
n > n, subject to bounded repetition constraints. This generalization produces
a rich and stratified geometric structure that interpolates between the permuto-
hedral regime of §3.2 and the product configurations of §3.7.

Throughout this section the coordinate realization G has underlying set
S(G) = {g, < -** < g}, primary specification [G] = (n,, ..., ), and total multiplicity
H=n++n>n

The condition 7 > n distinguishes the partial regime from the full-occupancy
case of §3.2. Each admissible sequence selects n elements from the ordered rep-
resentation A = (4, < -+ < a ) subject to the constraint that element g, appears at
most n, times. The case n, = 1 for all 4, so that # = k, corresponds to partial permu-
tations without repetitions and is studied separately in §3.6.

The set of all admissible sequences is denoted P*. Applying the immersion ¢ to
P*yields the entire partial multipermutation point configuration

Ef(G) = (p(ﬁ:) cRR".

The PMPC E :(G) reduces to the MPPC E (G) when 7 = n, and to the PPPC E,
“(G) when 1 = k. The case . > n for all i leads to the UPMPC B! treated in §3.7. Thus
E:(G) interpolates between these extremal classes according to the structure of [G].

Geometrically, a PMPC may be thought of as a union of MPPC strata, each
lying in its own affine hyperplane and on its own hypersphere, assembled together
into a higher-dimensional point set that no longer sits in a single hyperplane or on
a single sphere. The organizing principle of this assembly is the repetition vector:
a combinatorial label that records how many times each coordinate value appears
in a given point, and thereby determines which stratum that point belongs to.
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Formally, each point x € E n"(G) is associated with its repetition vector
a(x) = (a,, ..., &), where «, is the number of coordinates of x equal to g. Every
admissible repetition vector satisfies

k
Zoc,. =n0<o, <n,.
i=l1

The set of all such vectors is denoted A(G, n). For a fixed a € A(G, n), the set
of all points x € E:(G) with a(x) = a is called the a-stratum and is denoted V. It
consists of all permutations of the vector containing a, copies of g, for each i, and
is therefore an MPPC generated by the sub-multiset G, =(g}",...,g;* ).

Theorem 3.10. (Stratum decomposition of PMPC).

The entire PMPC decomposes into a disjoint union of strata:

EG= |J V,.
ae A(G,n)

Each stratum V_is an MPPC of the form Enﬁ(Ga), where 8 = {i: a, > 0} is the
number of coordinate values actually used. In particular, each stratum is ver-
tex-located and spherically located.

Proof. The repetition vector a(x) is well-defined for each x E:(G) and takes
values in A(G, n). The strata are disjoint by definition of a(x) and their union
covers E :(G). Every point with repetition vector « is a permutation of the vector
containing &, copies of g, so V, = E (G ).

By Theorem 3.4 applied to this sub-MPPC, each stratum is vertex-located. By
Theorem 3.2, each stratum is spherically located. m

Depending on a, the strata corresponding to different repetition vectors lie in
different affine hyperplanes

k k
in = Zaigi
i=1 i=1
and on different hyperspheres
k k
Y =)ag
i=1 i=1

Consequently the PMPC as a whole is not contained in any single affine hyper-
plane or hypersphere, in contrast to the full-occupancy MPPC.

Having identified the internal structure of E*(G), we turn to its cardinality.
Since the strata are disjoint and each is an MPPC with a known cardinality for-
mula, the total count follows by summing over all admissible repetition vectors.

For each a € A(G, n) the stratum V_has cardinality

n!
Loy 1
ol !
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Summing over all admissible repetition vectors gives

~ n!
|E,(G)|= —
aeAZ(G,n) al l . ..ak |
The minimum cardinality is attained when all n =1, that is, in the PPPC re-
gime (1 = k), giving
k!

|En(G)|=(k_n)!-

The maximum is attained when 7, > n for all i, giving
EXG)] =K',

corresponding to the UPMPC B".

The cardinality therefore satisfies

k!
(k—n)!

and varies monotonically with the repetition bounds encoded in [G]. Both bounds
coincide with n! in the full-occupancy PPC regime k = n.

Theorem 3.11. (Hyperplane decomposition of PMPC). For any subset o < ],
with |w| = s, the configuration E'(G) decomposes as

ElG= |J EGH.,»

te A(G,n)

<ENG)<K",

where t ranges over all values attainable as partial sums
Y
1
i€ew
forx e E f(G).
The minimum and maximum admissible values are

N

Lw:ng’

=
Uy= ) &
j=k—s+1

where g < -+ < g _is the ordered sequence of elements of S(G) subject to multi-
plicity bounds. N
Proof. Each point x € E :(G) has a unique partial sum

i€

so the decomposition into layers is disjoint and covers EX(G).
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The minimum L is achieved by assigning to positions w the s smallest available
values subject to multiplicity bounds; the maximum U, by assigning the s largest.
Both extremes are attained by admissible repetition vectors. m

The extreme layers

Ey (G H 40

and

Ey (G Hyo

lie on supporting hyperplanes of conv E*(G) and correspond to faces of the con-
vex hull. The overall decomposition combines two complementary mechanisms:
the combinatorial stratification by repetition vectors (Theorem 3.10) and the ge-
ometric stratification by hyperplanes. Their interaction governs the full polyhe-
dral structure of the configuration and is the primary tool in the analysis of §3.5.

The stratification and hyperplane decompositions prepare the ground for the
vertex analysis of the convex hull conv EX(G). In the full-occupancy case every
configuration point is a vertex of its polytope. For PMPCs this is no longer true in
general: points from different strata may be expressible as convex combinations
of one another. The following necessary condition identifies which repetition vec-
tors can possibly correspond to vertices, providing a combinatorial filter that will
be sharpened into a complete criterion in §3.5.

Theorem 3.12. (Necessary condition for vertexhood).

A pointx € E:(G) with repetition vector « = a(x) is a vertex of conv E f(G) only
if a is extremal in A(G, n): there is no pair of distinct vectors 8, y € A(G, n) such
that o = (8 + y)/2.

Proof. If a = (8 + y)/2 for some 8 # y in A(G, n), chooseany y € V,andz € V.
The midpoint (y + z)/2 has coordinate i-marginal (8, + y)/2 = «, for each i. By
a symmetrization argument, one can choose y and z so that x = (y + z)/2, showing
that x is not a vertex of conv E :(G). [

The converse does not hold in general: extremality of « is necessary but not
sufficient for vertexhood. A complete characterization of vertices of conv E:(G)
is given in §3.5.

Remark 3.5. PMPCs inherit a natural symmetry structure from their coor-
dinate realizations. Any permutation of coordinate indices is an isometry of R"
mapping E(G) onto itself, so the symmetric group S, acts on E*(G) by coordinate
permutations. A PMPC is centrally symmetric when the realization G is symmet-
ric about its weighted mean

_1¢
a‘ﬁ;nigi’
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meaning that for every g € S(G) the reflected value 2a — g also lies in S(G) with
the same multiplicity bound.

The combinatorial and stratification analysis developed in this section provides
the foundation for the polyhedral study of PMPCs. The stratum decomposition
(Theorem 3.10) identifies the internal building blocks of E:(G), the cardinality
formula quantifies their collective size, the hyperplane decomposition (Theo-
rem 3.11) reveals the layered geometric structure, and the necessary vertex con-
dition (Theorem 3.12) prepares the ground for the complete vertex characteriza-
tion. The convex hulls of PMPCs, their vertex structure, adjacency relations, and
H-representations are analyzed in §3.5.

§3.5. Partial Multipermutohedra

The stratification and hyperplane decompositions established in §3.4 provide the
combinatorial foundation for studying the convex hulls of partial multipermu-
tation configurations. The present section introduces and analyzes the class of
partial multipermutohedra, which arise as convex hulls of PMPCs and form a rich
family of polytopes interpolating between classical permutohedra and hyperrec-
tangles. The central results concern the vertex criterion, the adjacency structure,
and the H-representation of these polytopes.

Throughout this section the coordinate realization G has underlying set
S(G) = {g, < -+~ < g}, primary specification [G] = (n, ..., n,), and total multiplicity
1 > n. The convex hull of the entire PMPC is denoted

ﬁn"(G) = conv E:(G)

and is called the partial multipermutohedron associated with G and n.

By construction IT (G) = R" is a convex polytope whose combinatorial and
facial structure depends on #, k, and the full primary specification [G], making
the family of partial multipermutohedra considerably richer than that of classical
permutohedra.

Theorem 3.13. (Dimension of the partial multipermutohedron).

The partial multipermutohedron I1"(G) has dimension n if and only if the set
of coordinate sums

{Zk:aigi {04 A(G,n)}

contains at least two distinct values. This holds whenever k > 2 and the mul-
tiplicity bounds do not force a unique repetition vector. When all coordinate
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sums coincide, IT n"(G) has dimension at most n — 1 and reduces to a multiper-
mutohedron.

Proof. If the coordinate sums take at least two distinct values then the affine
hull of £(G) is not contained in any hyperplane

in =c, (3.8)
i=1

so the affine dimension of IT :( G) is not restricted by a coordinate-sum constraint.
The coordinate permutation symmetry then forces the affine hull to be all of
R", giving
dim I1 :(G) =n.
If all coordinate sums coincide, all points of E*(G) lie in the hyperplane (3.8)
dim ﬁ:(G) <n-1

and the polytope reduces to the multipermutohedron of the unique stratum. m
Degenerate cases arise when the repetition structure forces a unique distribu-
tion, for instance when G consists of a single value with sufficient multiplicity. In
such situations IT :(G) may reduce to a single point. In the generic case k > 2 with
at least two distinct coordinate sums, IT%(G) is a full-dimensional polytope in IR".
The vertex structure of ﬁf(G) is more subtle than in the full-occupancy case, be-
cause not every point of £(G)) is necessarily a vertex of the convex hull. Theorem
3.12 of §3.4 established a necessary condition: the repetition vector of a vertex must
be extremal in A(G, n). The following theorem provides a complete characterization.
Theorem 3.14. (Vertex criterion for PMPC).
A point x € E:(G) with repetition vector & = a(x) is a vertex of IT nk(G) if and
only if there exists a vector ¢ = (c, ..., ¢,) € R" such that the linear function

n
{c,x) = ch.xi
i=1

is strictly maximized over E f(G) at x and at no other point.

Proof. The condition is equivalent to x being an extreme point of conv EN(G).
By definition, x is a vertex of IT(G) if and only if it cannot be written as a convex
combination of other points of ﬁnk(G).

Since EX(G) is finite, this is equivalent to the existence of a strictly separating
linear functional. If a(x) is extremal in A(G, n), choose generic strictly ordered
coefficients ¢, > --- > ¢ . Then {c, x) is uniquely maximized over En"(G) by the lex-
icographically largest arrangement of the coordinates of x, which is x itself when
the ordering is chosen appropriately. Conversely, if a(x) is not extremal, Theo-
rem 3.12 shows x lies in the relative interior of a segment connecting two config-
uration points, so it is not a vertex. B
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In particular, every point x € E f(G) whose repetition vector a(x) is a vertex of
the polytope conv A(G, n) (regarded as a subset of R*) is a vertex of ﬁn"(G). For
PPPC strata (1 = k, all multiplicities one) every point is a vertex by this criterion,
consistent with the fact that PPPCs are vertex-located within their own strata.

The criterion of Theorem 3.14 admits an equivalent geometric formulation in
terms of supporting hyperplanes. A point x € EX(G) is a vertex of II(G) if and
only if there exists an affine hyperplane

H={y e R"(c.)=(c, )}

such that {(c, y) < {c, x) for every y € EXG) with y # x.

This hyperplane supports I1%(G) at x, separating it from all other configuration
points. Geometrically, x is a vertex precisely when it occupies an exposed extreme
position within the polytope: the supporting hyperplane touches IT *(G) atx alone.
This characterization makes clear why vertexhood depends on the repetition vector
rather than on the coordinate ordering: two points with the same repetition vec-
tor « lie on the same sphere and in the same affine hyperplane, so no single linear
functional can separate one from the other; only points whose repetition vectors are
genuinely extremal in A(G, n) can be isolated by supporting hyperplanes.

Having characterized the vertices, we turn to the edge structure of IT n"(G). Two
distinct vertices x, y € E nk(G) are adjacent in 11 :(G) if the segment [x, y] is an edge
of the polytope. Adjacency in partial multipermutohedra admits two qualitative-
ly different types depending on whether x and y belong to the same stratum or
to different strata.

Theorem 3.15. (Adjacency criterion).

Two distinct vertices x, y € E*(G) are adjacent in IT*(G) if and only if one of the
following holds:

(i) Intra-stratum adjacency. x and y belong to the same stratum V_and y is ob-
tained from x by transposing two coordinates x, = g and x, = g with g = ¢ , sub-

! J q p
ject to the condition that no other configuration point lies on the segment [x, y].

(i) Inter-stratum adjacency. x € V_and y € V, with a # 3, and the repetition
vectors o and S differ by a single unit transfer: f =« —1andf =a + 1 for some
p # g, with all other components equal, and 0 < 8, < n, for all i. Furthermore, y is
obtained from x by replacing one coordinate equal to g by g .

Proof. By the standard edge criterion, [x, y] is an edge of I1 *(G) if and only
if there exists a linear functional strictly maximized over 11 k(G) on [x, y] and at
no other point. In the intra-stratum case the analysis reduces to the stratum, and
Theorem 3.7 of §3.2 applies directly.

In the inter-stratum case the repetition vectors differ; a single unit transfer is
the minimal admissible change by the integrality of A(G, n). Any larger change
would imply an intermediate admissible repetition vector y = (a + )/2 € A(G, n),
which would place a configuration point in the relative interior of [x, y] and con-
tradict the edge property. m
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Intra-stratum edges are parallel to vectors of the form e, - ¢, (inherited from the
permutohedron structure of the stratum), while inter-stratum edges are parallel
to vectors of the form e(g - ¢ ) at the position where the coordinate replacement
occurs. The degree of a vertex x with repetition vector a equals the number of ad-
missible unit transfers, that is, the number of ordered pairs (p, q) with « > 0 and
a_ < n_. This number varies across vertices, so the adjacency graph of I1%G) is in
general non-regular.

This non-regularity distinguishes partial multipermutohedra from classical
permutohedra, where every vertex has the same degree n — 1. The variation in
degree reflects the combinatorial richness of the partial setting: vertices near the
boundary of the admissible repetition region A(G, n) have fewer neighbours,
since fewer unit transfers are available without violating the multiplicity bounds,
while vertices in the interior of A(G, n) have the maximum number of admissible
transfers and thus the highest degree. The adjacency structure induced by these
two types of edges provides the combinatorial skeleton from which the facial
structure of II*(G) is built. In particular, the H-representation derived below can
be understood as an analytic encoding of the same information: each inequality
in the system corresponds to a family of parallel supporting hyperplanes whose
active sets define faces of the polytope.

A complete analytic description of IT(G) is provided by its H-representation.
The bounds L and U introduced in Theorem 3.11 of §3.4 determine the facial
inequalities of the polytope.

Theorem 3.16. (H-representation of partial multipermutohedron).

A point x = (x, ..., x ) € R" belongs to 11 nk(G) if and only if it satisfies the sys-
tem of inequalities

L,<Y x<U,, oc],1<|o<n, (3.9)
where

@

szzgj’

j=1

k
U,= g
j=k=]ol+1

are the minimum and maximum partial sums from Theorem 3.11,and g, < - < g,
is the ordered sequence of elements of S(G) with appropriate multiplicity bounds.
The inequalities for |w| = n reduce to the bounds on the total coordinate sum.
Proof. Every point x € E :(G) satisfies (3.9) by definition of L_and U as ex-
tremes over the configuration. Since 11 :(G) = conv E ;(G) and the constraints
are linear, they hold for all convex combinations, so an(G) is contained in the
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polytope P defined by (3.9). Conversely, any extreme point of P satisfies a maxi-
mal active subset of (3.9) and can be identified with a permutation of an admissi-
ble repetition vector, hence belongs to E:(G). Therefore P = IT :(G). [ |

Not all inequalities in (3.9) are facet-defining; some may be redundant depend-
ing on n, k, and [G]. In extremal regimes the representation simplifies: for PPPCs
(17 = k) the bounds reduce to those of the classical partial permutohedron; for UP-
MPCs the inequalities decouple into coordinate-wise bounds g, < x, < g, yielding
the hyperrectangle representation of §3.7.

The H-representation (3.9) reveals the geometric essence of the partial multi-
permutohedron. Each inequality

L,<) x,<U,

iew

encodes a constraint on how coordinate values may be distributed among the
positions indexed by w: the partial sum over any subset of positions is bounded
above by the maximum achievable with the s largest admissible values, and below
by the minimum achievable with the s smallest. This is the analytic counterpart of
the combinatorial stratification of §3.4: the hyperplane layers H, of Theorem 3.11
are precisely the level sets of the partial sum function

¥

icw

and the extreme layers correspond to the active inequalities in (3.8) that define the
facets of I1"(G). In this sense the H-representation is not merely a formal descrip-
tion but a direct reflection of the two-level decomposition structure - combinato-
rial by repetition vectors, geometric by hyperplane layers — that was established as
the organizing principle of the entire section.

Remark 3.6. The partial multipermutohedron IT(G) is centrally symmetric
when the realization G is symmetric about its weighted mean

1
a—E;nigi.

for every g € S(G) the reflected value 2a — glies in S(G) with the same multiplicity
bound 7.,

Under this condition the mapping x = 2a - 1 — x, where 1 denotes the all-ones
vector in R, is an isometry of R" that maps I1(G) onto itself. Centrally symmet-
ric partial multipermutohedra admit antipodal vertex pairs and a correspond-
ingly regular edge structure, whereas the asymmetric case may exhibit strongly
non-uniform adjacency graphs.

The polyhedral analysis of this section completes the geometric characterization
of partial multipermutation point configurations. Starting from the stratum de-
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composition of §3.4, we have established the dimension of IT nk(G) (Theorem 3.13),
a complete vertex criterion (Theorem 3.14), a two-type adjacency characteriza-
tion (Theorem 3.15), and an explicit H-representation (Theorem 3.16). Together
these results demonstrate that partial multipermutohedra form a rich and flexible
class of polytopes generalizing classical permutohedra in multiple directions. In
the following section we consider the injective specialization of this framework,
corresponding to the absence of coordinate repetitions, which leads to partial
permutation point configurations and partial permutohedra with a structurally
simpler description.

§3.6. Partial Permutation Point Configurations

The present section studies partial permutation point configurations (PPPCs),
which constitute the injective specialization of the partial multipermutation
framework: every admissible sequence selects n elements from the coordinate
realization G without repetitions. This constraint produces configurations with
a structurally simpler polyhedral description than the general PMPC, yet richer
than the classical PPC. PPPCs occupy a central position in the hierarchy between
full permutation configurations (k = n) and general partial multipermutation
configurations (1 > k).

Throughout this section the coordinate realization G is a plain set of pairwise
distinct real numbers:

G=8(G)={g <<gh [Gl=(,..,1), n=k, k>n.
The set of all admissible sequences consists of all injective mappings
n:] — S(G)
and the entire PPPC is
E:(G) = go(Pnk) cR"

Its cardinality equals the number of arrangements of # elements from k without
repetition:

k!
(k—n)!’

E; (G)|=

This is the lower bound in the cardinality inequality of §3.4, confirming that
PPPCs are the minimal-cardinality members of the PMPC family for given n
and k.
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Since all multiplicities equal one, the admissible repetition vectors are exactly
the 0 — 1 vectors « € {0,1}* with

Since all multiplicities equal one, each point x € EX(G) uses exactly n distinct
elements of S(G). The subset T = G(x) < S(G) of coordinate values of x has car-
dinality exactly #» and determines which stratum the point belongs to. Denoting
by V. the set of all points x € E :(G) whose coordinate values form exactly the
subset T, that is

V.={x e ENG): G(x) = T},

every point of E(G) belongs to exactly one such stratum, and the strata are pair-

wise disjoint. Since every n-element subset T'c S(G) is realized by some point of

E :(G), the union over all C;" subsets T of size n covers the entire configuration:
EG= | v

Tc S(G),|T|=n

Each stratumV is a PPC generated by the sub-realization T and is therefore
vertex-located and spherically located by Theorems 3.4 and 3.2. The partial per-
mutohedron is

H:(G) = conv E:(G).

Unlike MPPCs, the PPPC is not contained in a single affine hyperplane: differ-
ent strata have different coordinate sums

o(T)= Zgl.‘

g€l

Consequently IT(G) is a full-dimensional polytope in R" for k > 1, in contrast
to the classical permutohedron which has dimension n — 1.

Theorem 3.17. (Vertex criterion for PPPC).

Apointx € E :(G) is a vertex of I1 nk(G) if and only if the omitted set S(G) \ G(x)
forms a contiguous block in the ordered sequence g < - < g,. The number of
vertices of an(G) equals (n + 1)!, independently of k > n + 1.

Proof. Sufficiency. Suppose

S(G)\ G(X) = {gp o gy}

is a contiguous block, so G(x) consists of the remaining n values of S(G).
Choose a vector ¢ € R" with strictly decreasing components ¢, > -+ > c . The
linear function

<C’y> = ici Vi
i=1
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over EX(G) is maximized by assigning the largest available coordinate value to the
position with the largest weight c , the next largest to c,, and so on.

Among all n-element subsets T < S(G), the subset T' = G(x) yields the larg-
est value of (c, y) because G(x) contains the n values of S(G) that are not in the
omitted contiguous block. Since the components of ¢ are strictly decreasing, this
maximizer is unique, so x is a vertex of an(G).

Necessity. Suppose S(G) \ G(x) is non-contiguous: there exist g < g < g with
8y &€ G(x) and g € G(x). Replacmg g, in G(x) by g, yields a point y € E, KQG),
and replacmg g, by g yields z € EXG). By choosing approprlate permutatlons of
coordinates one can arrange that x = (y + z)/2, so x is not a vertex of IT :(G)

To count the vertices: contiguous blocks of size k — n in the ordered set S(G)
begin at positions g, g,, ..., g,,,» giving exactly n + 1 blocks regardless of k. Each
block corresponds to n! orderings of the selected n values. Therefore

‘vertnf (G)‘:(n+1)n!:(n+1)!. [ ]

For k> n+ 1 only (n + 1)! of the k!/(k — n)! configuration points are vertices of
IT(G); the remaining points lie in relative interiors of faces and are expressible as
convex combinations of vertex points.

Theorem 3.18. (Vertex-locatedness of PPPC).

The configuration E f(G) is vertex-located, that is,

ENG) = vert ITNG),

ifand onlyif k =n + 1.

Proof. By Theorem 3.17, the number of vertices of IT nk(G) equals (n + 1)! for
any k > n + 1, while
k!

(k-n)!"

These two quantities coincide if and only if

1 (G)|=

o n)' =(n+1)!,

which holds ifand only if k=n + 1. m

Remark 3.6. The extremal case k = n + 1 admits an alternative characteriza-
tion via coordinate projection. The configuration E""'(G) consists of all n-tuples
obtained by removing one element from the (n + 1) element set S(G) and permut-
ing the remaining » elements. The map that appends the missing element as the
(n+1)-th coordinate, using the affine relation

n+l

K = 2 —Zx

establishes a bijection between E:”(G) and the full PPCE _ (G).
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Since E,_,(G) is vertex-located (Theorem 3.4) and the projection is affine, E:“(G)
is vertex-located as well. This projection approach also provides an explicit meth-
od for constructing convex extensions on E:”(G) from extensions on E _ (G),
which is exploited in Chapter 4.

Theorem 3.19. (Adjacency criterion for PPPC).

Two distinct vertices x, y € E :(G) are adjacent in IT nk(G) if and only if one of the
following holds:

(i) Intra-stratum adjacency. x and y belong to the same stratum V_ and y is
obtained from x by transposing two coordinates x, = g and x; = g, with no other
configuration point on the segment [x, y].

(ii) Inter-stratum adjacency. x € V. andy € V. with T # T",and T"is obtained
from T by replacing one element ¢ € T by one element g € S(G) \ T, with y ob-
tained from x by replacing one coordinate equal to g by g .

Proof. This is the specialization of Theorem 3.15 to [Gi =(1,...,1). In case (i),
Theorem 3.15 (i) applies directly. In case (ii), the repetition vectors a(x) and a(y)
differ by a single unit transfer: § =a —1=0and § =« +1=1. Since all multi-

q
plicities equal one, no intermediate vector y = («a + /5q)/2 lies in A(G,n) (as it would
require half-integer components), confirming the edge property. m

The degree of a vertex x € V. inII :(G) equals (n — 1) + n(k — n): the first term
counts intra-stratum edges and the second counts inter-stratum edges (n positions
each offering k — n replacement values). The adjacency graph is non-regular in gen-
eral, but in the extremal case k = n + 1 every vertex has degree (n — 1) + n=2n— 1.

Theorem 3.20. (H-representation of partial permutohedron).

A point x € R" belongs to IT(G) if and only if

k
Yo <Yxs ¥ g o), =l
j=1

icw j=k—s+1

> (3.10)

where g' < --- < g is the ordered sequence of elements of S(G).
Proof. This is the specialization of Theorem 3.16 to [G] (1,...,1). With all mul-
tiplicities one, the minimum partial sum

and maximum

are achieved by assigning the s smallest (resp. largest) values of S(G) to positions w.
There is no affine equality constraint on the total sum since different strata have
different coordinate sums, preserving full-dimensionality of II(G). m
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The facial structure of II f( G) reflects the interaction of two combinatorial
mechanisms: ordered partitions of coordinate indices (as in the classical permu-
tohedron) and admissible selections of subsets of S(G) (the occupancy structure).
This dual layer makes the face lattice substantially more complex than that of IT ,
though many qualitative features are inherited. A complete description of the face
lattice is deferred to Chapter 4.

The class of partial permutation point configurations is thus characterized by
a clear separation between the vertex criterion (Theorem 3.17) and vertex-locat-
edness of the configuration as a whole (Theorem 3.18): individual vertices are
identified by the contiguous-block condition, while the configuration is vertex-lo-
cated only in the extremal case k = n + 1. This distinction is essential for the con-
vex extension constructions of Chapter 4, where the vertex-located case k =n + 1
admits fully explicit analytic schemes via the projection technique of Remark 3.6.
In the following section we consider the limiting case in which repetition con-
straints are removed entirely.

§3.7. Unbounded Configurations
and Boolean Point Sets

The configuration classes studied in preceding sections were governed by explicit
multiplicity bounds: each element of the coordinate realization G could appear at
most 7, times in any admissible sequence. The present section removes all such
bounds, allowing each coordinate position to take any value from S(G) inde-
pendently of the others. This limiting operation yields the simplest and most reg-
ular configurations in the hierarchy, yet they play a foundational role as reference
models, bounding domains, and limiting cases that clarify the scope of the results
obtained earlier.

Let G be a coordinate realization with S(G) = {g, < --- < g} and k > 2. The un-
bounded regime is obtained by setting n, > n for every i, so that the repetition
constraints become inactive. The set of admissible sequences then consists of all
mappings

m ] — S(G)
without any injectivity or multiplicity restriction. As defined in §3.1 (Defini-

tion 3.8), the resulting point configuration is called an unbounded partial multi-
permutation point configuration (UPMPC) and is denoted

BXG) =S(G)" = ¢(P7) = R".
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Each of the n coordinates independently ranges over the k values of S(G), giv-
ing cardinality k". In the PMPC framework of §3.4, the UPMPC arises as the case
where all multiplicity bounds are at least n, which causes the cardinality to reach
its maximum value k".

Theorem 3.21. (Structure of UPMPC).

The UPMPC B! has cardinality |B| = k" and its convex hull is the hyperrectangle

I1*(G) = conv B:(G) =[gh gl" (3.11)

The vertices of I1(G) are precisely the 2" points whose every coordinate equals
either g, 0rg, that is,

vert II"(G) = {g,, g}" = BXG).

Proof. The cardinality k" follows since each coordinate independently takes k
values. Since every x € BY(G) satisfies g, < x, < g for all i, we have

Bi(G) g, 8"

The corners (gp-- .,gl) and (gk,. . .,gk) both belong to Bf(G), SO conv B:(G) -) [gl, gk]”,
establishing (3.11). The vertices of the hyperrectangle [g, g,|" are precisely its 2"
corners. All such corners belong to B :(G) since {g, g} < S(G).

Any point x € BY(G) with some coordinate x, = g for 1 <j <klies in the relative
interior of an edge of IT1*(G), hence is not a vertex. m

Theorem 3.21 identifies the vertices of IT1°(G): they are exactly the points of
the Boolean sub-configuration B nz(G). This is the vertex criterion for UPMPC. The
question of vertex-locatedness of the configuration B'(G) itself is separate and has
a precise answer.

Theorem 3.22. (Vertex-locatedness of UPMPC). The configuration B:(G) is
vertex-located, that is,

B:(G) =vert II"(G),

if and only if k = 2.
Proof. By Theorem 3.21,

vert IT*(G) = {g,, g}" = BX(G).
The condition
BX(G) = vert IT*(G)
therefore holds if and only if
BX(G) = BX(G),

that is, S(G) = {g,, g}, which is equivalent to k = 2. For k > 2 the configuration
B:(G) contains points with intermediate coordinate values g].(l <j < k) that lie in
the relative interior of faces of IT1*(G) and are therefore not vertices. m
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Theorem 3.23.
(H-representation of hyperrectangle). A point x € R" belongs to I1*(G) if and
only if

g'<x<g (3.12)

i k

for everyi e J .

This system of 2n inequalities is irredundant: each defines a facet of I1(G).

Proof. The hyperrectangle [g,, g,]" is the intersection of the 2n half-spaces in (3.12).
Removing any inequality strictly enlarges the feasible set, so the system is irredundant.
Each inequality is active on a face of dimension #—1, confirming that it is a facet. m

A structural feature distinguishing UPMPCs from bounded configurations is
that the shape of I1"(G) depends only on the extreme values g and g,, regardless
of intermediate values. The intermediate values g, ..., g, , contribute additional
non-vertex points to BX(G) lying in the interior of faces of IT*(G), but do not
change the polytope itself. The hyperplane decompositions of §3.4 (Theorem 3.11)
take their most regular form here: for any w ] every admissible partial sum ac-
tually occurs, each layer is isomorphic to B (G), and the layer structure is uni-
form in contrast to bounded configurations.

The most important special case is the Boolean configuration. By Definition 3.9
of §3.1, the UPMPC with two-element realization

S(G)=1{b,b,}, b, <b,
is called a Boolean point configuration, denoted
BXG) =1{b,, b}".

By Theorem 3.22 it is the unique UPMPC subclass that is vertex-located. Its
convex hull

conv BX(G) = [b,, b,]"

is the Boolean hypercube, affinely equivalent to the unit cube [0,1]".

Theorem 3.24. (Structure of Boolean configuration,).

The Boolean configuration B(G) is vertex-located and centrally symmetric
about the center ¢ = ((b, + b,)/2) - 1. Its convex hull is an n-dimensional hypercube
with 2" vertices, n2"! edges, and 2n facets.

Proof. Vertex-locatedness follows from Theorem 3.22 with k = 2. The f-vector
of the n-dimensional hypercube is standard. Central symmetry: the realization
{b,, b,} is symmetric about (b, + b,)/2, so the map

xw (b, +b)-1-x
sends each vertex of B nz(G) to its antipodal vertex. m

Two vertices x, y € B*(G) are adjacent in [b,, b,]" if and only if they differ
in exactly one coordinate, which under the identification bl =0, b2 <> 1 is the
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Hamming adjacency condition. The adjacency graph of B(G) is therefore the
n-dimensional hypercube graph with uniform vertex degree n.

Remark 3.7. The uniform degree n of the hypercube graph contrasts with the
non-uniform degrees in bounded configurations (Theorem 3.15). The regularity
of BX(G) follows directly from full coordinate independence: any one coordinate
may be flipped independently of the others.

Boolean configurations admit a polyhedral-spherical representation. All 2"
vertices of [b, b,]" lie on the sphere centered at ¢ with radius r = ((b, —b,)/2) Jn:

BX(G)=[b"."]"[S,- (3.13)

This is the polyhedral-spherical representation (Theorem 3.5) in the two-level
case. For general BX(G) with k > 2 the configuration is not spherically located, but
the vertex subset B*(G) — B f(G) still satisfies (3.13).

Remark 3.8. The hyperrectangle IT"(G) = [g,, g,]" serves as a natural bounding
box for all bounded configurations in the hierarchy. Since IT (G) < I1°(G) and
H (G) C I1(G), any convex function defined on IT ,(G) restrlcts to an adm1551ble
extension on the sub- polytopes. This bounding- box property will be exploited
systematically in Chapter 4.

The following table consolidates the principal configuration classes, their poly-
topes, and key geometric properties.

Table 3.2. Configuration classes and their polyhedral realizations

Class Conf.igu- Polytope Param- Vertex-located Geometry
ration eters

PPC E (G) 1(G) n=n=k yes Permutohedron
MPPC E (G) n.(G n=nzk yes Multipermutohedron
PPPC EXG) 14(G) n<n=k iff k=n+1 Partial permutohedron
PMPC EH(G) ( ) n<n,k<n | stratum-wise | Partial multipermutohedron
UPMPC BX(G) 1=(G) nzn iffk=2 Hyperrectangle
Boolean | BX(G) [b,b,]" k=2 yes Hypercube

The unbounded configurations B :(G) and their Boolean specialization B;(G)
complete the hierarchy of combinatorial point configurations. Their simple poly-
hedral geometry, explicit H-representation, and transparent vertex and adjacency
structure establish them as the maximally regular members of the hierarchy and
as natural reference models for the convex extension theory of Chapter 4.

The configuration classes introduced in this chapter populate the abstract
framework of Chapter 2 with concrete geometric objects. Vertex-locatedness
holds unconditionally for permutation, multipermutation, and Boolean configu-
rations, stratum-wise for partial multipermutation configurations, and for partial
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permutation configurations if and only if the sequence length equals the ground
set cardinality plus one. The polyhedral-spherical representations identified for
full and Boolean configurations provide the geometric carriers on which strongly
convex and differentiable extensions are realized, while the projection technique
available in the extremal partial permutation case supplies an explicit construc-
tion route for that boundary class.

The vertex-located and polyhedral-spherical properties established here make
the full apparatus of convex extension theory directly applicable to the combina-
torial optimization problems studied in Chapters 4 and 5. The explicit polyhedral
descriptions of the carrier polytopes, together with the adjacency and vertex crite-
ria developed for each class, supply the structural data required for the construc-
tive extension schemes and extremal ordering principles of Chapter 4.






Chapter 4

Extremal Properties and Convex
Extensions on Combinatorial
Point Configurations

The geometric framework developed in Chapter 3 establishes that multipermu-
tation, partial permutation, and unbounded configurations are vertex-located
and admits explicit polyhedral descriptions of their convex hulls. This makes the
convex extension theory of Chapter 2 directly applicable to functions defined on
these configurations. The present chapter realizes this applicability concretely,
constructing explicit extension schemes and deriving extremal principles govern-
ing discrete optimization on combinatorial domains.

The chapter opens with constructive convex extension schemes for functions
on full multipermutation point configurations (§4.1). Polynomial, quadratic, and
strongly convex extensions are built explicitly, transferring discrete optimization
problems to convex geometric domains without destroying their extremal struc-
ture. Building on this foundation, extremal ordering rules are derived for linear,
separable, and distance-type objectives in §4.2, establishing which combinatorial
arrangements minimize or maximize such functions over multipermutation con-
figurations. The analysis is then extended to general functions via convex contin-
uation arguments in §4.3, where optimality conditions are formulated in terms of
the gradient structure of the extension.

The second part of the chapter addresses partial configurations. For partial
permutation point configurations, extremal properties of separable and quadratic
functionals are established via exchange mechanisms and reductions to classical
assignment problems (§4.4), and lower bounds for convex extensions are derived
together with sufficient optimality conditions (§4.5). Unbounded partial multi-
permutation configurations are treated in §4.6, where explicit convex extension
schemes are constructed by exploiting the hyperrectangular geometry of their
convex hulls. The chapter concludes with special subclasses admitting particularly
explicit analytic schemes via projection techniques (§4.7).

Together, the results of this chapter establish a systematic correspondence be-
tween combinatorial geometry and convex analysis. The extension schemes and
extremal ordering principles developed here provide the analytic foundation for
the optimization methods constructed in Chapter 5.
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§4.1. Convex Extension Schemes on
Multipermutation Point Configurations

We begin by transferring the convex extension framework developed in Chapter 2
to combinatorial point configurations generated by numerical realizations of or-
dered combinatorial objects.

We consider a finite numerical multiset

G:{gfl,...,g,fk}cR,

inducing a multipermutation point configuration (MPPC) of length n. The values
8p -+ & are assumed to be pairwise distinct and ordered in strictly increasing
order, g, < - < g,, while the multiplicities satisfy n + n, + -+ +n,=n.

The MPPC generated by G is denoted E, (G) — R" and consists of all coordinate
permutations of the multiset G.

For analytic constructions, it is convenient to pass to the expanded ordered
representation of the multiset. Listing all elements of G with repetitions and ar-
ranging them in nondecreasing order, we obtain

<en <
a<--<a,

where each value g appears exactly n_times.

The ordered sequence (a,,...,a,) represents the expanded realization of the
multiset G in which each support value g appears according to its multiplicity 7 .
This representation will be used throughout the analytic constructions that follow.

Since the point configuration E (G) is vertex-located (Theorem 3.4), its points
coincide with the vertices of its convex hull, namely the multipermutohedron

I (G) =convE (G)cR"

Consequently, the theory of convex extensions developed in Chapter 2 is di-
rectly applicable to functions defined on any convex superset X containing E_(G),
in particular on

X=1I (G).
To avoid cluttering formulas, we will henceforth use the abbreviated notations
Enk = Enk(G)’ an = an(G)

The theory established there, however, is existential in nature. It ensures the
possibility of extending functions while preserving convexity properties, but it
does not provide explicit analytic constructions of such extensions. For applica-
tions in extremal analysis and discrete optimization, constructive realizations are
essential, since practical estimates, stability analysis, and optimization procedures
require concrete extension formulas rather than abstract existence results.
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For this reason, in the present section we focus on constructive schemes for
convex extension on MPPCs. To obtain analytically tractable constructions, we
restrict attention to polynomial functions defined on E ,. Polynomial functions
form an algebraically stable class that is closed under addition, multiplication,
and symmetrization operations induced by permutation structures. These clo-
sure properties make polynomial models especially suitable for constructive
continuation procedures: extension operators are developed first for elementa-
ry monomials and then composed to handle more complex functional forms.
Moreover, the extremal theorems for general objective functions established in
the following paragraphs rely on continuation structures first built for polyno-
mial models.

Let f(x) be a function defined on the MPPC E , under the assumption that
0<a<-<a,

In what follows we restrict attention to the case where f admits a polynomial
representation in the coordinate variables. For this, we use a form of f(x) as a sum
of monomials of degree m:

flx)= chllFl,(m; (%),

where
(m) _ I
E™ (=[]~

and the summation is taken over all multi-indices {Zp e ln} such that l1 +..+ ln =m
and [ > 0 for all i.

It should be noted that symmetric polynomials take constant values at all
points of E . This property follows from the invariance of coordinate multisets
under permutations. In particular, for any integer m > 1 one has the power-sum
identity

in'” = Zai'”.
i=1 i=1
In particular, isolating any single term from this identity yields:

n n
m __ m _ m
Y
k=1 k=1
k#i

Hence all power sums remain constant across all points of MPPCE .

We now show that monomials with negative coefficients can be represent-
ed, on the MPPC E , as linear combinations of monomials with non-negative
coefficients supplemented by additive constants arising from invariant iden-
tities.

Let P(ll,. . .,ln) denote the set of all permutations of the exponent vector (ll,. . .,ln),
wherel +...+1 =mand [ >0 forall i.
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Then for x € E _, the symmetric identity holds

n

ki _ q(m)
Hxi _/’l‘ll,u.,ln’

(ks ok, )e P(L e l,) i=1

where the constants are

SR VI 1
1t
(Ky ok )E P(Lse.l,) =1

Consequently, for points x € E , any monomial with negative sign may be
rewritten as

(m) _ (m) (m)
—F (x)= Z E) ('x)_ﬂ’kl,...,k,,'

(ol V2 (K oo ok)

These invariant relations imply that any symmetric polynomial combination re-
duces to a constant on the configuration. As consequence, monomials with nega-
tive coefficients may be represented through sums of monomials with nonnegative
coeflicients supplemented by additive constants determined by invariant identities.

Therefore, it suffices to construct convex extensions for monomials with non-
negative coeflicients.

We therefore proceed to an explicit constructive scheme for convex extensions
of monomials defined on E , with 0 <a <---<a_ onto the non-negative orthant of
the Euclidean space RZ .

For each monomial Fll(m; (x) we construct a convex function 1511('"3 (x) such
that

E" (x)=F") (x) forxeE,, (4.1)

13,]("1; (x)20 for xe RZ,. (4.2)

The construction of convex extensions proceeds inductively with respect to the
degree m, beginning with elementary monomials and extending stepwise to high-
er-degree products.

For m = 1, one obtains linear monomials of the form

Fll(AlA).ln (x) :El(.liln (x)= Xis

where lj= Ll =0Vie]/{j}
Linear terms are convex on R without modification.
Let m = 2. For quadratic monomials, consider products of the forms

E” (x)=x0.if | =2,
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F(z), (x)=x,x,if =1, =Li#]

We should note that the points x € E , satisfy the relations

1

1
X, X, =5((xi +xj)2 —x; —sz.) =

1 n
:5 (xi+xj)2+zxsz_l2(§.).40 ’ (4.3)

s=1

s#i,j

2

Let us denote the function on the rlght hand side of (4.3) by w(z) (x).
Since xe R, for x € E , we have

X X; = max{O,wsz) (x)}.

Let us consider the functions

E? (x)=x,if |, =2,
E?) (x)=max{o,w” (x)}, if [ =1 =1,i#].

One verifies that for x € E , holds
E” (x)=F?, (x)20,

where [ +... +1 =2.

Assume convex extensmns E ;. (x) are constructed for m and satlsfy (4.1)-(4.2)
for all monomials F, 5, (x) of degree m foranyl +...+1[ =

We now construct a convex extension Fz( ,H) (x) of degree m+1forl +...+1
=m+l.

We will choose any j for which [ > 1. Then

EU (0 =x,F" (6

Using

1
uv=5 (u+v) —u’>—v?)
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and invariant identities, one obtains on E , the representation

(m+1) — (m) —
El.m..zn (x) =x; El,ﬂj(lj—l)..,ln (x)=

1 ) .
O B WP =By, P}

1 - n
— (m 2 2 (2) (2)
- 5 (xj +El.u(1j—1)...l,, (x))" + in _)“20..‘0 T 202000,
i=1

i#]j

(m) 2
i Z (Pil:nu.l]—l...z“)(x)) (4.4)
(kyeock )Pl o, T L)

Denote the right-hand side of the expression (4.4) by w™*"(x). This function is
convex on R, .
Since
77 (m) _ pim)
El...(ljfl)”.ln (x)= El.”(qu).Jn (x)
on E_ by the inductive hypothesis, one verifies directly that
0" (x)=E"" (x)

forallx € E , , so the interpolation condition (4.1) is satisfied at step m+1.
Since the monomial Fz](mzﬂ) (x) is nonnegative on R?ZO}, then for x e E,,

ﬁzl(m;l) (x)= max{O,a)WH) (x)}zo_

Proceeding inductively, one constructs convex extensions for monomials of ar-
bitrary degree and for polynomial functions on the MPPC.

The constructions above guarantee convex extensions of functions defined
on E . However, in many extremal problems convexity alone is insufficient to
ensure uniqueness and stability of minimizers.

For this reason it is useful to strengthen the continuation so that the resulting
extension becomes strongly convex.

The strongly convex extension is based on the following augmentation prin-
ciple. Let F(x) be any convex extension of a function prescribed on E . Suppose
there exists a strongly convex function h(x) such that

h(x)=0forallx € E .
Then, for any p > 0, the function
¥Y(x) = F(x) + ph(x)
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is a strongly convex extension of the original function, because adding a strongly
convex term preserves strong convexity, while the vanishing condition guarantees
interpolation on E .

For MPPC:s, a natural choice of such a vanishing curvature term is induced by
the quadratic power-sum invariant

n n
Zx? =Zai2, x€E,.
i=1 i=1
Define
n n
_ 2 2
h(x)= le. Zai .
i=1 i=1

Then h(x) =0onE .
The function

i=1

is strongly convex on R" with modulus 2 since its Hessian equals 21 .
Subtracting the constant

n
2
>
i=1

does not affect the Hessian, so h(x) is strongly convex with the same modulus.
Therefore,

‘P(x)zl:“(x)+p(ixf —iaf], p>0,

is a strongly convex extension on the carrier domain and coincides with the orig-
inal function on E ,. The parameter p controls the curvature intensity and can be
used to strengthen extremal stability without changing the prescribed configura-
tion values.

The constructions above provide convex and strongly convex extensions on
nonnegative carrier domains, but they are generally nonsmooth due to truncation
operators and curvature augmentation.

In applications where differentiability is required, an alternative construction
becomes desirable. Such a construction is available under the strict positivity as-
sumption @, >0, i € ] and is based on logarithmic linearization of multiplicative
invariants. We now turn to this smooth extension scheme.

Assume that all elements of the generating multiset are strictly positive so
that all configuration points lie in the strictly positive orthant R’ . Under this
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assumption, additional invariant relations arise that are unavailable in the merely
nonnegative case.

To construct a differentiable convex extension for a monomial Fll(.m“; (x) onE
we can offer the following approach. "

Let us denote

Since for points x€ E,, c R,
[T
i=1 i=1
then the equality is as follows
n
Zln x, =Inp.
i=1
Hence, assuming

m:ili, W =max/,

i€],

we have

E" (x)= exp[zzi Inx, jz
i=1

= eXP(ulnﬁ—Z(#—li)lnxi ]= BT T~
i=1 i=1

This function is infinitely differentiable on R’ and coincides with the original
monomial on the MPPCE .

Convexity follows from the fact that the logarithm of the extension is an aft-
ine function of logarithmic coordinates, while the exponential mapping preserves
convexity under such transformations.

Thus, for strictly positive configurations, monomials admit smooth convex
extensions constructed through logarithmic linearization of multiplicative invar-
iants. By linearity, convex extensions of arbitrary polynomial functions are ob-
tained by finite summation of the corresponding monomial extensions. The re-
sulting extensions are smooth on R’ and coincide with the original polynomial
on the configuration carrier.
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This logarithmic construction complements the inductive nonsmooth scheme
developed earlier. While the inductive method is universally applicable, including
degenerate configurations containing zero coordinates, the logarithmic scheme
provides differentiable convex extensions under strict positivity assumptions,
thereby enriching the analytic extension framework available for MPPCs. Togeth-
er, the two constructions form a complete constructive framework for convex ex-
tension of polynomial functions on MPPCs across both nonnegative and strictly
positive carrier domains.

In the quadratic case, the continuation can be written in an explicit closed form
using symmetric invariants of the configuration, without relying on iterative trun-
cation. This explicit representation is also important in applications, since many
discrete optimization models involve quadratic objectives. For these reasons, we
now examine quadratic functions separately as a transparent special case of the
general continuation scheme.

Consider a quadratic function defined on the configuration by

flx) = (Cx, x) + (b, x),

where x = (x',.. X ) € R, b= (bl,. . .,bn), and C is a symmetric n x n matrix.
To construct a convex extension of f to the whole space R", we exploit quadratic
identities that hold for all points x € E . In particular,

n n
2 _ 2 2
=YY
k=1 k=1
k#i

and

1 n n
ixixJ.:E (xiixj)2+2xi—2a,f J1<i<j<n.
k=1 k=1

k#i,j

Using these identities and performing equivalent transformations of the quad-
ratic form, we obtain the convex extension

jf(x):f(x)w[}n:xf —iaf }

where the coefficient by is chosen as

r= ¥ el X

ic; <0 i<j
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Equivalently, the extension admits the canonical representation
f () =(Cx,x)+ (byx) +4,
with

C=C+ylLd=-yYa.

i=1

Since the correction term
2 2
i=1 i=1

vanishes on E . one has f (x) =flx) forallx e E . N

Moreover, Cis positive definite by construction, hence f is strongly convex on R".

The extension constructions developed above transform functions defined on
discrete configurations into convex functions on continuous domains.This trans-
formation is fundamental for extremal analysis, because convexity allows one to
apply tools of continuous optimization to problems originally posed on discrete
combinatorial structures.

In the next two paragraphs, we turn to the investigation of extremal properties of
functions defined directly on MPPCs. Particular attention will be devoted to linear,
separable, and quadratic objective functions, as well as to general convex extremali-
ty principles induced by permutation symmetries and vertex-located structure.

§4.2. Extremal Properties of Special Functions
on Multipermutation Point Configurations

In this section we study extremal properties of functions defined on multipermu-
tation point configurations (MPPC), continuing the convex-extension framework
developed in §4.1. While convex extensions allow optimization problems to be
transferred to convex geometric domains, many extremal properties can be ana-
lyzed directly on the configurations themselves.

Within the hierarchy of combinatorial point configurations introduced in
Chapter 3, MPPC form the most general permutation-type class generated by
numerical multisets with prescribed multiplicities. Permutation point configura-
tions arise as the nondegenerate case corresponding to unit multiplicities, so the
extremal principles established below apply to both settings and are formulated in
terms of the expanded ordered sequence of the inducing multiset.
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Let G = {a,...,a } be the inducing numerical multiset generating the configu-
ration. Listing its elements with repetitions and arranging them in nondecreasing
order, we obtain the expanded ordered sequence

a<--<a. (4.5)

The multipermutation point configuration induced by G consists of all vectors
x = (x,...,x,) obtained by permuting the ordered sequence (a,,...,a,) among co-
ordinate positions. In what follows, we use the abbreviated notation E , = E (G).

The central structural feature exploited throughout this section is that ex-
tremality criteria for vertices of IT , can be expressed through ordering relations
between coordinates and objective coeflicients, leading to explicit rearrange-
ment-type solutions.

We begin with linear objective functions. Despite their apparent simplicity, lin-
ear models play a foundational role in the theory. Extremal properties of linear
functions on multipermutation configurations generate explicit ordering rules of
rearrangement type and form the analytic basis for subsequent estimates of mini-
ma of convex and strongly convex functions on multipermutohedra.

Consider a linear function

l(x) =ici X, (4.6)

where ¢ = (cl,. . .,cn) € R", and the optimization problem

min /(x).

x€ E,

Without loss of generality, assume that the elements of the inducing multiset
are ordered as (4.5).

The solution is given by the following permutation rearrangement rule, which
plays a central role in the extremal analysis of broader function classes considered
below.

Lemma 4.1. (Permutation rearrangement rule for linear functions)

Let #(x) be a linear function in the form (4.6) defined on the multipermutation
point configuration E ,. Then the minimum of £(x) over E , is attained at a point
x = (x;, o xn*) corresponding to a permutation (711, e 71”) of {1, ..., n} such that

¢, ¢, (4.7)

ﬂ-|

=
IA
A\
=

T=An (48)
with
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Proof. Consider an arbitrary point x € E . Suppose there exist indices p and g
such that c,>c and x,>X

Let x be obtained from xﬁi)y swapping the p-th and g-th coordinates, that is, fcp =X,
5cq = xp,while all other coordinates remain unchanged. Then

I(x) - I(x) = (cp - cq)(xp - xq).

Since c,—c,> 0 and x, =X < 0, it follows that £(X) < €(x) .

Thus, whenever a larger coefficient corresponds to a larger coordinate value,
swapping the coordinates strictly decreases the value of the linear function. Re-
peating this operation finitely many times yields a point for which coeflicients or-
dered nonincreasingly correspond to coordinates ordered nondecreasingly. This
process terminates when no inversion ¢, > ¢ with x> x_remains, which is equiva-
lent to conditions (4.7)-(4.8). Such a point realizes the minimum of £(x) on E . m

Corollary (Linear minimum on the multipermutohedron)

The minimum of a linear function over the multipermutohedron IT , = convE ,
is attained at the same permutation point x* that minimizes the function over the
configuration E .

Proof. Since I, is the convex hull of the finite set E , and £(x) is linear, its min-
imum over IT  is necessarily attained at a vertex of the polytope. m

Beyond its geometric meaning, Lemma 4.1 admits an important interpretation
in discrete optimization. The problem of minimizing a linear function over E
may be viewed as a special case of the assignment problem, where coefficients c,
play the role of positional weights and the elements a, represent assignable values.

In this interpretation, the permutation rule corresponds to an optimal assign-
ment obtained by matching the largest coefficients with the smallest available val-
ues. This establishes a direct connection between extremal properties of linear
functions on multipermutation configurations and classical combinatorial opti-
mization models.

The importance of this connection lies in the fact that similar assignment-type
mechanisms arise in the analysis of broader function classes. In particular, separa-
ble convex functions and certain quadratic objectives may often be reduced to lin-
ear extremal problems through local linearization or decomposition arguments.

Remark 4.1. The permutation rule for linear functions is purely combinatorial
and does not depend on convexity assumptions. Nevertheless, it plays a crucial
role in convex analysis, since linear functions arise naturally as supporting func-
tionals and first-order approximations of convex and strongly convex objectives.

The extremal principle established for linear objective functions extends nat-
urally to a significantly broader and practically important class of optimization
problems. In many applications, the objective admits a separable structure, in
which the contribution of each coordinate is described by an individual one-di-
mensional function. Such models remain closely aligned with the permutation
structure of the feasible set and naturally lead to assignment-type formulations
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while preserving the possibility of explicit extremal characterization under suita-
ble structural assumptions.
We therefore consider objective functions of the form

f=Yf ) (@9)

where each function f: R — R is defined on the real line.

Optimization problems with separable objective functions arise in numerous
applications and admit a natural interpretation in terms of assignment and allo-
cation models. The extremal ordering principle established for linear objectives
extends naturally to this broader setting: although coordinate contributions be-
come nonlinear, their separable structure preserves the permutation symmetry of
the feasible set while incorporating curvature effects into the extremal analysis.

Denote by P(n) the set of all permutations of {1, ..., n}.

Lemma 4.2. (Separable minimization as an assignment problem).

Let the function f(x) given by (4.9) be defined on the multipermutation point
configuration E_ . Then

min ()= min ) (@)
where the minimum on the right is taken over all permutations 7 = (7, ..., ,) of
{1,...,n}.

Proof. Every point x € E, is obtained by assigning the values a -, a, to the
coordinate positions 1, ..., n according to some permutation 7 = (711, oy 7'[”), SO
thatx, = a,. Therefore

f=Y f )= fa,).

Since E | is finite and every point corresponds to some permutation 7= (7, ..., 7,),
minimizing fover E_is equivalent to minimizing
nk

Y fa,)

over all permutations 7 € P(n). m
Corollary. (Rearrangement ordering for nondecreasing separable functions).
Suppose, in addition to the assumptions of Lemma 4.2, that each component
function f, is nondecreasing on the set of admissible coordinate values {a , -+, a }.
Then the minimum of f(x) over E , is attained at a point x'= (x, ..., x_) corre-
sponding to a permutation (T[l, - nn) of {1, ..., n} with

xniz a, i=1,...,n,
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such that
fr(@)z -2 f, (a,). (4.10)

Proof. By Lemma 4.2, the minimum is attained at the permutation 77'= (n; y ey TL)

n
minimizing
n
E r] i (aﬂ‘ )
i=1

Suppose the optimal assignment n" violates condition (4.10): there exist posi-
tlonspandqsuchthatxp—a >a =x butf(a)<f(a).
Consider the point x obtained by swapplng these two coordinate values, that is,
xp =a, X = a_, with all other coordinates unchanged.
The cqhange in objective value is

&) - fx) =f(a) +f(a) - f(a) - f(a).

Since f, and f are nondecreasing and a_ > a, we have fp (a) = ]; (a) and
f (a) f (a). Combmed with the inversion assumpt1on f (a) < f (a) this gives

fa)=f(a)>f(a)=f(a),

hence fP (a)+ fq (a)< fp (a)+ fq (a), 50 f(x) < flx"), contradicting the optimality of x".
Therefore no inversion exists, and condition (4.10) holds. m
Remark 4.2. In the linear case f() = ¢, ¢, condition (4.10) reduces to

ca=-2c a.
ﬂnrl

| 1

Since the a, are ordered nondecreasing, this is equivalent to the coefficient or-
deringc >+ >c_of Lemma 4.1. Thus the Corollary of Lemma 4.2 recovers the
linear rearrangement rule as a special case.

The class of separable functions provides a natural extension of the linear
case and already covers a wide range of practically relevant objectives. Within
this broader functional family, quadratic models occupy a distinguished position
due to their transparent geometric interpretation and their close connection with
distance-based optimization problems. Rather than analyzing general quadratic
forms, we focus on a structurally transparent subclass given by distance-type ob-
jectives.

Specifically, we consider the problem of minimizing the Euclidean distance
from an external point to the multipermutation point configuration. This formu-
lation admits a direct geometric interpretation in terms of nearest-vertex projec-
tion onto the multipermutohedron and provides a natural bridge between permu-
tation extremality and polyhedral distance geometry.

Letc= (cl, Cpovos cn) e R" be a fixed vector, and consider the distance function

Jx) = [lx = cll”. (4.11)
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We study the problem of minimizing this function over the multipermutation
point configuration E .

Lemma 4.3. (Distance minimization to a fixed point)

Let the function f(x) be given by (4.11). Then

min f(x)
xeE,
is attained at a point x* obtained by assigning the largest elements of the ordered

multiset a < --- < a_ to the largest components of the vector c.
Proof. Expanding the squared Euclidean distance yields

n
o=l =llxll” =2 e, +lcll”.
i=1

For all points x € E _, the multiset of coordinates is fixed. Hence the quadratic term
5 n n
" =Y a7 =Y a?
i=1 i=1

is constant on the configuration.
The term [|c||* is independent of x as well. Hence the only variable component
of the objective is the linear term

n
—2Zcixi.
i=1

Therefore the minimization problem

. 2
min x| (4.12)

Euk

is equivalent to maximizing the linear function:

n

By Lemma 4.1, the maximum of this function is attained at the permutation
point whose coordinates are ordered oppositely to the coefficients c..
Specifically, by Lemma 4.1 applied to the maximization of

n
i=1

the maximum is attained by matching the largest a, with the largest c, which is
equivalent to reversing the minimization ordering. Consequently, this permuta-
tion point minimizes the quadratic distance functiononE ,. m
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Remark 4.3. Lemma 4.3 admits a direct geometric interpretation. The multi-
permutohedron

an = conv Enk

is a convex polytope in R", and minimizing problem (4.12) is equivalent to finding
the vertex of I, closest to the point ¢ in the Euclidean metric. In other words, x*
realizes the Euclidean projection of ¢ onto the vertex set of the multipermutohe-
dron.

This interpretation reveals that extremal properties of distance-type quadratic
functions on multipermutation configurations are governed by the polyhedral ge-
ometry of the associated multipermutohedron.

The classes of objective functions analyzed above - linear, separable, and dis-
tance-type quadratic — demonstrate that extremal behavior on multipermutation
configurations is governed primarily by permutation ordering mechanisms in-
duced by the vertex structure of the carrier.

These results show that many nonlinear optimization problems on MPPC can
be reduced, either exactly or approximately, to linear extremal schemes through
decomposition, projection, or invariant-based transformations.

At the same time, such reductions rely fundamentally on convexity properties
of objective functions and on the existence of convex extensions constructed in
§4.1. This observation makes it possible to transfer extremal analysis from special
functional classes to the general convex setting.

We therefore proceed to the study of extremal properties of general convex and
strongly convex functions defined on multipermutation point configurations.

§4.3. Extremal Properties of General Functions
on Multipermutation Point Configurations

In §4.2 we established extremal properties of basic classes of functions on multi-
permutation configurations, including linear, separable, and distance-type func-
tionals. We now extend these results to arbitrary functions by means of convex
extension techniques.

The configuration E , is vertex-located, and therefore the convex extension
framework developed in §4.1 becomes applicable. In particular, for any func-
tion f defined on E ,, there exists a convex differentiable extension ¢(x) defined on
a convex set X D E  that coincides with f(x) on the configuration carrier.

This observation makes it possible to transfer extremal analysis from the dis-
crete configuration E , to the convex domain X while preserving functional values
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on the configuration itself. Consequently, optimization problems formulated on
E , may be analyzed through convex-analytic tools applied to ¢(x).

It should be emphasized that if the original function f(x) is itself convex on
a convex set containing E , then no continuation is required, and the analysis
below applies directly with ¢ = f.

To obtain quantitative extremal estimates, let f(x) be a function defined on the
multipermutation point configuration E _, and assume that there exists a convex
differentiable extension.

Assume that there exists a convex differentiable extension ¢(x) defined on
a closed convex set X D E | such that ¢(x) = f(x) forallx € E .

The existence of such extensions follows from the continuation framework de-
veloped in §4.1. This allows one to estimate extremal values of f(x) on E _ using
first-order convexity properties of ¢(x) on the ambient convex domain X.

Theorem 4.1. (Gradient estimate of the minimum on E ).

Letf: E  — R be a function defined on the multipermutation point configu-
ration E , and let ¢: X — R be a convex differentiable extension of f to a convex
setXDF .

Then for every point x € X the following estimate holds:

909(x) @
0x

ﬂl

min f(y) 2¢(x) ) =% )5 (4.13)

where (”1’ e nn) is a permutation of {1, ..., n} satistying the condition

W90, 9p)

ox T oox. (4.14)

1

Proof. Fix an arbitrary point x € X. Since ¢ is convex and differentiable on the
convex set X, the first-order convexity inequality holds for every y € X:

9() = 9(x) 2 (¢'(x), y = X).
Rewriting the right-hand side gives
9(y) 2 9(x) = (9'(x), x) + (9(x), y).
Because E  is contained in X and ¢ coincides with fon E,, we obtain, forally € E,,
f) 2 9(x) = (9'(x), x) + (9'(x), y).
Taking the minimum over y € E  yields
;gg;f(y)2<p(x)—<<P'(x),x>+§ggi<¢'(x),y>

The scalar product (¢'(x), y) is a linear function of y. Hence the problem reduces
to minimizing a linear functional over the multipermutation point configuration E .
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By the extremal property of linear functions on E (Lemma 4.1), this mini-
mum is attained at the point whose coordinates form an arrangement of the el-
ements {a, ..., a } that is monotone with respect to the ordering of the gradient
components ¢'(x).

Therefore,
(x)
ming'(3),) = 3,2 w0,
where (7, ..., ) is a permutation of {1, ..., n} satisfying the condition (4.14).
On the other hand,
é 8<p(x)
(@ (x),x) = Z:, P

i

Substituting this expression and the value of the linear minimum into the pre-
vious inequality, we obtain

min f ()2 ¢(x)={¢(x), x>+Z (D(x) =

ﬂ

i

"0
:¢(x)+z gox(x) (ai_xﬂl ).

7"’!

This coincides with the estimate stated in the theorem.m

The gradient estimate obtained above provides a lower bound for the mini-
mum of an arbitrary function on the multipermutation configuration in terms of
any convex differentiable extension.

A natural question therefore arises: under what conditions does this estimate
become exact at a given configuration point? In other words, when does the sup-
porting linear functional generated by the gradient at a point already realize its
minimum on the configuration at that same point?

Since extremal properties of convex functions on vertex-located configurations
are governed by the behavior of their linearization, one may expect that optimali-
ty on E  is ensured whenever the gradient ordering is consistent with the permu-
tation structure of the configuration.

The lower estimates obtained above are complemented by the trivial upper
bound inherent to discrete minimization. For any point x € E , one has

min £ ()< f ().

Thus extremal estimates derived via convex continuation acquire a two-sided
interpretation: convex extensions generate lower bounds, while function values at
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configuration points provide natural upper bounds. The tightness of these bounds
depends on the geometric compatibility between the gradient structure of the ex-
tension and the permutation ordering of the configuration.

The next theorem formalizes this principle and provides a constructive suffi-
cient condition for optimality expressed entirely in terms of gradient ordering and
coordinate arrangement.

Theorem 4.2. (Sufficient condition for minimum on E_).

Let fbe a function defined on the multipermutation point configuration E ,
and let ¢ be a convex differentiable extension of f to a closed convex set XD E ,
with ¢ =fon E . A pointx” € E  is a minimizer of fon E , if there exists a per-
mutation (nl,...,ﬂn) of {1,...,n} such that

op(x") S s 20(x")

4.15
ox, ox, (4.15)
and simultaneously
x;l Sx;z S...Sx;n. (4.16)

Proof. Fix x" € E . Since ¢ is convex and differentiable on X, for every y € X,
P() 2 9(x) +{9'(x), y — x).
Equivalently,
9(y) 2 9(x) = {9'(x), x) + (9 (x"), y).
Restricting this inequality to y € E , and taking the minimum over E , gives

min e(y)ze(x)—{(¢"(x ),x’>+§giEn<¢'(x* ),¥) (4.17)

Consider the linear functional L(y) = (¢(x"), y) on E .

By Lemma 4.1, its minimum over E  is attained at the permutation point ob-
tained by matching larger coefficients with smaller multiset values. Condition
(4.15) orders the coefficients (the gradient components) in nonincreasing order,
and condition (4.16) states that the coordinates of x* follow the corresponding
nondecreasing order. Hence x" itself attains this minimum, and therefore

min(@'(x'),9) =(@'(x"),x").
Substituting into (4.17) yields
min@(y)2@(x")
ye Ey
Since ¢ = fon E , we have

min @ (x) =min f (x)
xe€ E xe€ E
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and ¢(x") = f(x"). Hence
min f(y)2 f(x)

which implies f(x’) < f(y) forall y € E ,. Thus x is a minimizer of fon E . m

Remark 4.4. Conditions (4.15)-(4.16) provide a sufficient condition for x to
minimize fon E _; they are generally not necessary. The reason is that the theorem
certifies optimality by exhibiting a particular supporting linear functional, namely
the gradient (¢'(x), y), that is minimized at x* over the discrete set E ,. However,
even if X" is a true minimizer, the minimizing supporting functional at x" need
not coincide with ¢'(x") (and the ordering of gradient components may be non-
unique in the presence of ties).

The condition is natural: convexity ensures that minimization of ¢ over E
reduces to minimization of the linear functional (¢'(x"), y) over E . This linear
problem on multipermutation sets has an explicit optimal ordering solution, so
the requirement that x” itself follows this ordering (i.e., (4.15)-(4.16)) transpar-
ently guarantees optimality among all points in E .

The gradient estimates obtained above rely only on convexity of continuation
functions and therefore provide linear supporting bounds for the minimum on
the configuration. Stronger estimates arise when the extension possesses curva-
ture. We use the standard differential characterization of strong convexity.

A differentiable function ¢ defined on a convex set X is called p-strongly con-
vex if for all x, y € X the inequality

O(y) = @(x) + (@'(x), y — x) + plly — x]|?

holds.

In this case, extremal properties are governed not only by linearization but also
by quadratic growth away from minimizers.

We therefore proceed to the study of extremal properties generated by strong-
ly convex extensions. As before, the analysis is conducted on convex carriers
containing the multipermutation configuration, while extremal conclusions are
transferred back to the discrete set E .

Theorem 4.3. (Strong convexity minimum estimate on E ).

Let f be a function defined on the multipermutation point configuration E
and let ¢ be a strongly convex extension of f to a closed convex set X > E , with
strong convexity parameter p > 0.

Let

x =argm€i}r(1(p(x). (4.18)
Then the following estimate holds:

. > * u * ‘ 2
ygEflf(y)— @ (x )+p;(x,r, a,)
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where (7, ..., m ) is a permutation of {1,...,n} such that
X, SoSx,
Proof. Since ¢ is strongly convex on X with parameter p > 0, for all x, y € X one has
9(y) 2 9(x) +{9'(x), y = x) + plly — x|
Because x" is a minimizer of ¢ on X, the first-order optimality condition implies
(p'(x),y—x)=0forally € X.
Substituting x = x” into the strong convexity inequality yields
o(y) = 9(x) +plly - xI*

forally € X.
Since E, X, the estimate holds in particular for all y € E ,. Taking the mini-
mum over y € E and using the identity ¢ = fon E _gives

min f(y) 2 (x")+p min|y—x| . (4.19)
yeEy y€Ey

By Lemma 4.3, the quantity

<112

is attained at the permutation point whose coordinates match the ordered se-
quence a, with the ordered coordinates of x".
Under ordering (4.14) one obtains

yeEy a ;(x”r B

Substituting this expression into (4.19) yields the desired estimate. m

Theorem 4.4. (Gradient estimate for strongly convex extensions)

Letf: E  — Rbe a function defined on the multipermutation point configura-
tion E , and let ¢: X — R be a p-strongly convex differentiable extension of f to
a closed convex set X D E , with p > 0.

Then for every point x € X the following estimate holds:

" d
min f(y)2¢(x)=(p'(x), x>+p2<x o Y ¢(x)

where (”1’ e nn) is an ordering of {1, ..., n} satisfying the condition

oL TP 22T 2P, (4.20)
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Proof. From the strong convexity of the function ¢ on the set X with parameter
p > 0, for any points x, y € X the inequality

o(y) — 9(x) = ('(x), y — x) + pl[y — x||?

holds.
Rearranging terms yields

() = p(x) = (9'(x), x) + (9'(x), ¥) + plly — x[|*).

Since ¢ coincides with f on the configuration E , this inequality is valid in par-
ticular for all y € E . Taking the minimum over y € E ,, we obtain

min ()2 9(x)~(p (o)) + min((p'(x), )+ plly =)

It remains to evaluate the last minimum.
Expanding the quadratic term gives

(@'(x), y) + plly = x||I> = {@"(x) = 2px, y) + plIylI* + pllx]|*.

For all points x, y € E the values
Il =||y| = Ya?
i=1

are constant, since all configuration points contain the same multiset of coordi-
nates. Therefore, minimization over E, reduces to the linear problem

Qéﬂ((p’(@ —2px,y).

This expression represents a linear functional with respect to y. By Lemma 4.1,
the minimum of a linear function on the multipermutation configuration E  is
attained at a permutation point whose coordinates form an ordering of the multi-
seta <a, < <a consistent with the nonincreasing ordering of the coefficients
of the linear form.

Applying this rule to the coefficient vector ¢'(x) — 2px, we obtain a permuta-
tion (7, ..., m,) satisfying condition (4.20), and

mzn(q) (x)-2px,y)= Z[B(Dx(x) 2px, ]ai )

7,'-1

Substituting this expression into the previous estimate yields

d
m1n f(}’)>(P(x) (p'(x), x)+p2(x —a, )’ +Z (p(x) a,

which completes the proof. m
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Gradient-based lower estimates and sufficient optimality conditions were de-
rived by transferring convex-analytic arguments from continuous carriers back
to the discrete configuration. For strongly convex extensions, curvature effects
yielded sharper extremality criteria, combining first-order gradient information
with quadratic growth terms.

Since permutation point configurations constitute the nondegenerate special
case of multipermutation configurations (unit multiplicities), all results of this
paragraph remain valid for E_ without modification.

The analysis will now be extended to partial multipermutation point config-
urations introduced in §3.4, which generalize full multipermutation carriers by
relaxing positional occupancy constraints and are generally not vertex-located.

§4.4. Extremal Properties of Special Functions
on Partial Permutation Point Configurations

In §4.3 extremal properties were established for functions defined on full multi-
permutation point configurations E ,, where the equality

E, =vertconvE
n n

permits discrete optimization problems to be reduced directly to linear extremal
problems over the convex hull.

The present section addresses partial configurations. As introduced in §3.4, the
most general class considered there is the partial multipermutation point config-
uration

Ef = (P! (A)),

in which coordinate repetitions are allowed subject to the repetition vector (n,, ..., ,),
withn +...+n =n,andn<y.

The presence of bounded repetitions substantially complicates exchange ar-
guments and ordering principles. For this reason, attention is restricted to the
important special case of configurations without repetitions, namely the sub-
class

EfcEf
consisting of all n-tuples x = (x,, ..., x,) whose coordinates are pairwise distinct
elements selected from a strictly increasing sequence

a,<..<a.
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This corresponds either to the case n, = 1 for all i, or to the deliberate exclusion
of configurations that reuse the same numerical value more than once, even when
the repetition bounds would permit such reuse.

Every point of E" is obtained by selecting n distinct indices from {1, ..., k} and
assigning the correspondmg values 4, ,...,q, to the coordinates in some order.
Thus, the set E is invariant under coordmate permutations and retains structural
properties characteristic of permutation-type configurations.

In contrast to the full multipermutation case, the equality

E! =vertconvE!

does not generally hold. However, every vertex of the convex hull belongs to the
configuration itself:

vert conv Ef gE,'j.

Hence linear minimization over conv E: reduces to a discrete extremal problem
on E*. This permits the application of exchange-based ordering principles analo-
gous to those used for full permutation-type configurations.

The first result establishes the fundamental ordering mechanism for weighted
separable objectives defined on E".

Lemma 4.5. (Minimum of a weighted separable function with a common generator).

Let h: R —R be a function and define

€D(x)=zn:cih(xi),

where ¢, € Rand x € R".

Let a, < ... < g, be a strictly increasing sequence, and let E* denote the set of
all n-component arrangements formed by selecting n pairwise distinct elements
from {“1’ - ak}.

Let (711, e 71") be a permutation of {1, ..., n} such that

Cp 220,

Let s denote the number of positive coefficients and let m = n — s.
Then the minimum of @ on E! is attained at a configuration

x*=(aly,...,aln),

where the index set {ll, o ln} c {1, ..., k} satisfies the following rule:
— indices corresponding to positive coeflicients select the s smallest available
values of h(aj);
— indices corresponding to negative coefficients select the m largest available
values of h(a).
Equivalently, larger coefficients are paired with smaller values of /(- ), subject
to the admissibility constraints of E.
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Proof. Let x € E*be arbitrary. Suppose that there exist indices p and g such that
c,2C, buth(x)>h(x)

Define a new conﬁguratlon x by exchanging the values in these two coordinates
x =x, x = x,, with all remaining coordinates unchanged. Since E! is invariant
under coordinate permutations, x is admissible.

The change in the objective function equals

BR) - O() = (¢, - ¢ ) - (h(x) - hix.)).
Because ¢, =2 0 and h(xq) - h(xp) < 0, it follows that
D(x) - D(x) <0,

with strict inequality whenever both inequalities are strict.

Thus any configuration violating the ordering principle can be improved by
such an exchange. Repeating this process finitely many times eliminates all vio-
lations. In the resulting configuration, larger coefficients are paired with smaller
values of h( -).

Finally, selecting the s smallest values of /(- ) for the positive coefficients and
the m largest values of h( - ) for the negative coefficients produces a configuration
x" that minimizes @ on E*. m

Lemma 4.5 covers the general separable case. The linear case, which constitutes
the basic extremal component to which more complicated convex functionals will
later be reduced, is recorded separately because it admits an explicit closed-form rule.

Lemma 4.6. (Minimum of a linear function).

Let
L (x):Zcixi
i=1

be a linear function on R”".
Let E* denote the set of all n-component arrangements formed by selecting n
pairwise distinct elements from {al, e ak}.
Let (7, ..., m ) be a permutation of {1, ..., n} that reorders the coefficients of
L(x) so that
c_=Cc_2-2cC

ﬂl ”2 ”n *

Then the minimum of L on E nk (and on conv E :) is attained at a point

x = (all,...,aln),

where the indices {/, ...,[ } < {1, ..., k} are determined by the rule

j’ If Cn. 20’

| =
i\ k=n+j, if if c. <. (4.21)
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Proof. This is the specialization of Lemma 4.5 corresponding to h(t) = t. Un-
der this choice, the s smallest values of h(a) are a ,...,a, and the m largest are
Ay s oo By which yields exactly rule (4.21). m

Extremal analysis of convex continuation schemes also requires the treatment
of quadratic auxiliary functions. The squared distance to a fixed point provides
a canonical example.

Lemma 4.7. (Distance auxiliary problem: reduction to an assignment problem)

Let c € R" be fixed and define

8(x) = ||x — cl|*

Let EX denote the set of all n-component arrangements formed by selecting n

pairwise distinct elements from the ordered sequence
a,<..<a.

Then the minimization problem

milg||x—6||2

x€E,

is equivalent to the combinatorial optimization problem
min Z(al -c,),
i=1

where the indices {ll, ...,ln} are pairwise distinct from {1, ..., k} .
In particular, this is a linear assignment problem with cost matrix

dij = (aj -c)
Proof. Expand the objective:

n n n
Il = Z(xi -} = fo —Zin c, +llel .
i=1 i=1 i=1

Forx e E: there exists an injection [: {1, ..., n} — {1, ..., k} such that x= (all), s ).
Hence the minimization reduces to selecting n distinct indices and pairing
them with the coordinate positions so as to minimize the total cost

n

2
¥ e, -a
i=1

The constant term ||¢||*> does not influence the location of the minimum. The
resulting problem is precisely the classical linear assignment problem, solvable in
polynomial time (for example by the Hungarian method with complexity O(r*)). m

Remark 4.5. In contrast to the linear case, no closed-form ordering rule gen-
erally determines the minimizer. The optimal matching depends on the specif-
ic vector ¢ and must be computed by an assignment algorithm. The reduction
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remains computationally tractable and will be used in the analysis of convex
differentiable extensions.

Remark 4.6. (Alternative lower bound via rearrangement inequality). By the
rearrangement inequality,

n n
in Ci < Zak—jﬂ an >
i=1 j=1

and since the elements a, < ... < g, are of arbitrary sign, let s ,...,s, denote the in-
dices of the n elements with smallest absolute values a|. Then

n n
2 2
Yy
i=1 i=1

Substituting these bounds into the expansion of ||x — c||* yields the lower estimate
) ) n 5 ) n
— > —
irenErklllx d > ?Zlasl +ell” -2 ;ﬂakﬁ.ﬂcﬂi ,

which follows the same ordering principle as in Lemmas 4.5-4.6 and is useful for
theoretical estimates when solving the assignment problem exactly is undesirable.
The extremal properties established in Lemmas 4.5-4.7, including ordering
rules for linear and separable objectives and the reduction of distance minimiza-
tion to an assignment problem, form the combinatorial foundation for the convex
extension analysis. In §4.5 these results are used to derive explicit lower bounds
and sufficient optimality conditions for convex differentiable functions on E.

§4.5. Lower Bounds and Optimality Conditions for
Convex Extensions on Partial Permutation
Point Configurations

In §4.4 we established the extremal structure of linear and distance-type function-
als on the configuration E'. In particular, we showed that minimization problems
on this discrete set reduce to ordered matching between coefficients and admis-
sible coordinate values. We now turn to the study of convex differentiable exten-
sions defined on a closed convex set X containing E. The key idea is that convex-
ity allows one to compare function values through supporting linear functionals,
while the extremal results of Lemmas 4.5-4.7 determine the precise behavior of
these linear functionals on E’. This approach naturally leads to lower bounds for
convex functions on E f and, subsequently, to sufficient optimality conditions.
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Recall that each point of E has the form x = (a e @ ) where {l,....l } < {1,....k}
is a set of n distinct indices. The minimization of a hnear funct1on over E there—
fore involves both the selection of #n values from (a e d ) and their a351gnment
to coordinate positions.

By Lemma 4.6 and rule (4.21), the optimal index set and coordinate ordering
are determined simultaneously by the nonincreasing ordering of the coefficients:
indices corresponding to non-negative coefficients select the s smallest available
values, and indices corresponding to negative coefficients select the m largest.
With this in mind, the minimum of any linear function

L(x):zn"cixi
i=1

over E* can be written explicitly as
EEHEI;} ZC,” 4>

where (T[l, e T[n) is the permutation {1, ..., n} with
c, 2-2C

7':”

and {/ ...,/ } is the index set given by rule (4.21).
Theorem 4.5. (Lower estimate for convex differentiable extensions). Let ¢ be convex
and differentiable on a closed convex set X such that E f c X. Then for every x € X,

0
ming(y)> rp<x>+2 "’(x)< ay =%, ). (422)
where (7, ..., 7 ) is the permutation {1, ..., n} satisfying
0P() 5 .5 99
ax,ﬁ axﬂ"

and {l,...,[ } < {1,...,k} is determined by rule (4.21) applied to these gradient
components.

Proof. Fix an arbitrary point x € X. Since ¢ is convex and differentiable on X,
the first-order supporting inequality holds for any y € X:

9(y) 2 9(x) +(9'(x), y = x).
Rewriting the right-hand side gives
P(y) 2 9(x) = (9'(x), x) + (9(x), y)-
Since EF = X, restricting to y € E'and taking the minimum over E! yields

Q{g‘ﬂ(ﬂ > @(x)—{@"(x),x)+ ireliErg«P'(x),y)- (4.23)
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The last term is the minimum of a linear function over E: As established in the
preceding paragraph, we have

L & 99(x)
irengg((p (x))y>_; ax”] anj
On the other hand,
" d(x)
(@'(x),x) = X,
;’ ox,

J

Substituting both expressions and combining terms gives estimate (4.22). m

The lower estimate of Theorem 4.5 relies only on the convexity of ¢ and therefore
uses a linear supporting functional at an arbitrary point x € X. It provides a simple
and computationally attractive way to obtain a lower bound for the discrete minimum
without solving the original problem directly. However, if the extension possesses cur-
vature (i.e., is strongly convex), the supporting inequality becomes quadratic. This al-
lows one to control the discrete minimum not only by a linear extremal problem, but
also by the distance from the continuous minimizer to the configuration E*.

Theorem 4.6. (Sufficient condition for optimality).

In order that a point x° € E* be a minimizer of ¢ on E, it is sufficient that the
gradient components of ¢ at x° satisty

oo (x") op(x")

> >

= >

ox 0x

A .3

n

and that the coordinates of x° themselves satisfy the matching rule (4.21).

Proof. From Theorem 4.5 we have estimate (4.23) for any x € X . Taking x = x°
and using Lemma 4.6, the minimum of the linear functional (¢'(x°), y) over E" is
attained at a configuration whose coordinates satisfy rule (4.21) with respect to
the ordering of the components of ¢'(x°). By the assumption of the theorem the
point x° itself satisfies this rule. Therefore

(@' (x"),x")=min(p'(x"), )
YE Ly
Substituting this equality into the inequality (4.23) yields
min@(y)2@(x")
yeE,
Since x° € EY, the reverse inequality
min@(y)<@(x")
yeE,

is obvious. Hence equality holds and x° is a minimizer of 9 on E'. m
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The estimate obtained in Theorem 4.5 is based solely on convexity. A natural
question arises: what additional information can be extracted if the function is
not only convex but also strongly convex? In this case the supporting inequality
gains a quadratic term, which opens the way to controlling the discrete minimum
via the Euclidean distance to the continuous minimizer.

Theorem 4.7. (Strongly convex function: lower bound for the minimum).

Let ¢ be strongly convex with parameter p > 0 on a closed convex set X such
that E = X. Denote by y' the unique minimizer of ¢ over X. Then

=y (4.24)

min@(x) = @(y')+ p min
xe Ei‘ xe Ei‘

Proof. By the definition of strong convexity with parameter p > 0, for every x € X
the inequality

o(x) —o(y) zpllx—yI?

holds.

Restricting this inequality to the discrete set EX © X and taking the minimum
over the left-hand side, we immediately obtain the required estimate (4.24). The
minimum on the right-hand side is attained at the point x" € E* closest to y" in the
Euclidean norm. m

Theorem 4.7 gives a sharp lower bound expressed in terms of the distance from
the continuous minimizer y' to the discrete set E*. This bound is theoretically ele-
gant, but its practical use requires solving the nearest-point problem to y". If, how-
ever, ¢ is not only strongly convex but also differentiable, one can derive a strong-
er quadratic supporting inequality at an arbitrary point x € X. After completing
the square, the resulting bound again reduces to a nearest-point problem, but now
to a shifted center that depends on both x and the gradient ¢'(x).

Theorem 4.8. (Gradient-based bound for a strongly convex differentiable function).

Let ¢ be strongly convex with parameter p > 0 and differentiable on a closed
convex set XD E ’f Then for any x € X,

ming(y) = ¢(x)—{p'(x),x)+ pllxll’ -
yEE,

- i —df + 1 ’ ’ 4.25
pirenErg"y c” (/ )|§0(x)|| > ( )
where the vector c is defined by
c=X ——1 (o'(x)
2 (4.26)

Proof. Since ¢ is strongly convex with parameter p > 0 and differentiable on X,
for any x, y € X the following inequality holds:
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9(y) = p(x) 2(@'(x), y = x) + plly — x||*.
Hence, for y € EY, we have
9(y) 2 9(x) +(p'(x), y = x) + p Iy = xI|* =
= (%) = (9'(x), ) + (9'(x), ) + p |ly — x|I*
Taking the minimum over y € E: gives

ireliErg(D(y) 20(x)—(@'(x),x)+
+§r€1iErk1((€0'(x),y> +ply—=*)

Taking into account the expand the squared norm ||y — x||?, we

(@'(x), yy + plly = xII> = (@ "(x), ») + pllylI* = 2p{x, y) + pllx||* =
=pllyll* + {@'(x) = 2px, y) + pllx]|*.

Introduce the auxiliary vector
c=x-(1/2p) ¢'(x).

A direct computation shows that

plIyII* + (@'(x) — 2px, y) =
=plly = cllI> = (1/4p) [l (X)]|*

Therefore

(@'(x), y) +plly — x|[> =
=plly — cll> = (174p)lo"()I* + pllx]|*.

Substituting this identity into the previous inequality, we arrive at the desired
estimate (4.25). The point y* minimizing ||y — ¢||* over E is the solution of the
corresponding auxiliary nearest-point problem. m

Theorem 4.8 gives, for any x € X, alower bound expressed through an auxiliary
nearest-point problem to the shifted center c. If solving this auxiliary problem ex-
actly appears computationally expensive, one may use a simpler (though generally
non-sharp) lower bound based on the rearrangement inequality and the choice of
elements with smallest absolute values.

Remark 4.7. If solving the auxiliary nearest-point problem

. 2
min||y—|
yeE,

exactly is computationally expensive, one may use the following easily computa-
ble (though generally non-sharp) lower bound:
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n n n

. 2 2 2
min|y—c[*>} al +} c —2 a ¢, ,
ye L, j=1 j=1 j=1

where {51’ - sn} are the indices of the n elements with the smallest absolute
values from {|a|, ..., |a |}, and {n, ..., 7 } reorder the components of ¢ so that
C, 2...2C, .

This estimate follows directly from the rearrangement inequality applied to
the cross term and the choice of the n smallest squares for the quadratic part. It
preserves the same ordering principle as Lemmas 4.5-4.6 and can be evaluated
almost instantly.

Theorem 4.9. (Weak gradient-based lower bound)

Let ¢ be strongly convex with parameter p > 0 and differentiable on a closed
convex set X > E*. Then for any x € X

min(y)z ¢(x) ~(9'(x),x)+ p lxll* +

+ pZaf] +miExg(go'(x) —2px,y). (4.27)
=i yeE,

Proof. Starting from the inequality derived in the proof of Theorem 4.8, we have

?reliErklco(y) > (x)—(@'(x),x) +

+min((@'(0), ) +ply =)=

= ()~ (@' (0)0) + plal +minp' () -2px, )+ p ).

The quadratic term p ||y||* is minimized by choosing the n elements with the
smallest absolute values (indices s). For the remaining linear term (¢'(x) — 2px, y) we
apply Lemma 4.6. Its minimum is attained at the configuration given by rule (4.21)
with respect to the ordering of the components of the vector ¢'(x) — 2px. Substituting
these two lower bounds yields the desired weak estimate (4.27). Although this bound
is weaker than the exact one of Theorem 4.8, it requires only sorting operations and
the application of rule (4.21), without solving any assignment problem. m

Theorem 4.10. (Sufficient condition for a minimum in the strongly convex dif-
ferentiable case).

Let ¢ be strongly convex with parameter p > 0 and differentiable on a closed
convex set X O E: A pointx” € En" is a minimizer of ¢ on Ef if it satisfies

x =argminy-x +1/2p)9' ) (4.28)
yek,
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Proof. Substitute x = x” into the inequality of Theorem 4.8. Then
¢ =x"—(1/2p) ¢'(x).

By the assumption of the theorem, x" attains the minimum in the auxiliary
nearest-point problem, i.e.,

2

Substituting this equality into (4.25) makes the right-hand side equal to ¢(x"). Thus
ming (y)2¢(x').
YE L,

* - . «||?
X —c =m1n||y—c ” .
yeEk

n

The reverse inequality is trivial since x* € E". Therefore equality holds and x" is
a minimizer of ¢ on E::. [ ]

The results obtained in this section provide a complete set of lower bounds
and sufficient optimality conditions for convex and strongly convex extensions
on the configuration E". These estimates are expressed through linear matching
(Theorems 4.5-4.6), through the distance to the continuous minimizer (Theorem
4.7), or through auxiliary nearest-point problems to a shifted center (Theorems
4.8 and 4.10). The weak estimate of Theorem 4.9 and Remark 4.7 offer computa-
tionally inexpensive alternatives when solving the assignment problem exactly is
undesirable.

All the results of this section were derived under the assumption that coordi-
nate repetitions are absent, that is, for configurations E : It is natural to ask to what
extent these results carry over to the more general partial multipermutation con-
figurations E*, which allow bounded repetitions subject to the vector (7,,...,7,).
Several features remain valid without modification: the vertex property vert
conv E y’f cE f is preserved, so linear minimization over the convex hull continues
to yield extremal points in the discrete set, and the lower bounds based on linear
supporting functions (Theorems 4.5-4.6) carry over directly. However, exchange
arguments, which form the basis of Lemmas 4.5-4.6, no longer apply automati-
cally, since swapping coordinates may violate multiplicity constraints. The order-
ing rule (4.21) remains valid only until multiplicity limits are reached; in gener-
al, one must solve a bounded assignment or transportation problem. Quadratic
auxiliary minimization likewise becomes a nearest-point problem with repetition
constraints, requiring more involved computational techniques.

Thus, while the overall structure of the estimates survives the passage to partial
multipermutation configurations, both the analysis and the computation become
substantially more demanding. The ordering rule (4.21) remains valid only until
multiplicity limits are reached; beyond that threshold, bounded assignment or
transportation problems must be solved, and quadratic auxiliary minimization
requires nearest-point techniques with repetition constraints.
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§4.6. Extremal Properties of Convex Functions
on Unbounded Partial Multipermutation
Point Configurations

We now consider the limiting case in the hierarchy of combinatorial point con-
figurations - the unbounded partial multipermutation point configurations. As
defined in §3.7, these configurations arise when all multiplicity constraints are
removed while the configuration length n remains fixed. Equivalently, they are
the Cartesian product sets

B'=G'cR,

where G = {g < g, < -+ < g} is the finite numerical realization. Every point
x=(x,...,x,) € B/ is formed by choosing each coordinate x, independently from
the set G. This complete independence of coordinates is the decisive structural
feature that radically simplifies all extremal problems compared to the bounded
cases studied earlier: any separable objective function completely decouples into
a sum of n independent one-dimensional subproblems, exchange arguments op-
erate without any restrictions, and many auxiliary optimization tasks admit ex-
plicit closed-form solutions.

We begin with the most general class of separable functions.

Lemma 4.11. (Minimum of a weighted separable function).

Let
d>(x):Zcihi (x,),
i=1
where c,e R and each hi: R —->Rfori=1, ..., n. The minimum of @ on B/
is attained at the point x* = (xl”, e xr:) in which, for each coordinate i inde-

pendently, x, minimizes hi over G when ¢, =0, x; maximizes hi over G when
¢, <0.

Proof. The set B;" consists of all possible n-tuples whose coordinates are chosen
independently from G. Therefore any point x € B, can be written as x = (x,, ..., x,)
witheachx, € G.

Because of this independence, the objective function @ separates completely
into a sum of n independent terms:

db(x)=zn:c,.hi (x,).

The minimum of a sum of independent terms equals the sum of the minima
of each term taken separately. Hence it is sufficient to minimize each summand
ch(x) over the set G independently of the other coordinates.
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Fix an arbitrary index i. Consider the term ch (x).

» Ifc,> 0, the coefficient is nonnegative. The product c i (x,) attains its smallest
value precisely when h(x,) is as small as possible. Therefore we choose x,'to
be any element of G at which h reaches its minimum.

» If ¢, < 0, the coefficient is negative. In this case the product ¢ (x) attains its
smallest value when ¢ (x)) is as large as possible. Therefore we choose x," to
be any element of G at which &, reaches its maximum.

Since the choice of the optimal value for coordinate i does not restrict the ad-
missible choices for the remaining coordinates, the vector x" = (x/, ..., x,) con-
structed by performing this independent minimization for every i is an admissi-
ble point of B. Moreover, by the separability of @, this point achieves the global
minimum of the function on the entire set B,'.

Lemma 4.12. (Minimum of a linear function)

Let

L (x)=icix,..
i=1

The minimum of L on B/ is attained at the pointx” = (x/, ..., x) in which, for each
coordinate i independently,

(4.29)

. |g when ¢ 20;
X =
" |g. when ¢ <O.

Proof. We apply the result of Lemma 4.11 with the special choice h(t) = t for
every i. In this case each term of the objective becomes cx..

Fix an arbitrary index i.

» Ifc,> 0, the coefficient is nonnegative, so cx, is minimized when x;, is as small

as possible. The smallest admissible value in G is g,.
o If ¢, <0, the coefficient is negative, so cx, is minimized when x, is as large as
possible. The largest admissible value in G is g,.

Performing this choice independently for each coordinate i yields a point x°
that belongs to B,". Since the objective L(x) is the sum of independent terms cx,
and each term attains its individual minimum at the chosen value, the sum L(x")
is the global minimum of L on the entire set B. m

Lemma 4.13. (Minimum of the squared distance)

Let g(x) = ||x — c||* with fixed ¢ € R". The minimum of g on B} is attained at the
point x™ = (xl*, s xn*) in which, for each coordinate i independently,

g when ¢.<g,
xi‘ =18, when C, 24 (4.30)

arg m1n‘g —C.‘ otherwise.
8;€G J !
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Proof. The squared Euclidean distance separates completely into a sum of n
independent terms:

n
lx—l = Z(xi -,
i=1

Each term (x, - ¢)* depends only on the choice of x, € G and must be mini-
mized separately. The value of x, that minimizes (x, - c)* is the element of G that
is closest to ¢, in the ordinary Euclidean metric.
o If ¢, < g, then the entire set G lies to the right of ¢, so the closest point is the
leftmost element g,.

o If c,>g, then the entire set G lies to the left of C, SO the closest point is the
rightmost element g,.

« In the remaining case (g, < ¢, < g), the closest point is any g for which the
distance [g, — ¢ attains its minimum over G.

Because the choice for one coordinate does not affect the admissibility of the
choices for the other coordinates, the vector x* constructed by performing this
independent nearest-point selection for every i belongs to B’ and achieves the
global minimum of g on the entire set.

Theorem 4.11. (Lower estimate for convex differentiable extensions) Let ¢ be
convex and differentiable on a closed convex set X such that B’ © X. Then for
every x € X,

n

fll‘eli;} o(y) 2 @(x)—(@'(x),x) + me

o (4.31)

where x" = (x|, ..., x,)is the point of B determined coordinatewise by rule (4.29).
Proof. By convexity and differentiability of ¢ on X, the supporting inequality
() 2 9(x) +(9'(x), y — x)
holds for any y € X. Rewriting the right-hand side gives
() 2 p(x) = {9'(x), x) + (9(x), y).
Restricting y to B," and taking the minimum yields

mir}(v(y)Z¢(x)—<<P'(x),x>+9gi3r3<<0'(X),y>.

ye By
The last term is the minimum of the linear function {(¢'(x), y) on B/, which is
given explicitly by rule (4.29) of Lemma 4.12. Substituting this value completes
the proof. m
Theorem 4.12. (Sufficient condition for optimality)

Let x" e B"1If, for every i = 1, ..., n, the gradient components of ¢ at x° satisfy
the following conditions:
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>0 whenever x! =g,
l=g,, (4.32)

. . 0
isarbitrary whenever g <x; <g,,

dp(x")
ox,

<0 whenever

then x° is a minimizer of ¢ on B/
Proof. From Theorem 4.11 we have for any x € X

grgiBl}co(y)2¢(x)—<<0'(x),x>+§r€1131}<¢‘(x),y>.

Setting x = x° and using that x° itself attains the minimum of the linear func-
tional (¢'(x°), y), we obtain

Setting x = x°, it remains to verify that x° itself attains the minimum of the
linear functional (¢'(x°), y) over B;". By Lemma 4.12, this minimum is attained
coordinatewise: for each i, the optimal value is g when the coefficient

0 (x")
ox.

1

20

>

and g_when it is negative. Condition (4.32) states precisely that x° satisfies this
coordinatewise rule, so x” minimizes (¢'(x°), y) over B;". Therefore:

ming(y)>e(x").
Y€ By

Since x° belongs to B/, the minimum of ¢ over this set cannot exceed the value
of the function at x°. Therefore

miInlgo(y)SgD(xO).

ye By

Comparing both inequalities gives equality, so x° is a minimizer of ¢ on B,". m

Theorem 4.13. (Strongly convex function: lower bound for the minimum)

Let ¢ be strongly convex with parameter p > 0 on a closed convex set X such
that B’ © X. Let y’ be the unique minimizer of ¢ over X. Then

gi}g(p(x)w(y‘)+p13€1131}||x—y*||2

Proof. By the definition of strong convexity with parameter p > 0, for every
x € X the inequality

o(x)-9(y )2 plx—y |

holds. Restricting this inequality to x € B; and taking the minimum on the left-
hand side immediately yields the desired estimate. m
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Theorem 4.14. (Gradient-based bound for a strongly convex differentiable func-

tion)
Let ¢ be strongly convex with parameter p > 0 and differentiable on a closed

convex set X D B/ Then for any x € X,

min@(y) 2 p(x) ~(¢ (), 2) + plal’ -

’ (4.33)

=l + pminfy—c

where ¢ = x — (1/2p) ¢'(x).
Proof. Strong convexity and differentiability yield

e(y) — o(x) =(9'(x), y —x) + p |[y — x]|*.
Hence

min@(y) 2 p(x) =(¢'(x),) + min(@'(x), y) + p ly—x[.
Y€ By ye B

Expanding the squared norm and completing the square leads to the auxiliary
vector

1 1
C—x—gﬁl’ (x)

and the required identity. Substituting this identity and taking the minimum over
y € B/ gives the desired bound.

Theorem 4.15. (Sufficient condition for a minimum in the strongly convex dif-
ferentiable case).

Let ¢ be strongly convex with parameter p > 0 and differentiable on a closed
convex set X D B/ Let x' € B/ If
2

(4.34)

>

x =argmin
ye By

] Q'(x)
y 2p
then x" is a minimizer of ¢ on B}
Proof. Substitute x = x" into the inequality of Theorem 4.14. Let
. | .
c =x —@'(x).
2p
By assumption x"attains the minimum in the auxiliary problem, i.e.,

lx =1 = min"y—c””2 )
ye By



Extremal Properties and Convex Extensions on Combinatorial... 133

Substituting this equality makes the right-hand side equal to ¢(x"). Since x°
belongs to B, the minimum of ¢ over this set cannot exceed the value of the
function at x". Therefore

ming(y)<e(x").
Y€ B

Comparing both inequalities gives equality, so x” is a minimizer. m

The unbounded case reveals the ultimate simplification of the theory devel-
oped in this chapter. Because the coordinates are completely independent, all ex-
change arguments operate without any restriction, all ordering rules reduce to
independent per-coordinate choices, and every auxiliary nearest-point problem
admits an explicit closed-form solution. These features make unbounded partial
multipermutation configurations not only the simplest, but also the most compu-
tationally attractive class in the entire hierarchy. They serve as a natural reference
model against which the increased complexity of bounded and partial configura-
tions can be clearly seen and measured.

§4.7. Convex Extensions on Special Partial Point
Configurations

In §4.1 we showed that for full multipermutation point configurations E_ a con-
vex (and even strongly convex) extension always exists and can be construct-
ed explicitly. The key reason was the vertex-located property E , = vert conv E ,
which allowed us to apply the general existence theorems from Chapter 2 and
then develop concrete analytic schemes for polynomials, quadratic functions, and
strongly convex augmentations.

We now address the more general situation of partial multipermutation point
configurations £ * (with bounded repetitions) and unbounded configurations B/
In these cases the vertex-located property no longer holds in general. Consequently,
the existence of convex extensions to any convex superset X D Enk or X O B are no
longer guaranteed for arbitrary functions prescribed on the discrete set. Howev-
er, there exist two important special classes in which the configuration remains
vertex-located and therefore admits a convex continuation. These two classes are
the partial permutation point configuration E"*' (selection of n from distinct val-
ues from 7 + 1 available) and the unbounded configuration B when k = 2 (the
Boolean hypercube case).

We now present explicit constructive schemes for convex extensions in each
of these cases, following the same methodological spirit as in §4.1: first for
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polynomial functions, then for quadratic objectives, and finally for strongly con-
vex extensions. All constructions are given in full detail with complete proofs of
convexity.

Let the underlying set consist of n distinct values a < --- <a__ . The configura-
tion E"' consists of all n-tuples formed by selecting n pairwise distinct elements
from {al, R

By Theorem 3.18 and Remark 3.6 of §3.6, this configuration is vertex-located:.

E"™' = vert conv E"".

Moreover, Remark 3.6 establishes an explicit bijection between E*" and the full
permutation point configuration E"!} via the affine coordinate relation, which we

now exploit for the construction of convex extensions
To construct an explicit convex extension, we take into account that

En+1 — E

n+l n+l,n+1

and use the projection of E'f c R"" on R".
Consider the auxiliary full permutation point configuration E!!| generated by
the same values {al, oo am}. On E""! we define an auxiliary function Y(x, .. X )

n+l n+l
by setting
l/f(xl, o X ):go(xl, ...,xn),

n+l

where ¢ is the original function defined on E"".
This definition is consistent because on E[| the last coordinate x_ is deter-
mined by the first # via the affine relation

n+l n

KXyl = Zai - in’
i=1 i=1

so y depends only on (x, ..., x,).

The resulting function of the first n variables is defined on the projection of
E":| onto the first n coordinates, which coincides exactly with E"*".

Because the full permutation configuration E!'| is vertex-located and possess-
es a convex extension (as constructed in §4.1), the function obtained after projec-
tion inherits the convexity property on R". Consequently, this approach yields
an explicit convex continuation of the original function ¢ to any convex superset
containing E"*. In addition, if the extension constructed on E;| is strongly con-

vex with parameter p > 0, then augmenting it by the quadratic correction term
n+l n+l 2
P in - Zai
i=1 i=1

results in a strongly convex extension also for the partial permutation configura-
tion E"'.
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For the unbounded configuration B* = G” the situation is different. Here every
coordinate varies independently over G, so the set is the full Cartesian product.
Geometrically this means that B* coincides with the set of all points whose coor-
dinates are chosen from G. The convex hull is the hyperrectangle

n

I17 =conv B! =H[g1,gk] .
i=1
For general k > 2 the set B* is not vertex-located. The vertices of the hyperrec-
tangle IT” are exactly the 2" points where each coordinate equals either g or g . All
other points of B* (those with at least one coordinate strictly between g, and g,)
lie in the interior of faces, edges, or the volume of the hyperrectangle. Therefore

B: # vert conv Bnk

for k > 2, and the general existence theorem from Chapter 2 does not guarantee
a convex extension for arbitrary functions prescribed on B,

However, when k = 2 (the Boolean hypercube case), the situation changes
dramatically. Let G = {0, 1} (without loss of generality, by affine transformation).
Then B? = {0,1}" is precisely the set of all vertices of the unit hypercube {0, 1}". In
this special case we do have

Bj = vert conv Bj,

and the general existence theorem applies. Moreover, the Boolean case admits
particularly simple and explicit convex extensions, even for multilinear polyno-
mials.

Let the original function be given onB? in the multilinear form

o(x)= Z Cil...impxil ...Ximp

1S <y <1

where 1 <m_<nand each coefficient ¢, . e R.
1 "m

Our goal is to construct an explicit convex function ¢(x) on R" such that
¢(x) = ¢(x) for all x € B2
The construction proceeds by treating each monomial separately according to
the sign of its coefficient.
For a monomial with coeflicient a > 0 we have the identity
ax,.x, =ag’ , (x)
"p

1 1
1 my
b

where the auxiliary function is defined by
2

g;“imp (x)=| max O,inj—mp+l . (4.35)

j=1
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We verify the identity on {0, 1}" by checking the two cases.
If x, =1 for all j, then

the argument of max in (4.35) equals 1,and g; , (x)=1.
If x, =0 for some j, then !

"y
in, <m -~ 1,
j=1
the argument of max is non-positive, and g; , (x)=0.
The function g; , (x) isthe squareofa nonnegatlve linear form and is there-

fore convex and diffefentiable on the whole R”.
For a monomial with negative coefficient « we have the identity

ax, .x, =—og . (x)+a, (4.36)

1 1
1 mpy

where

gl.:mt. (x) = (max{0,1-x, ,...,1-x, . (4.37)
my 1 mp

On {0, 1}" both sides of (4.36) coincide. If X, =1 for all j, then each term

—x, =050 g (x)=0,and ax, X, =x.

If at least one Varlable x, =0 then max'in (4.37) equals 1, so g i, (x) =1,
and the right-hand side of (4 36) equals 0.

The function g (x) is also convex and differentiable on R".

Combining the twb cases, the desired convex extension ¢(x) of the original

polynomial ¢(x) is given by
¢(x) = Z Cil...impgil...imP (x)

1<i;.. < I,y <n

where for each multi-index we set

i (x)= "
glu-rﬂp 1— - ; (x) lj’ lj’ Ci 1- <0
"p 1 by

Each term is convex, hence ¢(x) is convex on the whole R" and coincides with
¢(x) on B? by construction.

To obtain a strongly convex extension we add a curvature term that vanishes
on the configuration. Define
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h(x)=zn:(xi2—x,.).

On B’ we have

)
h(x) =0.

The function h(x) is strongly convex with parameter 2. Therefore, for any p > 0
the function

Y(x) = p(x) + ph(x)

is a strongly convex extension of ¢(x) to R” with strong convexity parameter p.

The same technique extends immediately to the general unbounded case B;" with
arbitrary G by applying the same replacement rules coordinatewise. These explicit
formulas close the constructive part of the theory for the unbounded regime and
provide the simplest and most transparent convex extensions in the entire hierarchy.

The two special classes examined above, namely the partial permutation con-
figuration E"" and the unbounded configuration B;" (especially the Boolean case
k = 2), are the only regimes within the partial and unbounded classes for which
the vertex-located property holds in general.

In all other partial multipermutation configurations E* with nontrivial mul-
tiplicity bounds the set is generally not vertex-located, and convex extensions
may fail to exist for certain functions. The constructive schemes presented here
therefore complete the picture: whenever the configuration is vertex-located, we
possess fully explicit analytic extensions (projection for E", product-type and
quadratic-invariant for B;', with particularly elegant formulas for the Boolean hy-
percube) that can be used for extremal estimates, stability analysis, and numerical
optimization. Together, the results of §§4.1-4.7 form a complete and coherent
picture of convex extension and extremal analysis across the full hierarchy of per-
mutation-type configurations.

The constructive extension schemes developed in this chapter cover the full hi-
erarchy of permutation-type configurations. For full multipermutation configura-
tions, polynomial, quadratic, and strongly convex extensions were built explicitly
via coordinate-wise operations and curvature augmentation. For partial permu-
tation configurations, the projection technique reduces extension construction to
a lower-dimensional multipermutation problem, while exchange arguments and
reductions to classical assignment problems govern the extremal analysis. For
unbounded and Boolean configurations, coordinate independence yields closed-
form extensions of complete analytic transparency, providing the simplest and
most computationally explicit instances of the theory across the entire hierarchy.
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Extremal ordering principles were established systematically for linear, separa-
ble, distance-type, and general convex objectives across all configuration classes.
For full configurations, minimization reduces to ordering rules governed by coet-
ficient rearrangements. For partial configurations without repetitions, analogous
exchange arguments were established, and quadratic objectives were shown to
reduce to classical assignment problems. For unbounded configurations, com-
plete coordinate independence yields closed-form solutions, providing the most
computationally transparent extremal rules in the entire hierarchy.

Lower bounds and sufficient optimality conditions for convex extensions were
derived systematically across all configuration classes, revealing how convex con-
tinuation interacts with discrete admissibility constraints at each level of the hier-
archy. These estimates and conditions constitute a complete duality between lower
estimation and optimality verification, making the framework self-contained and
directly applicable to the optimization methods constructed in Chapter 5.



Chapter 5

Optimization Methods
on Combinatorial Point
Configurations

The extremal properties and convex extension schemes developed in Chapter 4
transform discrete optimization problems on combinatorial point configurations
into equivalent continuous convex problems on polyhedral domains. The present
chapter exploits this transformation systematically, constructing a family of opti-
mization methods that operate on the convex carriers of the principal configura-
tion classes and recover global minimizers of the original combinatorial problems.

The chapter opens with a precise formulation of the Euclidean combinatorial
optimization problem and its equivalent convex reformulation via the extension
theory of Chapter 4 (§5.1). The vertex-located property, established for all princi-
pal configuration classes in Chapter 3, guarantees the existence of convex exten-
sions for arbitrary objective and constraint functions, making the reformulation
universally applicable within the framework of this monograph.

Two relaxation strategies are developed for polyhedral spherical configura-
tions. The polyhedral relaxation replaces the direct combinatorial constraint by
its convex hull and solves the resulting convex program over the carrier polyhe-
dron (§5.2). The spherical relaxation exploits the spherical carrier geometry, re-
ducing the problem to a sequence of trust-region subproblems solvable via secular
equations (§5.3). Both relaxations provide lower bounds for the original problem
and serve as the bounding engine within branch-and-bound schemes. A unified
dimension reduction framework is then developed for multipermutation config-
urations, reducing the search space through affine projections and embedding
the relaxation into a complete branch-and-bound algorithm (§5.4). The branch-
and-bound scheme is extended to unbounded partial multipermutation config-
urations in §5.5, where coordinate independence allows direct application of the
multipermutation machinery to each coordinate stratum. The chapter concludes
with a penalty-function method for polyhedral spherical configurations, in which
the direct constraint is incorporated into the objective via a penalty term and the
resulting unconstrained problem is solved iteratively (§5.6).

Together, the methods of this chapter form a complete optimization toolkit for
combinatorial point configurations. Each method exploits a specific geometric
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feature of the configuration class, demonstrating that the geometric and analytic
framework developed throughout the monograph translates directly into practi-
cally implementable algorithms.

§5.1. Problem Statement and Nonlinear
Programming Models

Let a functional F: C — R be defined on a combinatorial set C. Here the term
functional is used deliberately to distinguish F from functions defined on R™ F
maps abstract combinatorial objects to real numbers, whereas the function f in-
troduced below maps vectors in R" to real numbers. The combinatorial optimiza-
tion problem is to find

n = arg min F(n), me C (5.1)

where C' < C is the feasible set.
Consider a bijective mapping

¢:C—>EcCR"
and a function f: E — R satisfying
flo(n)) = F(m) for all w € C.
Then problem (5.1) admits the equivalent formulation: find
x' =arg min flx), x € E, (5.2)

where E' = ¢(C') and E = ¢(C) is the combinatorial point configuration (CPC),
with |E| = |C].

Problem (5.2) is called a Euclidean combinatorial optimization problem
(ECOP). Thus ECOPs constitute a special class of discrete optimization problems
whose feasible domain is a finite point configuration in R".

The mapping ¢ is not unique: infinitely many bijections C — R” satisty the
identity

flp(m) = F(n)
when fis formally defined via the inverse as
flx) = Fg™'(x)).

Such a formal construction, however, is insufficient for continuous optimiza-
tion: what is required is a mapping ¢ for which the induced function f admits an
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explicit analytical representation on R" that extends continuously to the convex
hull conv E.

The existence of such a representation is problem-dependent and constitutes
a key modelling step. At the same time, the image E = ¢(C) must be vertex-locat-
ed, since this property is essential for the convex extension theory developed in
Chapter 4 to apply. The selection of an appropriate ¢ thus simultaneously deter-
mines the geometry of E and the analytical tractability of f.

For the principal configuration classes studied in this monograph — multipermu-
tation and Boolean configurations - both conditions are verified: the vertex-located
property is established in Chapter 3, while the analytical form of fis specified explic-
itly for each problem class in the subsequent sections. Moreover, even when a com-
binatorial point configuration is not vertex-located, it always admits a decomposi-
tion into vertex-located subsets, as established in Chapter 1 for arbitrary finite point
configurations and in Chapter 3 for partial multipermutation point configurations.

In addition to the direct constraint x € E, practical problems may involve func-
tional constraints. Note that the functions fand g, are defined on E; their extensions
to a convex set X D P, where P = conv E, which in general differ from the original
functions outside E but coincide with them on E, are introduced in Theorem 5.1
below. When the analytical expression of f or g extends directly to X without modi-
fication, the extension coincides with the original function on X; otherwise a convex
extension must be constructed explicitly by the methods of Chapter 4.

The general ECOP is therefore formulated as

min f(x), x € X, (5.3)
where the feasible set X is defined by the system of constraints:
x € E, (5.4)
g(x)<0, ie], (5.5)
gx)=0, ie] \J, (5.6)

where 0 < k < m, and the functions f(x) and g(x) for i € ] are defined on E.
Throughout this monograph ] denotes the standard index set {1, 2, ..., n}.
Constraint (5.4) is called the direct constraint, while (5.5) and (5.6) are called
functional constraints.
A special case of model (5.3)-(5.6) arises when the CPC E — R" is vertex-locat-
ed, that is, when it coincides with the vertex set of its convex hull:

E = vert(conv E). (5.7)
As shown in Chapter 3, all principal classes of CPCs considered in this mono-

graph are vertex-located. These include permutation and multipermutation con-
figurations E and E, partial permutation configurations En"”, and unbounded
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partial multipermutation configurations B”. The vertex-located property is crucial
because it guarantees the existence of convex extensions for arbitrary functions
defined on E, as established in Chapter 4. This allows the original problem (5.3)-
(5.6) to be reformulated equivalently with convex objective and constraint func-
tions while preserving all global minimizers on E.

The following theorem makes this reformulation precise. Throughout the re-
mainder of the chapter we will work exclusively with the equivalent convex for-
mulation it provides.

Theorem 5.1. (Equivalent convex formulation,).

Let E be a vertex-located CPC and let problem (5.3)-(5.6) be given. Then this
problem is equivalent to the following optimization problem:

minf(x), xe X, (5.8)

where the feasible set X differs from X only in that the original constraint func-
tions are replaced by their convex extensions: it is defined by

x € E, (5.9)
g(x)<0,ie], (5.10)

where r = 2m — k is the total number of inequality constraints after converting
each equality constraint into a pair of inequalities, and f and §i fori € J are convex
extensions of fand g, from E onto any convex set XoP = conv E.

Proof. Each equality constraint g(x) = 0 with i € J \ ] is equivalent to the
pair of inequalities g(x) < 0 and —g(x) < 0. By the fundamental theorem on con-
vex extensions for vertex-located sets (Chapter 4), there exist convex functions grz.
defined on X such that those corresponding to original inequality constraints co-
incide with g, on E, while those generated from each equality constraint coincide
with g and —g, respectively.

Since there are m — k equality constraints and each generates two inequalities,
the total number of inequality constraints becomes k + 2(m — k) = 2m — k.

The same argument applies to f and to all original inequality constraints. Con-
sequently, for any x € E the original feasibility conditions hold if and only if the
corresponding convex inequalities g (x) < 0 hold, and since fand f coincide on E,
the two problems share the same global minimizers within E. m

To avoid cluttering the notation with tildes over fand g, in the subsequent sec-
tions we use formulation (5.3)-(5.5) without equality constraints, assuming that
all constraint functions are convex. This assumption entails no loss of generality
in view of Theorem 5.1, since any equality constraint can always be represented as
a pair of convex inequalities.

The convex formulation provided by Theorem 5.1 opens the way to continuous
relaxations. For the CPC classes considered here, which as shown in Chapter 1
and Chapter 3 all admit the polyhedral-spherical representation
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E =P()S, (@), (5.11)

two fundamentally different relaxations are possible, each obtained by retaining
one component of intersection (5.11) and dropping the other.

Since E — Pand E S (1), any relaxation that expands the feasible set from E to
either P or S (7) yields a problem whose optimal value cannot exceed 2, because
minimizing over a larger set can only decrease or preserve the minimum. This
fundamental observation guarantees that both relaxation bounds are valid lower
bounds on the discrete optimum z’

The first relaxation, developed in detail in §5.2, is obtained by dropping the
spherical constraint x € S(7) and solving the problem over the polytope P
alone. Since all functions are convex by Theorem 5.1, the resulting problem is
a convex programme. Its optimal value z, satisfies z, < z" and therefore provides
a valid lower bound on the discrete optimum z". Moreover, if the minimizer
of this relaxation lies in E, it is simultaneously the exact global solution of the
original problem.

The second relaxation, developed in detail in §5.3, retains the hypersphere
S () and drops the polyhedral constraint x € P. In general this problem is
multiextremal. However, for quadratic objective functions it reduces to finding
the eigenvector corresponding to the smallest eigenvalue of the quadratic form
matrix and admits an explicit analytical solution. The resulting minimum z sat-
isfies z, < z" and provides a second valid lower bound on z'. The detailed analysis
of this reduction and the conditions under which the spherical bound is sharp
are given in §5.3.

Since neither relaxation dominates the other in general, both are solved and
their results are combined. The combined lower bound

Z,= max {zp, z} (5.12)

is tighter than either bound alone, since both z <z and z < Zz hold simultaneous-
ly, and taking the maximum preserves the lower bound property while improving
its quality. The relative tightness of the two bounds depends on the geometry of
the specific problem instance, as analysed in detail in §5.3.

The two relaxations alone do not constitute a complete algorithm: when the
combined lower bound (5.12) does not yet certify optimality, the search must
be continued by decomposing the problem. This is achieved by partitioning
E into subsets through families of parallel hyperplanes. For the multipermu-
tation configurations E (G), Theorem 3.6 of Chapter 3 establishes that for
any index subset w — J with |w| = s, the configuration decomposes into the
disjoint union

E,G)=J E™,

te X
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Eho =E, (G)ﬂ{x :le. =t}.

iew

where each stratum E"* is itself a vertex-located CPC of strictly smaller cardinality.

An analogous stratification holds for Boolean and partial multipermutation
configurations, as established in Chapter 3. Each element of the partition defines
a subproblem of exactly the same structure as the original, but on a strictly smaller
configuration, to which the two relaxations are applied recursively. A subproblem
is eliminated from further consideration whenever its local lower bound exceeds
the best upper bound known at that point, which is maintained as the objective
value at the best feasible point found so far.

Each branching hyperplane adds an equality constraint, reducing the dimen-
sion of the feasible affine subspace by one. After j steps the subproblem lives in
a space of dimension 7 — j. An orthogonal transformation - chosen precisely be-
cause it preserves the hypersphere S (7) and hence the applicability of the spherical
relaxation of §5.3 — then converts this affine subproblem into a standard spherical
optimization problem in reduced dimension, so that the eigenvalue solution of
§5.3 applies without modification. The construction of this orthogonal transfor-
mation is detailed in §5.4.

The lower bounds are non-decreasing along every path in the branching tree,
since adding equality constraints to the polyhedral relaxation can only increase z ,
and restricting the sphere to a lower-dimensional subsphere can only increase z,
as the feasible set shrinks at each level. Since E is finite, the branching tree has
depth at most n — 1: after n — 1 branching steps each node contains at most one
element of E, by the properties of the hyperplane families established in Chapter 3
(Theorem 3.6). The number of nodes at each level is bounded by the number of
hyperplanes in the corresponding family, so the total number of nodes is finite
and the algorithm terminates in finitely many steps with a globally optimal or
e-optimal solution.

The sufficient optimality conditions of Chapter 4 provide an additional mech-
anism for early termination that complements the branch-and-bound scheme.
Specifically, Theorems 4.2 and 4.6 establish that a candidate solution x* € E is
a global minimizer of fon E if the components of the gradient of the convex exten-
sion ¢ at x" are ordered oppositely to the coordinates of x* — the so-called gradient
ordering condition. Precisely, there must exist a permutation (Ttl,. . .,T[n) of {1,...,n}
such that simultaneously

dp(x") N >3<P(x*)
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This condition can be verified in O(n log n) time by a single sorting oper-
ation, making it computationally inexpensive. Moreover, the gradient-based
lower bound estimates of Theorems 4.1, 4.8, and 4.9 provide, at every node
of the branching tree, explicit lower bounds on the minimum expressible in
terms of ¢ and its gradient at any current point — again computable by sort-
ing or by solving a bounded assignment problem. This combination of relax-
ations (5.11)-(5.12), branching, dimension reduction, and gradient-based op-
timality certificates from Chapter 4 forms the complete algorithmic backbone
developed in §§5.2-§5.5.

§5.2. Polyhedral Relaxation
for Polyhedral-Spherical Configurations

The present section develops the polyhedral relaxation approach for optimization
on vertex-located combinatorial point configurations, and then specializes it to
the two principal classes studied in this monograph: multipermutation configu-
rations E_(G) and Boolean configurations B". he general framework is present-
ed first, since its key structural property, namely the reduction of every auxiliary
subproblem to an explicit extremal computation on E, holds for any vertex-locat-
ed CPC and underlies all subsequent specializationsThe section concludes with
a discussion of the lower and upper bounds arising from the convex extension
theory of Chapter 4.

Let E be a vertex-located CPC with P = conv E and polyhedral-spherical rep-
resentation (5.11). In accordance with the convention of §5.1, we assume without
loss of generality (by Theorem 5.1) that the objective function fand all constraint
functions g, are convex on any convex set X © P. The polyhedral relaxation is
obtained by dropping the spherical constraint from the representation of E and
optimizing over P alone:

min f(x), x € P, g(x)<0, ie]. (5.13)

Since f and all g, are convex on P, problem (5.13) is a convex programming
problem, and its optimal value z, satisfies

z <7
»

because E — P.

Two iterative methods are applicable to (5.13). In the case without functional
constraints, that is, the problem min f(x), x € P, both methods require solving an
auxiliary subproblem at every iteration.
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The conditional gradient method (Frank-Wolfe method) requires at each iter-
ation the solution of the linear subproblem

argmig(f'(x(”),y). (5.14)
ye
The gradient projection method requires the nearest-point computation
2
pr,c” =argmin||y—c(1)|| , (5.15)
yeE

where ¢ = x — o, f'(x"") is the gradient step point.

The key structural observation that makes both methods efficient on vertex-lo-
cated configurations is the following. Since E = vert P, any linear function attains
its minimum over the convex hull P at a vertex, hence at a point of E. This gives
the identity

arg min{c, y) =argmin{c,y), (5.16)
yeE yePpP

established as the Corollary to Lemma 4.1 in Chapter 4.

Identity (5.16) means that for the conditional gradient method, solving the
linear subproblem (5.14) over the polytope P automatically yields a vertex of P,
that is, an element of E. No rounding or additional projection step is needed.
This property is specific to linear objectives and is a direct consequence of the
vertex-located property of E. It does not extend to the nearest-point subprob-
lem (5.15) of the gradient projection method: in general,

3 2
arg m1n||y—c|| #Pr,c,
yeE

since a quadratic function need not attain its minimum over a polytope at a vertex.

Therefore the gradient projection method requires an explicit nearest-point
computation on E rather than on P. The efficiency of this computation depends
entirely on the specific geometry of the configuration E, and for the two principal
classes studied here it reduces to sorting or coordinatewise selection by virtue of
the distance function lemmas of Chapter 4.

The sufficient optimality condition at a candidate point x* € E takes the follow-
ing unified form for both methods. By the general theory of Chapter 4, a point
x" is a global minimizer of f on E if x” itself solves the linear subproblem (5.16)
with ¢ = ¢'(x"), that is, if x" already attains the minimum of the linear functional
(¢'(x"), y) over E. The specific form of this condition for each configuration class is
given by the corresponding theorems of Chapter 4 recalled below.

We now specialize the general framework to multipermutation configurations
E (G). Recall from Chapter 3 that this configuration is generated by a numerical
multiset Gz{ gl g,’zkﬁ , with underlying set S(G) = {g, < --* < g }, specification
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[G] = (np...,n),and n + -+ + n_= n. Listing the elements of G with their multi-
plicities in nondecreasing order gives the ordered representation

A=(a,<-<a), (5.17)

and every point x € E_(G) is a permutation of A.
We set

n n
_ _ 2
Sl—zai, SZ—Eai.
i=1 i=1

By Theorem 3.5 of Chapter 3, the configuration admits the polyhedral-spheri-
cal representation

E =PnNS (1), (5.18)

where II (G) = conv E ,(G) is the generalized permutohedron, and S (7) is the
circumscribed hypersphere from the family (3.4) with centre T and radius r, given
by Theorem 3.3,

s s

2
T="tpl=g, -2
n n

Thus every point of E (G) lies simultaneously on the boundary of the con-
vex polytope IT ,(G) and on the hypersphere S (7). This dual membership is the
geometric foundation for both relaxation approaches developed in this chapter.
The centroid t is the centre of the minimum circumsphere and belongs to the
interior of IT (G), providing a natural and always-available initial point for it-
erative methods.

The H-representation of I1 ,(G) is given by Theorem 3.9 of Chapter 3. The gen-
eralized permutohedron is the set of all x € R" satistying the affine equation (3.2)
together with the inequalities (3.7). Although the system may contain up to 2" — 1
constraints, Theorem 3.9 identifies the irredundant representation. In practice,
this reduction substantially decreases the number of active constraints and makes
the relaxation problem computationally tractable even for moderate values of
n. The polyhedral relaxation of the optimization problem on E (G) takes the
form (5.13) with P =11 (G).

It is worth emphasising the conceptual simplicity of this relaxation: we have re-
placed a discrete optimization problem over a finite set of n! / (n ! - --- - n,!) points
by a continuous convex programming problem over a polytope. The price we pay
is that the relaxation solution may not be feasible for the original problem; the
gain is that convex programming problems can be solved efficiently with global
optimality guarantees.

For the conditional gradient method, the linear subproblem (5.14) over IT (G)
is solved by Lemma 4.1 of Chapter 4 (with identity (5.16) ensuring the result is an
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element of E_(G)): the minimizer is found by sorting the gradient components in
non-increasing order according to conditions (4.7)-(4.8) and assigning a, to the
position with the largest gradient component, a, to the second largest, and so on.
This operation requires only O(n log n) arithmetic operations, the cost of sorting,
and no linear programming solver is needed.

For the gradient projection method, the nearest-point subproblem (5.15) on
E (G) is solved by Lemma 4.3 of Chapter 4, whose Remark 4.3 identifies it pre-
cisely as the Euclidean projection of c onto the vertex set of I1 ,(G): the minimizer
is found by assigning the largest elements of A to the largest components of ¢, as
expressed by conditions (4.11)-(4.12). This operation likewise costs O(n log n).
Thus both auxiliary subproblems for E (G) reduce to a single sorting operation,
making each iteration of both methods computationally cheap regardless of the
size of the H-representation of IT (G).

We now describe the two methods in detail for problem

min f(x), x €Il (G). (5.19)

The conditional gradient method generates a sequence in IT (G) converging
to the global minimum off over IT (G) at a rate O(1/1) in function value. Starting
from x¥ € II_(G), for example the centroid 7, at iteration I the method solves the
linear subproblem (5.14) by sorting according to (4.7)-(4.8), obtaining y € E_(G),
and forms the new iterate

20 = (1 - ) x0 + ay?, (5.20)
where the step size «, € [0,1] is found by line search

)

Q,=arg m[igll]f((l—a)x +Ocy”)). (5.21)

For the quadratic objective function
(x) = x"Cx + x'b,

the line search (5.21) admits an explicit solution.
Setting h® = y — x, the objective along the line becomes

fla) = a*(h")" ChY + a2(x®)T Ch® + (hD)T b) + flx?).
Denoting
y=—-Q2x")TChY + ()T b) / 2(h")" C h),

the optimal step size equals 0 if y ¢ (0,1) and the directional derivative is posi-
tive, 1 if y ¢ (0,1) and the directional derivative is negative, and y if y € (0,1) and
(h")TChY > 0.

For a general convex differentiable f, the line search (5.21) is carried out by any
standard one-dimensional method, such as the golden section method or bisec-



Optimization Methods on Combinatorial Point Configurations 149

tion, since f is convex along every line segment. The iteration is repeated until the
duality gap

8D = flxM) — (£ (x0), x — yO) (5.22)

falls below a prescribed tolerance € > 0.

The duality gap (5.22) provides a computable upper bound on the distance
from the current function value to the true minimum over IT (G) and is therefore
a reliable stopping criterion.

The gradient projection method maintains iterates directly in E_(G) by pro-
jecting each gradient step onto the configuration. Starting from x” € E_(G), at
iteration 1 the method computes the gradient step point

@ = x0 — a £ (x)

and obtains the new iterate by solving the nearest-point subproblem (5.15):

2
x = Pr, ' =arg yengir(lc)”y—c(l)” ) (5.23)

By Lemma 4.3 and conditions (4.11)-(4.12), the projection (5.23) costs
O(n log n). The step size a; may be chosen as a constant satisfying 0 < &, < 1/L
where L is the Lipschitz constant of f', or by line search along the projection arc.
There is a direct connection between the gradient projection step and the lower
bound estimates of Chapter 4: when f possesses a strongly convex extension ¢
with parameter p > 0, the centre ¢ with & = 1/(2p) coincides exactly with the
shifted centre

2p
of Theorem 4.8, whose lower bound is (4.25).

Thus the nearest-point computation (5.23) simultaneously advances the iterate
and contributes to the lower bound estimate. Moreover, Theorem 4.10 gives a suf-
ficient condition for global optimality native to the gradient projection method:
apoint x" € E (G) is a global minimizer if it satisfies condition (4.28), verified at
each iteration at no additional cost.

When functional constraints in (5.13) are present, both methods are extended
by incorporating the constraints into the objective via a penalty term. For a pen-
alty parameter « > 0, the penalized problem is
Emn:krgc)(f(x)ﬂll(x,a)), (5.24)

X

v(x,00) = ai(max{o,gi ().

i=1
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The use of the squared violation ensures that y( - ,«) is both convex and con-
tinuously differentiable on I1 ,(G), preserving the convexity structure required by
both methods. As @ — o, by the classical theory of exterior penalty functions, the
minimizers of (5.24) converge to the solution of the constrained problem (5.13).
In practice, one solves a sequence of problems (5.24) with increasing «, using each
solution as the starting point for the next. For any fixed «, problem (5.24) is a con-
vex programming problem over IT (G), and both methods apply directly with the
gradient of the penalized objective

f'(x,a) +y'(x,a) = f'(x) + ZQZ% max{0,g,(x)}. (5.25)
i=1 i

The auxiliary subproblems of both methods remain linear minimization or
nearest-point computations on II (G) or E_(G) respectively, solved by sorting
via Lemmas 4.1 and 4.3. Both methods therefore inherit their computational effi-
ciency from the unconstrained case, adding only the evaluation of y and its gra-
dient (5.25) at each iteration.

The polyhedral relaxation provides the lower bound z < z'. Sharper bounds
follow from the convex extension theory of Chapter 4.

By Theorem 4.1, if 9: X — IR is a convex differentiable extension of fto X D E (G),
the lower bound estimate (4.13) holds at every x € X. The minimum of (¢ (x), y) over
E (G) on the right-hand side of (4.13) is evaluated by sorting according to (4.14)
via Lemma 4.1 in O(n log n).

Substituting the current iterate x* yields the computable lower bound

r 0]
z,=p(x")+ Za(gi(a,- -x{)<z". (5.26)
i=1

xkl

For the upper bound, the value of f at the nearest element of E _(G) to the
current iterate provides z > z'. By Lemma 4.3 and conditions (4.11)-(4.12), this
nearest element is found by sorting at cost O(n log n). When the gradient pro-
jection method is used, the nearest element is computed automatically at each
iteration (5.23), so z, is obtained as a by-product at no additional cost. Together,

7)<z <z (5.27)

and the gap z_— z, measures the current approximation accuracy. Beyond bounding,
Theorem 4.2 provides a constructive sufficient condition for global optimality: a point
x € E_(G) is a global minimizer if conditions (4.15)—(4.16) hold simultaneously, that
is, the gradient of ¢ at x” is ordered oppositely to the coordinates of x". This means x’
already attains the minimum of (¢(x’), y) over E_(G), so convexity of ¢ implies global
optimality. Conditions (4.15)-(4.16) are checked by a single comparison of orderings
whenever the algorithm produces a candidate point x* € E _(G), and if satisfied, the
algorithm terminates immediately with x" certified as the global solution.
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Both the conditional gradient method and the gradient projection method ap-
ply without modification to Boolean configurations . These configurations arise
as Cartesian products

B =G’

of a finite set G = {g, < --- < g }, with each coordinate x, chosen independently from
G. As established in Chapter 3 (§3.7), B/ is vertex-located and admits the polyhe-
dral-spherical representation

B} =P[S,(),

so the general framework of this section applies.

The decisive structural difference from E (G) is the complete independence
of coordinates in B;": no admissibility constraint links different coordinates, so
both auxiliary subproblems decompose completely into n independent one-di-
mensional problems since the coordinates of B;' are chosen independently. This
reduces the complexity of all auxiliary computations from O(n log n) to O(n).

For the conditional gradient method, the linear subproblem (5.14) over
B is solved by Lemma 4.12 according to condition (4.29): for each coordinate

k
i=1,...,n independently,

g, when U () > 0;
. ox,
Yi=
g, When I <0.
ox,

1

No sorting across coordinates is required; each coordinate is decided by the
sign of the corresponding gradient component alone. Identity (5.16) continues to
hold for B} since

Bk" = vert conv B:,

the linear minimization over B, and over its convex hull give the same result, and
the minimizer is automatically a vertex.

For the gradient projection method, the nearest-point subproblem (5.15) on
B/ is solved by Lemma 4.13 according to condition (4.30): for each coordinate
i = 1,...,n independently, the nearest element of G to ¢, is found by inspection,
requiring O(1) per coordinate and O(n) overall. As noted in §4.6 this replaces the
assignment problem that arises for E (G) (Lemma 4.3), cleanly demonstrating
the structural gain from coordinate independence. The bounds (5.26)-(5.27) ap-
ply to B via Theorem 4.11, with the linear minimization on the right-hand side
solved coordinatewise by Lemma 4.12 in O(n).
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The sufficient optimality condition is Theorem 4.12 via condition (4.30): a point
x° € B} is a global minimizer if for every i,

ox, |<0 whenever x]=g,,

00 (x) {20 whenever x]=g;
0
checked in O(n).

For the strongly convex case, Theorem 4.15 gives the fixed-point characteriza-
tion (4.34), verified at each projection step at no extra cost.

Thus, the polyhedral relaxation approach unifies two configuration classes
under a single framework: for any vertex-located CPC E, both the conditional
gradient method and the gradient projection method reduce their auxiliary sub-
problems to explicit extremal computations on E itself. The conditional gradient
method is particularly natural because identity (5.16) — a direct consequence of
the vertex-located property — ensures the linear subproblem automatically yields
a vertex without any additional projection.

The gradient projection method complements this with a nearest-point step
that simultaneously provides the upper bound and the optimality certificate, and
its iterate structure is intrinsically connected to the lower bound estimates of The-
orem 4.8 through the shifted centre.

For multipermutation configurations all auxiliary computations cost O(n log n).
For Boolean configurations coordinate independence reduces this to O(n), as ex-
pressed concisely by the contrast between Lemma 4.3 and Lemma 4.13. Togeth-
er, the convex relaxation over P, the lower bound (5.26) from convex extension
theory, and the sufficient optimality conditions from Chapter 4 constitute a the-
oretically complete and computationally efficient framework for global optimiza-
tion on vertex-located CPCs, which serves as the foundation for the branch-and-
bound scheme developed in §5.4.

§5.3. Spherical Relaxation
for Polyhedral-Spherical Configurations

The polyhedral relaxation of §5.2 exploits one component of representation (5.11)
by optimizing over the polytope P alone. The present section develops the com-
plementary approach: retaining the hypersphere S (7) and dropping the polyhe-
dral constraint. The resulting spherical relaxation provides lower bounds that are
in general incomparable with those of the polyhedral relaxation, and their combi-
nation yields bounds of significantly higher quality than either alone.
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The spherical relaxation is natural for polyhedral-spherical configurations
— those admitting the representation (5.11). This class includes all principal con-
figuration classes studied in this monograph: multipermutation configurations
E (G) (Theorem 3.5) and the two-level Boolean configurations B, For k > 2, the
general Boolean configuration B;' is not spherically located (Chapter 3, §3.7), so
the spherical relaxation applies to its two-level subcase B)' — B, only. The general
framework is presented first, and then specialized to each class.

Let E be a polyhedral-spherical CPC with representation (5.11). The spherical
relaxation of the optimization problem on E is obtained by dropping the polyhe-
dral constraint x € P and retaining only the spherical constraint x € S (7):

min f(x), x € S (7). (5.28)

Since E < S (1) by the polyhedral-spherical representation, the feasible set
of (5.28) contains E, and therefore

z = msin fx)<z".
X€S,(r)
Thus z is a valid lower bound on z'. Similarly, the polyhedral relaxation from
§5.2 provides the lower bound z, < z'. Since both bounds are valid simultaneously,
their maximum

z,= max{z, z.} (5.29)

is also a valid lower bound, and is at least as sharp as either bound individually.
The combined lower bound (5.29) is one of the central tools of the branch-and-
bound method developed in §5.4.

It is natural to ask when z is sharper than z and vice versa. The answer de-
pends on the geometry of the problem, specifically on the location of the uncon-
strained minimizer

X= arg min f(x)

relative to the polytope P and the hypersphere S (7). We formalize this observation
in the following theorem.

Theorem 5.2. (Comparison of polyhedral and spherical lower bounds).

Let f be a convex differentiable function on R", and let

X= arg min f(x)
be its unconstrained minimizer.
(i) If £ € int P, then
z, :rflei}}f(x) =f(x),
so the polyhedral relaxation yields only the unconstrained minimum as a lower
bound. Since all points of E lie on the boundary of P and on the sphere S (7), the
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spherical relaxation is likely to provide a sharper bound: the minimum of f over
S (7)is constrained to the sphere passing through E and may be significantly larger
than f(£), giving z, > z, in this case, so the spherical bound is sharper.

(ii) If £ ¢ P, then the unconstrained minimizer lies outside the polytope, and
the polyhedral relaxation is likely to be more informative, since the minimum of
fover Pis attained on the boundary and reflects the geometry of P more directly.

(iii) If £ € int S (1), meaning the unconstrained minimizer lies strictly inside
the hypersphere, then the spherical minimum z( is attained on S (7) and is strictly
greater than f(£), providing a non-trivial lower bound. In this case z, > z whenev-
er P extends further from X than S (7) does.

(iv) In all cases, the combined bound

z,= max{zp, z}

is valid and is never worse than either individual bound.
Proof. Since fis convex and £ is its unconstrained minimizer, f(x) > f(X) for all
x € R", with equality only at X.
For any feasible set D containing E, we have
min f (x) <z’
xeD R
so any such minimum provides a lower bound.

In case (i), since X € int P, the minimum of f over P is attained at £, giving
z,= f(x). This is the weakest possible lower bound, since f(x) < f(x) for all x. The
spherical relaxation optimizes over S (7), which passes through all points of E and
avoids the interior of P: since fis convex and £ € int P, the values of fon S () are
strictly greater than f(£), giving z, > z, = f(£). Therefore the spherical bound is
strictly sharper in this case.

In case (ii), since £ ¢ P and f is convex, the minimum of f over P is attained on
the boundary of P in the direction from £. The polyhedral structure directly cap-
tures the geometry of the feasible set E = vert P, making z, more directly relevant.

Cases (iif) and (iv) follow by analogous convexity arguments applied to the
sphere S (7). The bound z is valid since both z and z, are valid lower bounds, and
the maximum of two lower bounds is again a lower bound. m

The theorem shows that neither relaxation uniformly dominates the other:
their relative quality depends on the geometry of the specific problem instance,
making the combined bound particularly valuable in practice. In the general
case of an arbitrary convex differentiable objective, problem (5.28) is non-con-
vex on a smooth manifold and may be multiextremal. The situation changes fun-
damentally for quadratic objectives, where problem (5.28) reduces to an eigen-
value problem admitting a complete explicit solution, developed in detail below
for both E ,(G) and for B,'. For general smooth f, the explicit quadratic solution
can still be exploited through local quadratic approximations, as described at the
end of this section.
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We now specialize to multipermutation configurations E_(G). Recall from §5.2
that the polyhedral-spherical representation is

E,(G)=II (G)(S.(7),
where the circumscribed hypersphere S (7) has radius
r=V5,-577n
and centre 7 = (Tl,...,Tn) where

T,=... =Tn=Sl/1"l.

The spherical relaxation of the original optimization problem on E (G) is
obtained by dropping the polyhedral constraint x € II (G) from representa-
tion (5.18) and retaining only the spherical constraint x € §(7), giving prob-
lem (5.28) with this specific S (7).

We begin with the general case of an arbitrary convex differentiable objec-
tive function f, establish the basic properties of the relaxation, and then turn
to the quadratic case where the relaxation admits a complete explicit solution.
The section concludes with a discussion of the case with additional functional
constraints and a remark on the use of quadratic approximations for general ob-
jective functions.

Before turning to the explicit solution of the spherical relaxation, we establish
an auxiliary result that plays a key role in the branch-and-bound scheme of §5.4
and in the geometric analysis of the spherical relaxation. Specifically, we need to
identify the face of the generalized permutohedron IT (G) that is closest to the
centre T in a given direction & € S (7).

Recall that 1 is the center of the circumscribed hypersphere S (7), and that
7 € int I (G) since 7 is the centroid of E_(G). For a given point § € S (1), the
segment [7, ] starts at the centre of IT (G) and ends on its circumsphere. Along
this segment, the first face of IT (G) encountered as we move from 7 toward & is
called the nearest face of IT (G) in the direction T,

Definition 5.1. The nearest face of I1 ,(G) in the direction Tp where & € S (1), is
the face of I1 ,(G) whose supporting hyperplane has non-empty intersection with
the open segment (7, §) and whose intersection point with [, &] is closest to .

Theorem 5.3. (Nearest face of I1 (G) in direction TE).

The nearest face of I ,(G) in the direction 7, is determined by the hyperplane

fon = Zai, (5.30)

where the sequence 7, ..., 7 isa permutation of ] = {1,...,n} such that

SaS =8, (5.31)
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and L is determined by
p, =minp, (5.32)

le ],

>

where

p, = Z(a,. -7, )/Z(gﬂi -7,). (5.33)

Proof. Any point y = (y,,...,y,) on the segment [z, £] can be written as

y=0-p)t+p pel0,1]. (5.34)
If y belongs to the hyperplane

then substituting (5.34) gives
1

) ((=pye, +pE )=} a,

i=1

from which formula (5.33) follows.

The nearest face corresponds to the smallest value of p, over all I € ], since the
smallest p gives the intersection point closest to 7. It remains to show that the or-
dering (5.31) is optimal, that is, that considering only hyperplanes whose index sets
satisfy (5.31) is sufficient. For index sets not satisfying (5.31), the corresponding
value p, is larger than the minimum over sets satisfying (5.31) for the same [, since
the ordering (5.31) minimizes the denominator in (5.33) by the rearrangement ine-
quality. Therefore the nearest face is correctly identified by (5.30)-(5.33). m

This theorem provides an efficient algorithm for finding the nearest face: sort
the components of £ — 7 in non-decreasing order to obtain the permutation
(711, - ﬂn), then compute P, for I = 1,..., n by formula (5.33) and select L as the
index minimizing p,. The entire procedure requires O(n log n) operations.

The nearest face (5.30) defines a natural branching hyperplane for the branch-
and-bound scheme of §5.4, as it corresponds to the first combinatorial constraint
of IT ,(G) encountered when moving from the centre of the sphere toward the
current relaxation solution on S (7).

We now turn to the case where the objective function is quadratic:

@(x) = x"Cx + x"b, (5.35)

where Cis a symmetric n x n matrix and b is an n-dimensional vector.
The spherical relaxation of the optimization problem on E (G) with objec-
tive (5.35) reads:

min@(x), x€S$ (7). (5.36)
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Before solving (5.36), we address the question of whether the matrix C needs to
be positive definite. In general, C may be indefinite, which complicates the analy-
sis. However, the spherical constraint

e =7l = 7

provides additional algebraic structure that allows us to transform any quadratic
function into an equivalent one with a positive definite matrix, without changing
the values of ¢ on S (7).

Lemma 5.1. (Reduction to positive definite case).

For any symmetric matrix C and any scalar > 0 such that C + I is positive
definite, the function (5.35) and the function

(p/}(x) =x" (C+fI) x+x"b
differ on S (1) by the constant
B + ||7]|* + 2x"7).

In particular, if 8 is chosen such that

ESWALS YIS

¢; <0 i<j

then C + Bl is positive definite, and minimizing ¢ on S () is equivalent to mini-
mizing ¢, on § (7) up to this constant.
Proof. On S (1) we have

llx— 7l =7
which, when expanded, yields
[1x]]> = 7 + 2x™7 - ||7]|*
Therefore
X"(C+ BDx =x" Cx + P||x]|*> = x" Cx + p(r* + 2x"7 — || 7).

The additional term (r* + 2x"7 — [|7||?) is a linear function of x on S (7) plus
a constant, and therefore does not change the location of the minimizer of ¢ on
S.(1) up to a known correction. The bound on f3 ensuring positive definiteness
follows from the Gershgorin circle theorem. m

Thanks to Lemma 5.1, we may assume without loss of generality that C is pos-
itive definite in what follows. This ensures that the quadratic function ¢ is strictly
convex, which simplifies the analysis of stationarity conditions and guarantees the
non-degeneracy of the solution.

To find the minimum of

p(x)=x"Cx+x"b
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on S (), we apply the Lagrange multiplier method. The stationarity condition is
¢'(x) = Ag'(x),
where g(x) = ||x - 7||> - 7* = 0 defines the sphere S (7).
Computing the gradients gives
2Cx+b=2A(x- 1), (5.37)

which together with the constraint ||x — 7||> = r* forms the system to be solved.
We now diagonalize C by an orthogonal transformation. Let e, ..., e, be the

orthonormal eigenvectors of C with corresponding eigenvalues p, <---<p .
Expanding x — 7 and b + 2Cr in this eigenbasis:

n
X—T= 2 v e »
i=1

b+2C‘L':zn:bi € »

i=1

where y =(x—1,e)and b,=(b + 2Cr, e,).
Substituting into (5.37) and projecting onto e, gives

2py,+b,=2M\y,
from which
Yi= b—l (5.38)
i 2 17: _ P,-) .
provided A # p..
Substituting (5.38) into the constraint
i=1
yields the secular equation
n bZ
gA) =Y ———=r". (5.39)
iz=:‘ 4(/1 - p,- )2

The secular equation (5.39) has at most 2n solutions — at most two on each
interval between consecutive eigenvalues (one on each side of the minimum of g
on that interval), found by bisection or Newton’s method. Each solution A can be
found efficiently on its interval I, by a bisection or Newton method, exploiting the
convexity of g on I, to guarantee convergence. Once A_is found, the correspond-
ing stationary point x, is recovered from (5.38):
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. " be.
- _s 5.40
x, T+22(%—P,~) (5.40)

i=1

The global minimizer of ¢ on § (7) is then found by evaluating ¢ at each of the
at most 27 stationary points x, and selecting the one with the smallest value. This
procedure is computationally very efficient: the dominant cost is the eigendecom-
position of C, which requires O(n*) operations, after which each stationary point
is found in O(n) operations.

The minimum value

Zs = mkinq)(x;)

provides the lower bound on z' from the spherical relaxation.

Combined with the lower bound z_ from §5.2, the combined bound z, = max{zp, z}
is computed at negligible additional cost once both relaxations have been solved.

The upper bound is again obtained by finding the nearest vertex of E_(G)
to each stationary point x, using the sorting procedure of Lemma 4.3 (condi-
tions (4.11)-(4.12), cost O(n log n)) and evaluating ¢ at these vertices. The best
(smallest) value among all candidates gives the upper bound z , completing the
two-sided estimate z, <z’ < z .

The sufficient optimality conditions of Chapter 4 apply here as well. By Theo-
rem 4.2, if a point x* € E (G) satisfies conditions (4.15)-(4.16) with respect to the
convex extension ¢ of the objective function, then x" is a global minimizer of ¢ on
E (G). In the quadratic case, the gradient ¢'(x") = 2Cx" + b is readily computed,
and the verification of conditions (4.15)-(4.16) requires only a comparison of or-
derings, as described in §5.2. Whenever this check succeeds for a candidate vertex
found during the spherical relaxation, the algorithm terminates immediately with
a certified global solution.

When the original problem includes functional constraints, the spherical relax-
ation (5.28) becomes

min f(x), x € S(1), g(x) <0, ie], (5.41)

and the explicit solution via eigenvalue decomposition is no longer directly avail-
able. However, the structure of the unconstrained spherical relaxation can still be
exploited effectively.

In the quadratic case, the unconstrained spherical relaxation (5.36) yields at
most 27 stationary points xl* e x;n on S (1), all of which can be computed explicit-
ly by the procedure described above. Among these, those satisfying all constraints
g(x,) <0 are feasible for (5.41), and the smallest value of ¢ among the feasible sta-
tionary points provides a lower bound for (5.41). If none of the stationary points
is feasible, the lower bound zZ, from the unconstrained relaxation remains valid
for the original problem on E _(G), since E_(G) < S (1) and the constraints are
assumed to be satisfied on E _(G).
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For each feasible stationary point x,, the nearest vertex of E_(G) to x, is found
by the sorting procedure of Lemma 4.3 and provides an upper bound candidate.
The best upper bound among all candidates gives z . Together with the lower
bound z,= max{zp, ZS}, this yields the two-sided estimate z,< Z < z, as before.

For a general convex objective f, the unconstrained spherical relaxation

min f(x)

xe S, (1)

can be solved by gradient projection methods or other methods for optimization
on smooth manifolds. The resulting solution x may or may not satisfy the con-
straints, but in either case the nearest feasible vertex of E (G) provides an upper
bound, and the value z, = f(x,.) remains a lower bound for the original problem.

We conclude this discussion with a remark on the use of quadratic approx-
imations, which extends the applicability of the spherical relaxation to general
smooth objective functions.

Suppose f is a smooth but not necessarily quadratic convex function. At any
current point x, we can construct the quadratic approximation

gO(x) = fx®) + (F(x0), x — x0) +
+(x — xNTHO(x — x9)/2, (5.42)

where H" is the Hessian f”(x) or its positive definite approximation.

Minimizing q”(x) on S () is a quadratic problem of the form (5.36), which is
solved explicitly by the eigenvalue procedure described above. The minimizer x,”
of ¢ on S (1) serves as a candidate solution; the nearest vertex of E_(G) to x”
provides an upper bound for fon E (G), which can be improved iteratively as x*
is updated.

This quadratic approximation approach has several attractive features. First,
the dominant computational cost at each iteration is the eigen decomposition of
H®, which is the same cost as in the direct quadratic case. Second, the approxima-
tion quality improves as x approaches the optimum, since the Hessian captures
the local curvature of f more accurately near the solution. Third, if H” is chosen
as a quasi-Newton approximation (for example, a BFGS update), the eigendecom-
position can be maintained efficiently across iterations using rank-one update for-
mulas.

The spherical relaxation of the quadratic approximation (5.42) thus provides
a sequence of improving lower bounds

20 = gO(x,0)

and upper bounds z * = f{x"), where x? is the nearest vertex of E_(G) to x,.

As [ — oo, both bounds converge to z', providing a complete iterative optimi-
zation scheme for general smooth objectives on multipermutation combinatorial
point configurations.
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We now specialize the spherical relaxation to the two-level Boolean configura-
tion B) = {g,, g,}". As established in §3.7 (formula (3.22)), B; admits the polyhe-
dral-spherical representation

B =1[g,81"[)S, @)
where the hypersphere has centre
. {gl 8 &+8 )

IYREE)

2 2

and radius

=& ;g1 \/;

The general framework of this section applies directly: the spherical relaxation (5.28)
takes the form min f{x), x € S (7), providing the lower bound z, < z' since B] < S ().
For k > 2, the general Boolean configuration B;' is not spherically located (Chap-
ter 3, §3.7), so the spherical relaxation applies to its two-level subcase B} c B only.

For a quadratic objective (5.35), the spherical relaxation on B} is solved by ex-
actly the same eigenvalue procedure as for E ,(G): Lemma 5.1 reduces to the pos-
itive definite case, the secular equation (5.39) is formed with the eigenvectors and
eigenvalues of C and the parameters

r= gz;gl \/;

and centre ¢ replacing 7, and the stationary points are recovered from (5.40).

By the convexity of g(A) on each interval between consecutive eigenvalues, the
secular equation has at most two solutions per interval, found by bisection or New-
ton’s method. The dominant cost remains O(n°) for the eigendecomposition of C.

The decisive difference from E  (G) appears in the nearest-vertex computations.
Finding the nearest vertex of B] to a stationary point x; is solved by Lemma 4.13
according to condition (4.30): for each coordinate i = 1,...,n independently, the
nearest element of {g, g} to (x,), is found by a single comparison, requiring O(1)
per coordinate and O(n) overall. This contrasts with the O(n log n) sorting re-
quired for E_(G) via Lemma 4.3.

As noted in §4.6, Lemma 4.13 replaces the assignment problem of Lemma 4.3
by n independent binary choices, cleanly demonstrating the structural gain from
coordinate independence. The combined lower bound (5.29) and the two-sided
estimate z, < z' < z_apply to B} without modification. The sufficient optimality
condition is Theorem 4.12 via condition (4.32), checked coordinate wise in O(n),
and the fixed-point characterization of Theorem 4.15 (condition (4.34)) applies
for the strongly convex case.
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The quadratic approximation scheme (5.42) extends to B] without modifica-
tion, with all nearest-vertex computations replaced by the coordinatewise pro-
cedure of Lemma 4.13. The sequence of bounds z” and z ” converges to 2" as
before, with the reduced O(n) cost per nearest-vertex computation reflecting the
coordinate independence of B}.

Thus, the spherical relaxation approach is developed at two levels. At the
general level, it applies to any polyhedral-spherical CPC and provides the low-
er bound z, < z', whose combination with z from §5.2 gives the sharper com-
bined bound (5.29). Theorem 5.2 establishes that neither relaxation dominates
the other in general, making their combination essential. At the specific level, the
quadratic case admits a complete explicit solution via the secular equation (5.39)
and the eigen decomposition of C. Theorem 5.3 provides the nearest-face compu-
tation central to the branching step of §5.4. For multipermutation point configu-
rations E ,(G), the nearest-vertex computation costs O(n log n) via Lemma 4.3; for
Boolean configurations B}, it costs O(n) via Lemma 4.13. The methods of this sec-
tion and §5.2 are combined into a complete branch-and-bound algorithm in §5.4.

§5.4. Dimension Reduction and Branch-and-Bound
Scheme for Multipermutation
Point Configurations

The relaxation approaches of §5.2 and §5.3 provide the lower bound z, = max{zp, z}
and an upper bound z obtained by evaluating the objective at the nearest vertex
of E to the relaxation solution. When the gap between z, and z, exceeds the pre-
scribed tolerance ¢, the search must be continued by decomposing the problem
into subproblems of smaller size. This decomposition is achieved by two comple-
mentary mechanisms: branching, which partitions E into subsets — for multi-
permutation configurations by intersecting with a family of hyperplanes, and for
Boolean configurations by fixing individual coordinates and dimension reduc-
tion, which exploits the resulting equality constraints to reduce the dimension
of the relaxation subproblems at each subsequent level. Together, branching and
dimension reduction form the backbone of the branch-and-bound scheme devel-
oped in this section.

The branch-and-bound scheme is not an independent method standing along-
side the relaxations of §5.2 and §5.3. It is the organizational framework that com-
bines them into a complete algorithm for global optimization on a vertex-located
CPC E. The lower bounds at each node come from the polyhedral and spheri-
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cal relaxations. The upper bounds come from the nearest-vertex procedure. The
branching rules come from the hyperplane decomposition of E described in
Chapter 3. The dimension reduction makes the relaxation subproblems at deeper
levels of the tree significantly cheaper to solve. The sufficient optimality condi-
tions of Chapter 4 provide a mechanism for early termination whenever a globally
optimal solution is found before the tree is fully explored.

The general principle of dimension reduction is as follows. Each branching step
adds an equality constraint that restricts the problem to an affine subspace of dimen-
sion n — 1. After j branching steps the subproblem lives in a space of dimension # — .

For vertex-located CPCs admitting a polyhedral-spherical representation
(5.11), this requirement is automatically satisfied: the intersection of the polytope
P with a branching hyperplane is again a polytope, and the intersection of the hy-
persphere S (1) with the same affine subspace is a lower-dimensional hypersphere.
The relaxation subproblem at each node therefore has exactly the same structure
as the original problem but in reduced dimension, and all tools developed in §5.2
and §5.3 apply without modification.

The nearest-vertex computation plays a dual role in the algorithm. On the one
hand, it provides the upper bound z at each node: the objective is evaluated at the
nearest vertex x to the relaxation solution, and z is updated whenever ¢(x) < z,.

On the other hand, the same candidate vertex x is immediately subjected to
the sufficient optimality check of Chapter 4. For vertex-located CPCs, this check
reduces to a comparison of orderings of the gradient and the coordinate values
of x, and it costs O(n log n) for multipermutation configurations and O(n) for
Boolean configurations. Whenever the check succeeds, the algorithm terminates
immediately with x as a certified global solution, without exhausting the branch-
ing tree. This dual role is what makes the nearest-vertex computation central to
the efficiency of the scheme: it simultaneously tightens the gap z, - z, from above
and provides a termination criterion that can save substantial computation when-
ever the optimum is encountered early.

The two-sided estimate z’ < z' < z _is maintained at every node of the branch-
ing tree. The lower bound z is non-decreasing along every path from the root to
a leaf, so the gap narrows monotonically as the tree is explored. A node is pruned
whenever z > z , since no descendant of that node can improve upon the current
best feasible solution. The combination of a tight lower bound from two comple-
mentary relaxations and a tight upper bound from the nearest-vertex procedure
makes the pruning highly effective in practice, and the algorithm typically ex-
plores only a small fraction of the complete branching tree.

The two principal configuration classes realize dimension reduction in struc-
turally different ways. For multipermutation point configurations E (G), the
branching hyperplane is generally oblique with respect to the coordinate axes,
and an explicit orthogonal change of variables is required to maintain the spheri-
cal structure of the subproblem.
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For Boolean configurations B}, the branching hyperplane is a coordinate hy-
perplane, and dimension reduction reduces to the direct elimination of one coor-
dinate variable without any transformation.

We now develop the branch-and-bound scheme in detail for multipermuta-
tion point configurations E_(G). Recall from §5.2 that the branching scheme adds
equality constraints of the form

Yx, =C, (5.43)
i=1

to the relaxation problem at each level of the branching tree.

Each such constraint restricts the problem to an affine subspace of dimension
n — 1, and after j branching steps the problem is restricted to an affine subspace of
dimension n — j. In §5.2 we noted that this reduction occurs implicitly, without an
explicit change of variables.

We now show how to perform this reduction explicitly by means of an orthog-
onal transformation, which is essential for the efficient solution of the spherical
relaxation subproblem at each node.

After adding j hyperplane constraints H, .., H] of the form (5.43), the inter-

section
,@NH(---NH,

is a polytope lying in an affine subspace A, of dimension 7 —j.

The circumsphere S (1) intersected with A is a sphere of dimension n —j — 1
lying in A, Therefore the spherical relaxation subproblem at level j is a problem
of minimizing f on an (n — j)-sphere in an (n — j)-dimensional space, exactly the
same type of problem as the original spherical relaxation but in lower dimension.

To pass to an explicit (n — j)-dimensional formulation, we apply a sequence
of orthogonal transformations. We describe one step; the general step follows
by induction. Suppose that at the current node we have added one hyperplane
constraint

=g (5.44)

where the indices T ..., s are determined by Theorem 5.3 as the nearest face of
I1 ,(G) in the direction of the current spherical relaxation solution.

Let O, denote the orthogonal projection of the centre T onto H, and let U, be an
orthogonal n x n matrix whose first row is the unit normal to H:

ey = (U )(e, +-+e, ),

where e, denotes the i-th standard basis vector.
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The transformation
y=U(x-0,)

maps the hyperplane H to the coordinate hyperplane in R", so that constraint (5.44)
becomes simply y, = 0. Dropping the first coordinate reduces the problem to an
(n — 1)-dimensional problem in the variables Vpoes Ve Under this transformation,
the objective function (5.35) becomes

90 =y"Cy+yb,
where
C,=UCUL b =U(b+2CO,). (5.45)

The matrix C, is again symmetric, and if C is positive definite then C, is also
positive definite, since orthogonal transformations preserve eigenvalues. The
sphere S (1) is mapped to a sphere of the same radius r centred at U (7 — O)),
which lies in hyperplane y, = 0.

The radius of the reduced sphere is

n=yr'-10 -7,

where [|O, — 7l is the distance from the centre T to the hyperplane H.
Restricting to y, = 0 gives an (n — 2)-sphere in R"", and the reduced problem is
min = @ (¥,5..57,) (5.46)

(¥3se-np)E S,l (7,)

where 7, and 7, are the radius and centre of the reduced sphere, computed from r,
7,0,and U,.
After j branching steps with hyperplanes H,

..., H,, the reduction is applied j
times, yielding the (n — j)-dimensional problem

min )(oj(yj+1,...,yn), (5.47)

oo ) 8, (5,

where ¢, is a quadratic function with matrix
C=U--UCUT-.-UT
] j 1 1 j

and the sphere S (7) has dimension n —j - 1.

Problem (5.47) has exactly the same structure as the original spherical relax-
ation (5.36), and is solved by the eigenvalue procedure of §5.3 applied to the re-
duced (n — j) x (n — j) matrix CJ The lower bound from the reduced spherical
relaxation is
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Z5o :<y,ﬂ,.{rylnl>rslsg (r,>¢f(yf+"""y”) (5.48)
which is tighter than z; ) since the feasible set has been further restricted.

The polyhedral relaxation subproblem at level j is handled as follows. The poly-
tope I1,(G) N Hy N ... N H, is the generalized permutohedron with additional
equality constraints. These constraints are simply appended to the H-representation
of IT_(G) without modifying it, and the conditional gradient method with sorting
via Lemma 4.1 applies as before. The lower bound z? from the polyhedral relaxa-
tion at level j is at least as large as z "V since the feasible set has been restricted.

The combined lower bound at fevel j is therefore

29 = max{z 9, 70}, (5.49)

which is non-decreasing as j increases. This monotone improvement of bounds as
the branching tree is explored is a fundamental property that guarantees both the
correctness and the efficiency of the scheme.

At each node at level j, the upper bound is obtained by finding the nearest
vertex of E_(G) to each stationary point x{s’k}(f) on Srv(‘l'j). By Lemma 4.3 and condi-
tions (4.11)-(4.12), this nearest vertex is found by S(J)rting the components of x{s)k}(/)
at cost O(n log n). The upper bound at level j is

Zu = mkin §0(9_Ck<j> )’

where x ! is the nearest vertex of E (G) to X k}(f). The two-sided estimate

z0<z <z
is thus maintained at negligible additional cost once both relaxations have been
solved.

Each candidate vertex x, is immediately subjected to the sufficient optimality
check of Theorem 4.2, conditions (4.15)-(4.16): if the gradient

¢'(x,,)=2Cx,, +b

k)

satisfies the ordering conditions with respect to the coordinates of x,"”, then x
is certified as a global minimizer of ¢ on E _(G), and the algorithm terminates
immediately. This check requires only a comparison of orderings, costs O(n log n),
and can save substantial computation whenever the global optimum is encoun-
tered early in the search.

The dominant computational cost at each node at level j is the eigendecompo-
sition of the reduced matrix Cj, which costs O((n — j)?). All remaining operations
at the node cost O(n log n): the nearest vertex via Lemma 4.3 (conditions (4.11)-
(4.12)), the optimality check via conditions (4.15)-(4.16), the nearest face via
Theorem 5.3, and the orthogonal transformation (5.45) which costs O(n?). As j
increases, the eigendecomposition cost O((n — j)*) decreases rapidly, so the deep-
er levels of the tree are significantly cheaper than the root.
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We now describe the complete branch-and-bound algorithm for global optimi-
zation on E ,(G). The algorithm maintains a list of active nodes, each defined by
a set of branching constraints, and a global upper bound z_u updated whenever
a feasible point with a lower objective value is found.

The algorithm begins at the root node (level j = 0). The polyhedral relaxa-
tion (5.13) is solved by the conditional gradient method of §5.2, giving the lower
bound z© and the relaxation solution x,\” € IT_(G) . The spherical relaxation (5.36)
is solved by the eigenvalue procedure of §5.3, giving the lower bound z” and the

set of stationary points {x{s,k}(o)} on S (7). The combined lower bound at the root is

2z = max{z"?, z{"}.
P N
The upper bound at the root is
Z,0 = l’nkin(P(J_Ck(o)) >

where x” is the nearest vertex of E (G) to x,/{, found by the sorting procedure
of Lemma 4.3.

The sufficient optimality conditions (4.15)-(4.16) are checked at each x; if
satisfied, the algorithm terminates with a certified global solution.

If 2" — z© < ¢, the algorithm terminates with the current best feasible point as
the e-optimal solution. Otherwise, branching is performed.

At each node at level j, the branching step proceeds as follows. From the spheri-
cal relaxation solution, the nearest face of IT (G) in the direction T x{’ is identified
using Theorem 5.3. This face determines the branching hyperplane H, , of the
form (5.43). The current node is split into child nodes corresponding to the dif-
ferent hyperplanes in the family, each defining a subproblem on a smaller subset
of E (G).

For each child node, the orthogonal transformation U_, is computed from the
normal to Hj+1 by formula (5.45), and the reduced problem (5.47) in dimension
n —j—1is formulated. Both relaxations are solved for the reduced problem, giving
the bounds zJ*" and z{*" and the combined bound

(Gj+1) — (j+1) (j+1)
z, —max{zp AN

The nearest vertex of E (G) to each stationary point is found by the sorting
procedure of Lemma 4.3 and provides a candidate for updating z and for the suf-
ficient optimality check. A child node is pruned if z """ > z , since the subproblem
at this node cannot contain a solution better than the current best.

The upper bound z is updated whenever a feasible point x € E (G) with
¢(x) <z is found, either as a nearest vertex to a relaxation solution or by the suf-
ficient optimality check. The algorithm terminates when the list of active nodes
is empty, at which point the current best feasible point is the global e-optimal
solution, or when conditions (4.15)-(4.16) are satisfied at some candidate point,
certifying exact global optimality.
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Theorem 5.4. (Correctness and finite termination).

The branch-and-bound algorithm described above has the following proper-
ties:

(i) At every node of the branching tree, the combined lower bound z,? satisfies
z!) < 7, and the upper bound z satisfies z > z'.

(i) The lower bounds z are non-decreasing along any path from the root to
a leaf of the branching tree.

(iii) The algorithm terminates in a finite number of steps with either an e-opti-
mal solution or an exactly optimal solution certified by conditions (4.15)-(4.16).

Proof. Property (i) follows from the validity of the polyhedral and spherical
relaxations as lower bounds, established in §5.2 and §5.3, and from the fact that z,
is always the value of ¢ at a feasible point of E_(G).

Property (ii) follows from the monotonicity of the relaxation bounds: adding
equality constraints to the polyhedral relaxation can only increase z , and restrict-
ing the sphere to a lower-dimensional subsphere can only increase z,, since the
feasible set shrinks at each level.

Property (iii) follows from the finiteness of E_(G): the branching tree has depth
at most n — 1 (after n — 1 branching steps each node contains at most one element
of E_(G) by Theorem 3.6 of Chapter 3), and the number of nodes at each level is
bounded by the number of hyperplanes in the corresponding family.

Therefore the total number of nodes is finite and the algorithm must terminate.
If it terminates by exhausting the branching tree, the current best feasible point
is e-optimal. If it terminates by satisfying conditions (4.15)-(4.16), the solution is
exactly optimal. m

The theorem guarantees that the algorithm is both correct and finite. In prac-
tice, the pruning of nodes by the combined lower bound

z0 = max{zp@, z 0}

is highly effective, and the algorithm typically explores only a small fraction of
the complete branching tree. The early termination criterion based on condi-
tions (4.15)-(4.16) further reduces the computational effort whenever the global
optimum satisfies the gradient ordering condition.

The efficiency of the algorithm depends critically on the quality of the low-
er bounds at each node. The combined bound z? = max{z ¥, z%} is in general
significantly tighter than either z or z alone, as established by Theorem 5.2.
When the unconstrained minimiser £ lies in the interior of IT (G), the spherical
relaxation provides a tighter bound, while when £ lies outside IT (G), the poly-
hedral relaxation is more informative. By using both at every node, the algorithm
automatically adapts to the geometry of each subproblem without requiring any
prior knowledge of the location of £.

The vertex-located property of E_(G) is what makes the nearest-vertex com-
putation both efficient and informative. Because E ,(G) = vert IT (G), the nearest
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vertex to any point is found by a single sorting operation of cost O(n log n) via
Lemma 4.3, without solving a general projection problem. Moreover, the sorted
order of the coordinates of the nearest vertex is precisely what is needed to check
the sufficient optimality conditions (4.15)-(4.16), so the sorting serves both pur-
poses simultaneously. This structural advantage is not available for non-vertex-lo-
cated configurations, where the nearest-vertex problem would require a more ex-
pensive combinatorial procedure.

The complete algorithm integrates all the components developed in this chap-
ter: the polyhedral-spherical representation of E (G) from Chapter 3, the convex
extension theory and optimality conditions from Chapter 4, the polyhedral re-
laxation and conditional gradient method from §5.2, the spherical relaxation and
eigenvalue solution from §5.3, and the dimension reduction by orthogonal trans-
formation described in this section. The analogous scheme for unbounded partial
multipermutation configurations B;", where coordinate independence replaces the
permutation structure and eliminates the need for orthogonal transformations, is
developed in §5.5.

§5.5. Dimension Reduction and Branch-and-Bound
Scheme for Unbounded Partial
Multipermutation Point Configurations

The branch-and-bound scheme developed in §5.4 for multipermutation con-
figurations E (G) relied on several computationally nontrivial components: the
H-representation of the generalized permutohedron I1 ,(G) required up to 2" in-
equalities, the auxiliary linear subproblem demanded a sorting procedure of cost
O(n log n), the dimension reduction at each node required an explicit orthogonal
transformation of cost O(n?), and the nearest-vertex computation for the suffi-
cient optimality check required sorting at cost O(n log n). The present section
shows that all of these constructions simplify fundamentally for unbounded par-
tial multipermutation configurations B;' = G", where each coordinate is chosen
independently from the numerical realization G = {g, < --- < g }.

The decisive structural feature is coordinate independence. Since no permuta-
tion or multiplicity constraint links the coordinates of B/, every auxiliary problem
decomposes into n independent one-dimensional subproblems, each solved in
O(1) operations. As a consequence: the linear subproblem is solved coordinate-
wise in O(n) rather than O(n log n); the nearest vertex is found by coordinatewise
rounding in O(kn) rather than O(n log n); the nearest face is identified in O(n)
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rather than O(n log n); the dimension reduction costs O(1) per step rather than
O(n?); and the sufficient optimality check costs O(n) rather than O(n log n). The
complete theory of §§5.2-5.4 carries over without modification, with every sort-
ing-based procedure replaced by a coordinatewise selection.

Recall from §3.7 that B admits the polyhedral-spherical representation

B =Q/(S,(7)
(formulas (3.20)-(3.22)), where
Q/ ={xeR":g <x,<g,,i€] }

is the n-dimensional hyperrectangle, and S () is the circumscribed hypersphere
with centre

T=((g, +8)/2 s (g, +8)/2) (5.50)

and radius
r=<n(g,—g,)/2 . (5.51)

The vertex-located property
B/ =vert Q]

holds exactly when k = 2.

For general k > 2, the configuration B’ consists of the k" lattice points of a reg-
ular grid inscribed in Q/, all of which lie on S (7). Only the 2" extreme vertices of
Q' are actual corners of the hyperrectangle. The convex extensions and extremal
theorems of Chapter 4 hold for all k > 2, with the Boolean case k = 2 enjoying the
additional vertex-located property.

The polyhedral relaxation of the optimization problem on B is obtained by
replacing the constraint x € B/ by x € Q"

min f (x), x€Q], g, (x)<0, ie],. (5.52)

Since f and all g are convex on Q;’ by the framework of §5.1, problem (5.52) is
a convex programming problem whose optimal value z < z" is a valid lower bound.

The auxiliary linear subproblem at each iteration of the conditional gradient
method is: minimize (c, y) over Q. By Lemma 4.12 and condition (4.29), the
solution is determined coordinatewise:

. |g when ¢ 20
= g, when ¢, <0.

No ordering of coordinates is needed, and the total cost is O(n). This replaces
the O(n log n) sorting procedure of §5.2 for E_(G).
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The spherical relaxation of the problem on B is obtained by replacing the con-
straint x € B, by x € S (7):

min f(x), x € S(7), (5.53)

where the centre T and radius r are given by (5.50)-(5.51). Since B, < S (1) by
formula (3.22), the minimum z_ of (5.53) satisfies z, < z', providing a second valid
lower bound.

For a quadratic objective ¢(x) = x Cx + x" b, the spherical relaxation (5.53) is
solved by the eigenvalue procedure of §5.3 without any modification. The secular
equation (5.39), the formulas for stationary points (5.40), and the algorithm for
finding the global minimum on S (1) apply identically, with the values (5.50)-
(5.51) substituted for the centre and radius. The at most 2n stationary points are
enumerated, the global minimum among them gives z, and the combined bound
z,= max{zp, z.} of (5.29) is used throughout the branch-and-bound scheme.

The relative sharpness of z and z is governed by the same geometric principle
as Theorem 5.2: when the unconstrained minimiser £ lies in the interior of Q)
the spherical relaxation is typically sharper; when £ lies outside Q/, the polyhe-
dral relaxation is typically sharper since the hyperrectangle directly captures the
combinatorial geometry of B}

The gradient-based lower bound for convex differentiable ¢ is given by Theo-
rem 4.11 and condition (4.31). For any x € X 2 B}, the lower bound is computed
by applying condition (4.29) to the gradient components d¢(x)/0x, giving

z,= ¢(x") = (p'(x?), x0) + (p'(x?), y), y) < 2 (5.54)
The last term is evaluated in O(n) operations by condition (4.29). For strongly

convex ¢, the sharper bound of Theorem 4.14 and condition (4.33) gives

o) +

ygi;ka P(y) = 9(x) (@' (x),x) + pllxl _[ﬁ ]|

2
>

+p-min|y—c
ye By

where ¢ = x — (1/(2p))¢’'(x) and the last term is found by condition (4.30) in O(kn)
operations.

The nearest vertex of B to a given point x° € R" is found by Lemma 4.13 and
condition (4.30): for each coordinate i independently, x; equals the element of
G closest to x in the Euclidean metric. This coordinatewise rounding requires
O(kn) operations, replacing the O(n log n) sorting of §5.2.

As in §5.4, the nearest-vertex computation plays a dual role. On the one hand,
it provides the upper bound: the objective is evaluated at the nearest vertex x to
each relaxation solution, and z, is updated whenever ¢(x) < z . The two-sided
estimate
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z<z <z (5.55)

is thus maintained at every node. On the other hand, the same candidate vertex x
is immediately subjected to the sufficient optimality check of Theorem 4.12, con-
dition (4.32): for each coordinate i, the check verifies that

dp(x) 20 whenever X,= g;
ox, |<0 whenever X =g,.

The geometric meaning is transparent: the gradient at X points away from the
interior of Q" at every active face, so no descent direction into Q," exists and x is
already optimal over B;'. This check costs O(n) and can terminate the algorithm
immediately with a certified global solution.

The vertex-located property of B]' (when k = 2) is what makes this optimality
check particularly efficient. Because every point of B/ is a vertex of Q" = [g,, g,]";
the rounding step of condition (4.30) delivers a candidate that is both a feasible
point and a vertex simultaneously. The subsequent gradient check (4.32) requires
only n comparisons, one per coordinate. For general k > 2, the same rounding
delivers the nearest grid point, but the optimality check (4.32) applies only at the
extreme values g, and g , and non-extreme grid points require a separate analysis
via the gradient bounds of Theorems 4.11-4.14.

The fixed-point condition of Theorem 4.15 and condition (4.34) provides the
corresponding sufficient optimality criterion for the strongly convex case: a point
x" € B} is is a minimizer of ¢ if it is the nearest point of B/ to the shifted centre

c=x—(1/(2p))e'(x).

This check is performed by condition (4.30) at cost O(kn) and subsumes condi-
tion (4.32) as a special case for the convex setting.

The nearest face of Q' to the current relaxation solution x is identified coordi-
natewise. For each i, compute

di+ = |"~C1 - gkl’

d-=|x.—gl
Let

i =argmin(min{d,d}) .

The nearest face is

. ifd. <d*;
{gl fd; <d, (5.56)

= g, otherwise.

This identification requires O(n) operations, replacing the O(n log n) procedure
of Theorem 5.3 used for E_(G).
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Once the nearest face F. is identified, the dimension reduction is immediate.
Setting coordinate x. to its boundary value and substituting into the objective
and constraints yields a problem of the same form in dimension n — 1, with the
reduced configuration B! = G""'. No orthogonal transformation is needed: the
hyperrectangle Q;'" is the projection of Q; onto the remaining n — 1 coordinates,
and the reduced sphere S (') is obtained from S (7) by removing the fixed coordi-
nate. The reduced centre, radius, and objective are computed in O(n) operations
by direct substitution. This contrasts with the orthogonal transformation (5.45)
for E ,(G), which costs O(n?) per step.

After j branching steps fixing coordinates i, ..., i, the reduced problem is
a (n — j)-dimensional quadratic problem over B, = G"' with sphere of radius

== (&—8)/2.

The dominant cost per node at level j is the eigen decomposition of the re-
duced matrix C® of size (n — j) x (n — j), costing O((n — j)*). All remaining
operations at the node cost O(n): the nearest vertex by condition (4.30), the
optimality check by condition (4.32), the nearest face by formula (5.56), and
the dimension reduction by direct substitution. As j increases, the eigen decom-
position cost decreases rapidly, and the deeper levels of the tree are significantly
cheaper than the root.

The branch-and-bound algorithm for B;' follows the same organizational frame-
work as §5.4, with all auxiliary procedures replaced by their O(n) counterparts. At
each node at level j, the current subproblem is defined by fixing j coordinates to
boundary values from G, yielding the reduced configuration B!' = G"'. Both re-
laxations (5.52) and (5.53) are solved for the reduced problem in dimension # — j,
giving the bounds z ¥ and z” and the combined lower bound

z0 = max{zp(”, z 0}, (5.57)

The upper bound z, is updated by the nearest vertex found by condition (4.30),
and condition (4.32) is checked at each candidate vertex. A node is pruned when-
everz? > z .

The branching step selects the coordinate i" identified by (5.56) and creates two
child nodes corresponding to x. = g, and x. = g,. For the Boolean case k = 2, this
binary branching is the only type available, and each step reduces the dimension
by exactly one. For general k > 2, one may alternatively branch into k child nodes,
one for each value g, ..., g, of coordinate i’ producing a k-ary branching tree of
depth at most n and total nodes bounded by k" = |B/].

The correctness and finite termination of the scheme follow from the same ar-
gument as Theorem 5.4: the lower bounds 2, are valid and non-decreasing along
every path, the upper bounds are values of ¢ at feasible points, the branching tree
has finite depth n with at most k" leaves, and condition (4.32) provides a mecha-
nism for early termination.
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The branch-and-bound algorithm for B terminates in at most k" steps with an
e-optimal solution. If condition (4.32) is satisfied at some candidate vertex, the
algorithm terminates with an exactly optimal solution certified by Theorem 4.12
of Chapter 4.

The Boolean case B,’ deserves separate emphasis. Here G = {g, g}, the hyper-
rectangle is the hypercube [g,, g,]", and every point of B'is a vertex of [g, g,]": the
vertex-located property

B! =vert[g,g]"

holds.

The nearest face identification (5.56) reduces to comparing |x, — g | and |x, - g||
for each coordinate, deciding whether X is closer to g, or to g . The sufficient opti-
mality condition (4.32) becomes:

d0p(x) [20  whenever Xx,=g;
ox, |<0 whenever Xx,=g,.

The entire branching tree is a binary tree of depth n with at most 2" leaves, cor-
responding to the 2" vertices of the hypercube.

The vertex-located property of B)' means that condition (4.30) delivers
a true vertex of B," at every node, and the optimality check (4.32) applies di-
rectly without any further rounding. This is the same structural advantage as
for E (G) in §5.4: the nearest vertex is obtained in O(n) by a single coordi-
natewise comparison instead of sorting, and the gradient check follows at the
same cost. The two operations together cost O(n) at every node, compared to
O(n log n) for E_(G).

The central symmetry of B, noted in §3.7 can be exploited to reduce the search
further. Every vertex x € B, has an antipodal partner also in B,". If a node with
lower bound z” has been pruned, its antipodal node can often be pruned imme-
diately by the same bound, reducing the effective tree size by a factor of up to two.
This symmetry exploitation has no analogue for E_(G).

The methods developed in this section provide a complete framework for
global optimization on B; and its Boolean special case B,". The framework inher-
its all structural advantages of §§5.2-5.4 while exploiting coordinate independ-
ence to replace every O(n log n) sorting procedure by an O(n) coordinatewise
selection, and the orthogonal transformation of cost O(n?*) by direct coordinate
elimination at cost O(1). The dominant cost per node remains the eigen decom-
position of the reduced matrix at cost O((n — j)*), identical in structure to §5.4
but with all auxiliary steps accelerated by a factor of Q(log n). The nearest-ver-
tex computation plays the same dual role as in §5.4: it provides both the upper
bound and the input for the sufficient optimality check, which for B costs only
O(n) per node.



Optimization Methods on Combinatorial Point Configurations 175

§5.6. A Penalty-Function Method for Optimization
on Polyhedral-Spherical Configurations

The methods developed in §§5.2-5.5 exploit the polyhedral-spherical representa-
tion E =P N S (1) in two principal ways: by solving a polyhedral relaxation on the
polytope P (§5.2) and a spherical relaxation on the circumsphere S (7) (§5.3), and
by combining these relaxations in branch-and-bound schemes (§§5.4-5.5). Both
relaxations are continuous and yield lower bounds on the optimum. The present
section proposes a complementary approach that converts the membership con-
straint x € S (7) into a penalty term and solves a sequence of continuous optimi-
zation problems on the polytope P alone. Because every point of E lies on S (7), the
penalty forces iterates towards the vertices of P that lie on the sphere, recovering
elements of E in the limit.

We consider the general optimization problem on a polyhedral-spherical con-
figuration:

min f (x), xe E=PNS (1), (5.58)

where f: R"—R is continuously differentiable, P is the combinatorial polytope as-
sociated with E (either the generalised permutohedron IT (G) or the hyperrectan-
gle Q/'), and S (1) is the circumsphere of E with centre T and radius r determined
by formulas (5.18) for E (G) and (5.50)-(5.51) for B/

Problem (5.58) covers all settings treated in §§5.2-5.5 and does not restrict f
to be linear.

The central observation is that membership in S (1) is characterised by a single
smooth equation:

7l =2 =0

ifand only if x € S (7). Squaring the left-hand side yields a non-negative function
that equals zero precisely on S (t). This motivates introducing the spherical pen-
alty function

YA, x) = fix) + M||x - 7]||*— )% x € P, A>0. (5.59)

The penalty term A(||x — t||* — 7*)* vanishes if and only if x lies on S (1), and
grows without bound as x moves away from the sphere. For any fixed A > 0, the
subproblem

min Y(A, x), x e P (5.60)

is a continuous optimization problem on the polytope P, to which standard gradi-
ent-based or Frank-Wolfe methods are applicable. As A increases, the set of points
of P that are effectively penalized shrinks towards PNS (7)=E. The structure
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of this penalty is inseparable from the polyhedral-spherical representation: the
polytope appears as the hard constraint domain, and the sphere appears as the soft
constraint encoded in the penalty.

The reason the penalty recovers elements of E and not merely points of
PNS (1) in the set-theoretic sense is the vertex-located property established in
§5.2:since E (G) = vert I (G), every point of I1 (G) NS, (7) isavertex of IT (G)
and hence an element of E_(G).

The same holds for B," = vert g, g,]". Thus PNS, (7) =E , and the penalty (5.59)
is a valid reformulation of the original discrete constraint: the global minimizer of
Y(A, - ) over P, as A — o0, is driven onto E.

Remark 5.3. The penalty term A(||x — 7||* — r?)? is a biquadratic function of x
and is not convex on R" in general. Consequently, subproblem (5.60) is not a con-
vex for general A, and standard convex optimization guarantees do not apply. In
particular, gradient descent on ¥(J, - ) may converge to a local rather than global
minimizer of (5.60). The method is therefore classified as approximate rather than
exact. Its practical performance depends critically on the choice of the penalty
schedule A. and the initialization strategy.

The behaviour of the method depends on how the parameter A is chosen. In the
trajectory regime, a non-decreasing sequence 0 < Ao < A, < --*— o0 is prescribed.

At each stage j, subproblem (5.60) is solved with A = A, starting from the solu-

. J

tion x’ obtained at the previous stage, with x° initialised from the polyhedral re-
laxation of §5.2. The iterates form a trajectory in P that, as A, increases, is pro-
gressively attracted towards S (1) and ultimately converges to a point of E. This is
analogous to a path-following method: the landscape of (5.60) deforms smoothly
with A, and the solution tracks the deforming minimizer. The total computational
effort is distributed over the trajectory, and each individual subproblem is rela-
tively well-conditioned because A changes only incrementally.

In the large fixed penalty regime, a single large value A is chosen from the out-
set. When A is very large, the penalty term dominates the objective and subprob-
lem (5.60) effectively reduces to finding the point of P closest to the sphere S (7).
In this regime the original objective f plays a negligible role and the outcome de-
pends almost entirely on the starting point. This regime is therefore not recom-
mended as a standalone method; it may however serve as a final rounding step
after the trajectory regime has brought the iterate close to E.

At every stage of the trajectory method, the relaxations of §§5.2-5.3 provide
rigorous lower bounds on

z = milrgl f(x).
Specifically,

" 2zD:max{mi}r31f(x), msi{l)f(x)}, (5.61)
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where the first term argument of the maximum is the polyhedral lower bound
from §5.2 and the second argument is the spherical lower bound from §5.3.

An upper bound is obtained by projecting the current iterate x/ onto E. As in
§§5.4-5.5, this projection plays a dual role. On the one hand, it provides the upper
bound: setting

On the one hand, this provides an upper bound

z,=f (&)
by finding the nearest vertex X/ of the set E to ¥/ via the projection operator
%' =Pr,x’.

On the other hand, the same candidate vertex is immediately subjected to the
sufficient optimality check of Chapter 4: conditions (4.15)-(4.16) for E (G) or
condition (4.32) for B

Whenever this check succeeds, the algorithm terminates immediately with
the closest vertex as a certified global solution, bypassing the remaining penalty
stages.

The gap

z,—2)) /"

serves as a practical stopping criterion: when it falls below a prescribed tolerance
e > 0, the iterate Pr, x/ is accepted as an approximate solution.
For E (G), the projection Pr, ¥/ is the nearest vertex X/ of IT (G) to x/, found
in O(n log n) by the sorting procedure of Lemma 4.3 (conditions (4.11)-(4.12)).
For B/, the projection

X' =Pr, x'
By

is the coordinatewise rounding of Lemma 4.13 (condition (4.30)):

e f a8 +g) % s
Y g, otherwise. (562)

computed in O(n) operations.

Algorithm 5.1. (Penalty-Function Method).

Input: configuration E=P NS, (7) ; objective f; penalty sequence Ao <A, <+ <A ;
tolerance & > 0.

Step 0. Solve the polyhedral relaxation: x° «— argmin f (x) .

Set lower bound z° « f(x°). et

Compute Pr, x° € E, set upper bound z_ « f (Pr, x°) and check optimality con-
ditions. Set j « 0.

Step 1. Solve subproblem (5.60) with A = )tj, starting from ¢/, to obtain x/*'.
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Step 2. Compute
= Pr, x"
by the projection procedure appropriate to the configuration class.
Update

z, «min {z,, f(x"")}.

Check the sufficient optimality conditions for £/*'; if satisfied, return £/*!
a certified global solution.
Update lower bound z” from (5.61).
Step 3.1f (z, - z°) / |z°| < ¢, return £’*' as the approximate solution.
Otherwise, set j «<— j + 1 and go to Step 1.

Output: approximate solution £’ € E with gap

(z,-2°) 1 |z°| <&,

as

or exact solution certified by the optimality conditions of Chapter 4.

Theorem 5.5. (Convergence of the trajectory).

Let f € C'(R") and let {x'} be a sequence of global minimizers of (5.60) for
A = X — oo. Then every limit point of {x’} belongs to P N S (7) = E.

Moreover, if {¥’} converges to some x* € E, then x" is a local minimizer of fon E.

Proof. Since P is compact, the sequence {x/} has at least one limit point x. For
any € > 0, if

(Ilx -7l -r)yz¢e

then ‘I’(Aj, x’) — oo, contradicting the fact that

(LX) < ¥(A, y) = fly)
for any fixed y € E.

Hence x € S (7). Since x € Pand P S (1) = E, we conclude x € E. Local opti-
mality of x follows by continuity of f and the fact that any neighbourhood of x in
E is also a neighbourhood of the corresponding iterate for large j.

Remark 5.4. Theorem 5.5 assumes global minimizers of the non-convex sub-
problem (5.60). In practice, only local minimizers are available. The trajectory re-
gime mitigates this by providing warm starts: when A, increases only slightly from
A, > the landscape of (5.60) changes smoothly and the local minimizer tracked
from stage to stage is less likely to be far from the global one. This is the principal
practical advantage of the trajectory regime over the large fixed penalty regime.

For the multipermutation configuration E _(G), the polytope is P = IT (G), the
centreis 7= (7, ..., T), where T = S;/n, and r =\/Sz—812/n .

The penalty function (5.59) becomes

W (hx) = F+AY ((x, ~F —1). (5.63)
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The conditional gradient method is particularly effective for subproblem (5.60):
its linearization step minimizes a linear function over IT (G), which by Lem-
ma 4.1 (conditions (4.7)-(4.8)) is solved in O(n log n) by sorting. The derivative
of (5.63) with respect to x is

P(x) = f(x)+4Alx -7 =) (x-7), (5.64)

so each evaluation of ¥'(x) costs O(n) beyond the cost of evaluating f(x).

The projection step is the nearest vertex of I1 ,(G) to the current iterate, found
in O(n log n) by conditions (4.11)-(4.12) of Lemma 4.3. The optimality check
via conditions (4.15)-(4.16) requires only a comparison of orderings at cost
O(n log n) and is performed at each projection step at negligible additional cost.

For the Boolean configuration B’ = {g,, g.}", the polytope is the hyperrectangle
Q"= [g,»g,]", the circumsphere has centre 7= (7, ..., 7) where 7= (g, + g,) / 2, and
radiusr:\/;(gz—gl)/Z.

The spherical penalty term simplifies as follows. On [g,, g,]" one has

lx—2l = = Y (5, )5, ~ 2,):
i=1

This quantity equals zero if and only if each x, € {g,, g}, that is, if and only if
x € B]. The penalty function (5.59) thus becomes

'P(l’x):f(x)‘l'/lz(xi_g1)(xi_g2)' (5.65)
i=1
The linearization step of the conditional gradient method over [g,, g,]" is trivial:
the minimum of a linear function is attained by rounding each component inde-
pendently to g, or g, by condition (4.29), computed in O(n) operations.
The projection
x' = PrB; x’
is the coordinatewise rounding (5.62), computed in O(n).
The derivative of (5.65) with respect to x is

()= f () +22Y (5~ g ) (5 —g) 25 —g' — )

where the subscript i denotes the i-th component, computed in O(n) operations
beyond the cost of evaluating f'(x).

The optimality check (4.32) for 2/ costs O(n). No oracle for the permutohedron
is required, making the Boolean specialization significantly more efficient than
the multipermutation case.

Remark 5.5. In the linear case f(x) = (c, x), the Penalty-Function Method (PFM)
of this section and the polyhedral-spherical cutting-plane method of §5.7 ad-
dress the same class of problems but from opposite directions. The cutting-plane
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method is exact: it iteratively tightens a polyhedral relaxation using spherical in-
formation to construct deep cuts. The PFM is approximate: it embeds the sphere
in the objective via a penalty and solves a sequence of smooth subproblems. The
two approaches are complementary. The PFM provides a high-quality initial up-
per bound and a warm start; the cutting-plane method can then certify optimality
or improve the solution. For non-linear f, the PFM is the primary tool.

In summary, the penalty-function method converts the polyhedral-spherical
representation directly into an algorithmic device: the polytope P constrains the
search domain, and the sphere S (1) penalizes deviations from the configuration
E. The projection onto E plays the same dual role as in §§5.4-5.5: it provides both
the upper bound and the input for the sufficient optimality check. For E_(G) the
projection costs O(n log n) and the optimality check costs O(n log n); for B both
cost O(n). The trajectory regime provides a principled approximate solution with
rigorous lower and upper bounds at every stage, connecting the relaxation theory
of §§5.2-5.3 with the combinatorial rounding tools of §§5.4-5.5.

The optimization methods developed in this chapter form a complete and co-
herent toolkit for Euclidean combinatorial optimization. Polyhedral and spherical
relaxations provide lower bounds exploiting complementary geometric features
of the carrier domain; branch-and-bound schemes integrate both relaxations into
globally convergent algorithms whose subproblem structure is preserved under
branching; and the penalty-function method converts the polyhedral-spherical
representation directly into a smooth optimization device admitting rigorous
two-sided bounds at every stage.

The efficiency of all methods derives from the same structural source estab-
lished in Chapters 3 and 4: the vertex-located property ensures that the near-
est-configuration projection reduces to sorting for multipermutation configura-
tions and to coordinatewise comparison for Boolean ones. The geometric and
analytic framework developed throughout the monograph thus translates directly
into practically implementable algorithms, demonstrating that the Euclidean ap-
proach to combinatorial optimization yields both theoretical depth and compu-
tational transparency.
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The present monograph develops a systematic mathematical theory at the inter-
face of combinatorial optimization, convex analysis, and Euclidean geometry. Its
central subject is the behaviour of functions defined on finite point configurations
embedded in Euclidean space, and the exploitation of this behaviour for the solu-
tion of combinatorial optimization problems. The unifying principle throughout
is the following: by choosing the Euclidean immersion so that the image of the
combinatorial feasible set is vertex-located, one transforms a discrete optimiza-
tion problem into a continuous one without losing any information, and opens
the door to the full apparatus of convex analysis.

The geometric and analytical foundations of the theory rest on a precise study
of finite point configurations in Euclidean space. Four interconnected frameworks
were developed in Chapter 1: the metric, affine, and convex structure of config-
urations; decompositions induced by families of parallel hyperplanes and their
connection to the facial geometry of the convex hull; decompositions by strict-
ly convex level surfaces, leading to spherically located and polyhedral-spherical
configurations; and functional representations through systems of inequalities.
A fundamental result established in Chapter 1 is that every spherically located
configuration is automatically vertex-located. This result links smooth and poly-
hedral convex geometry and underlies the treatment of hyperspherical extensions
in Chapter 2 and the polyhedral-spherical methods of Chapter 5. The functional
representation framework developed in Chapter 1 provides the analytic carriers
on which convex extensions are constructed and supplies the starting point for
continuous approaches to combinatorial optimization.

The theory of convex extensions of functions defined on finite vertex-located
configurations constitutes the theoretical core of the monograph. Three princi-
pal results were established in Chapter 2. First, existence theorems were proved
for convex, strongly convex, and differentiable extensions of an arbitrary func-
tion from a vertex-located configuration to its convex hull and to larger super-
carrier domains. The decisive structural property is vertex location itself: since
no configuration point is a convex combination of the others, convexity imposes
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no internal compatibility constraints on the prescribed functional values, and ex-
tensions exist for any data whatsoever. Second, constructive schemes were devel-
oped for each extension class: the minimal convex extension via extremal inter-
polation over vertex decompositions of the carrier polyhedron, strongly convex
extensions via quadratic regularization, and differentiable extensions via infimal
convolution with smooth kernels. Third, a coherent extremal framework was es-
tablished, yielding a hierarchy of three lower bound estimates of increasing sharp-
ness: a subgradient bound requiring only convexity, a gradient bound requiring
differentiability, and a quadratic bound requiring strong convexity. Sufficient op-
timality conditions complementing each bound were formulated in terms of the
normal cone structure of the carrier polyhedron. Together, the bounds and op-
timality conditions constitute a complete duality between lower estimation and
optimality verification, making the framework self-contained and directly appli-
cable to combinatorial optimization.

Five principal classes of combinatorial configurations were introduced and
studied in Chapter 3, formalized as finite point sets in Euclidean space through
the Euclidean immersion framework: permutation configurations, multipermuta-
tion configurations, partial multipermutation configurations, partial permutation
configurations, and unbounded partial multipermutation configurations including
Boolean sets. For each class, the vertex-located property was established, the asso-
ciated combinatorial polytope was characterized in detail through dimension for-
mulae, vertex criteria, face lattice structure, and adjacency relations, and polyhe-
dral-spherical representations were identified where they hold. A unifying picture
emerged: vertex-locatedness is unconditional for permutation, multipermutation,
and Boolean configurations; it holds stratum-wise for partial multipermutation
configurations; and it holds for partial permutation configurations if and only if
the sequence length equals the ground set cardinality plus one. This classification
determines precisely the scope of applicability of the convex extension theory of
Chapter 2 to each configuration class and provides the combinatorial and geomet-
ric foundation for the analytical constructions of Chapters 4 and 5.

The abstract existence theory of Chapter 2 was made explicit and constructive
for each of the principal configuration classes in Chapter 4. Convex extension
schemes were developed for functions defined on multipermutation, partial per-
mutation, and Boolean configurations, yielding analytic formulas for the exten-
sions in terms of the combinatorial parameters of the configuration. The extremal
properties of linear, separable, distance-type, and general convex functions were
investigated systematically. For linear and separable functions on full and par-
tial configurations, minimization was reduced to ordering and rearrangement
operations governed by explicit exchange principles. For quadratic functions on
partial permutation configurations, the extremal problem was shown to reduce
to a classical assignment problem. For unbounded and Boolean configurations,
coordinate independence yields closed-form solutions of complete transparency.
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Lower bounds and sufficient optimality conditions were derived across the entire
hierarchy, revealing how convex continuation interacts with discrete admissibility
constraints at each level. The results of Chapter 4 transform the existence guaran-
tees of Chapter 2 into concrete, computable tools: for each specific configuration
class and function type, the practitioner obtains not merely the guarantee that
an extension exists, but its explicit form and the resulting explicit bounds on the
minimum.

Three classes of optimization methods were developed in Chapter 5 for Euclid-
ean combinatorial optimization problems, all grounded in the geometric struc-
ture established in the preceding chapters. Polyhedral relaxation, which replac-
es the combinatorial configuration by its convex hull, and spherical relaxation,
which replaces it by the circumscribed hypersphere, were developed and com-
pared. A theoretical result establishes that neither relaxation dominates the other
in general, and the combined lower bound, taken as their maximum, is strictly
tighter than either component. A branch-and-bound scheme was developed for
multipermutation and Boolean configurations, integrating both relaxations into
a complete global optimization algorithm whose subproblems preserve their pol-
yhedral-spherical structure under branching. A penalty-function method for op-
timization on polyhedral-spherical configurations was developed, providing rig-
orous two-sided estimates at every stage. Throughout Chapter 5, the efficiency of
all methods derives from the same structural source: the vertex-located property
ensures that the nearest-vertex computation reduces to sorting for multipermuta-
tion configurations and to coordinatewise comparison for Boolean ones.

Across all five chapters, a single conceptual thread connects the geometric, an-
alytic, and algorithmic results. The Euclidean immersion of a combinatorial feasi-
ble set produces a finite point configuration whose vertex-located property is both
the condition for the existence of convex extensions and the source of efficiency
for all optimization methods. Vertex location ensures that the discrete problem
carries no convex redundancy; convex extension transfers the discrete data into
a continuous carrier without loss; and the geometry of the carrier polytope gov-
erns both the sharpness of the extremal estimates and the computational cost of
the methods. This tight coupling between combinatorial structure and continu-
ous analysis is the distinctive feature of the Euclidean approach to combinatorial
optimization, and it is this coupling that the present monograph develops in full
generality and applies systematically.

Several directions of natural continuation suggest themselves. The config-
uration classes studied in this monograph constitute the most important and
well-structured members of the broader family of Euclidean combinatorial sets.
Extending the convex extension theory and the associated extremal analysis to
further classes, including cyclic permutations, signed permutations, permutation
matrices, and composite configurations generated by iterative inclusion, remains
an open and natural direction. For each new class, the key steps are the same:
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establish vertex location, characterize the carrier polytope, and construct explicit
extension schemes for relevant function classes.

The configuration classes studied in this monograph are defined by occupancy
and repetition constraints on coordinate positions. A natural structural generali-
zation considers configurations with additional algebraic constraints, such as even
and odd permutations, permutations with forbidden patterns, or configurations
invariant under prescribed symmetry groups. For such classes the convex hull
geometry is governed not only by occupancy rules but also by algebraic admissi-
bility conditions, and characterizing their vertex structure, face lattices, and pol-
yhedral-spherical representations requires new geometric arguments. The convex
extension framework developed here provides the analytic template for these in-
vestigations, and the extremal ordering principles of Chapter 4 suggest that analo-
gous rearrangement inequalities may hold in the algebraically constrained setting.

The extremal theory of Chapter 4 was developed for scalar-valued objective
functions. Its extension to vector-valued objectives and multicriteria combinato-
rial optimization is both natural and practically important: the geometric struc-
ture of the carrier polytope can be exploited in the multicriteria setting, and the
convex extension framework may provide new tools for the analysis of efficient
frontiers and Pareto optimality conditions on combinatorial domains.

The optimization methods of Chapter 5 were developed for objective functions
admitting convex extensions. When the objective is non-convex, the penalty con-
struction of Chapter 2 and generalized convex extension theory provide a route
to equivalent convex reformulations. Developing computational implementations
of these methods and studying their practical performance on benchmark prob-
lems from scheduling, assignment, and logistics is a direction of both theoretical
and applied interest. The polyhedral-spherical structure of combinatorial config-
urations further suggests connections to gradient methods on manifolds and to
semidefinite relaxations, which may yield new relaxation hierarchies and approx-
imation guarantees for broader problem classes.

The theoretical framework developed in this monograph has direct relevance
to a broad range of applied domains, including scheduling and sequencing, as-
signment and matching, logistics and routing, and combinatorial data analysis. In
each of these settings, the feasible set of a discrete optimization problem can often
be modelled as a combinatorial point configuration of one of the classes studied
here, making the convex extension and relaxation methods of Chapters 4 and 5
immediately applicable. Systematic computational studies on benchmark prob-
lem families from these domains, combined with the development of efficient
implementations of the branch-and-bound and penalty-function algorithms, rep-
resent a natural and practically important direction for future work. Such studies
would both validate the theoretical framework and reveal the structural features
of applied problems that determine which relaxation strategy performs best in
practice.
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The results established in this monograph contribute to a broader mathematical
programme whose significance extends beyond the specific configuration classes
studied here. The central insight, that vertex location of a finite point set is both
necessary and sufficient for the unrestricted existence of convex extensions, places
a purely combinatorial condition at the foundation of a continuous analytic the-
ory. This insight reframes the classical tension between discrete and continuous
mathematics: rather than approximating discrete structures by continuous ones,
the Euclidean immersion framework embeds them exactly, preserving all com-
binatorial information while gaining access to the full power of convex analysis.

The practical significance of the framework is equally substantial. Combina-
torial optimization problems of permutation and assignment type are among the
most frequently encountered in operations research and applied mathematics.
Scheduling problems, in which tasks must be ordered or assigned to resources;
routing problems, in which sequences of visits must be optimized; and data anal-
ysis problems, in which observations must be ranked or clustered according to
combinatorial criteria, all reduce naturally to optimization over configuration
classes of the type studied here. The convex extension and relaxation methods
developed in this monograph provide, for the first time, a unified theoretical basis
for addressing this entire family of problems through continuous convex analyt-
ic tools, without sacrificing the exactness of the combinatorial formulation. This
unification suggests that the Euclidean approach to combinatorial optimization
may serve as a theoretical foundation for a new generation of algorithms that are
simultaneously rigorous in their mathematical guarantees and efficient in their
computational implementation.

The mathematical theory developed in this monograph is, in a deeper sense,
a theory of how discrete structure generates continuous geometry. Every combi-
natorial feasible set carries within itself, through its Euclidean immersion, a con-
vex geometric object whose properties are entirely determined by the combina-
torial rules that define the set. Reading this geometry correctly, constructing its
analytic extensions, and exploiting its structure algorithmically are the three acts
of which the present work is composed. The authors hope that the framework
developed here will serve not only as a foundation for further theoretical work on
Euclidean combinatorial optimization, but also as an invitation to explore the rich
and largely uncharted territory that lies at the boundary between discrete mathe-
matics, convex geometry, and continuous optimization.
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Abstract

The present monograph develops a systematic mathematical theory at the inter-
face of combinatorial optimization, convex analysis, and Euclidean geometry. Its
central subject is the behaviour of functions defined on finite point configurations
embedded in Euclidean space, and the exploitation of this behaviour for the solu-
tion of combinatorial optimization problems.

By choosing the Euclidean immersion so that the image of the combinatorial feasi-
ble set coincides with the vertex set of its convex hull, a discrete optimization problem
is transformed into a continuous one without any loss of information. This structural
property is both the condition for the existence of convex extensions and the ultimate
source of efficiency of all optimization methods developed in the monograph.

The theoretical core of the work is a complete theory of convex extensions of
functions defined on vertex-located configurations: existence theorems for con-
vex, strongly convex, and differentiable extensions; constructive schemes yielding
explicit analytic formulas; and a hierarchy of computable extremal estimates and
optimality conditions. This theory is applied to the principal classes of finite point
configurations arising as Euclidean images of combinatorial sets, including per-
mutation, multipermutation, partial permutation, and Boolean configurations,
whose associated polytopes are characterized in full. Building on this foundation,
the monograph develops optimization methods including polyhedral and spheri-
cal relaxations, branch-and-bound schemes, and penalty function methods, each
grounded in the specific geometry of the combinatorial feasible set rather than in
general-purpose algorithmic principles.

The book is addressed to researchers and graduate students in combinatorial
optimization, convex analysis, and discrete mathematics, as well as to practition-
ers working on optimization problems in scheduling, assignment, logistics, and
engineering design.

Keywords: combinatorial optimization, finite point configuration, combinatorial
point configuration, combinatorial polytope, vertex-located set, polyhedral-spherical
conﬁguration, convex extension, extremal estimate, nonlinear optimization.






The present monograph develops a mathematical theory at the inter-
face of combinatorial optimization, convex analysis, and Euclidean
geometry. Its central subject is the behaviour of functions defined
on finite point configurations embedded in Euclidean space and their
use in solving combinatorial optimization prohlems.

By choosing the Euclidean immersion so that the image of the
combinatorial feasible set coincides with the vertex set of its convex
hull, a discrete optimization problem is transformed into a continu-
ous one without loss of information. This property provides both the
condition for the existence of convex extensions and the basis for
the optimization methods developed in the monograph.

The theoretical core of the work is a theory of convex extensions of
functions defined on vertex-located configurations, including existence
theorems for convex, strongly convex, and differentiable extensions,
constructive schemes for obtaining explicit formulas, and comput-
ahle estimates and optimality conditions. The theory is applied to
permutation, multipermutation, partial permutation, and Boolean
configurations and to the characterization of their associated poly-
topes.

Building on this foundation, the monograph develops optimization
methods including polyhedral and spherical relaxations, branch-
and-bound schemes, and penalty function methods, all exploiting
the geometry of combinatorial feasible sets.

The hook is intended for researchers and graduate students in
combinatorial optimization, convex analysis, and discrete mathe-
matics, as well as practitioners working on optimization problems in
scheduling, assignment, logistics, and engineering design.
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